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PREFACE 


This book is the outgrowth of a course m racuum-tube design given 
for many' years at Stanford University to senior and graduate students in 
electrical engineering and physics It is concerned with the determina- 
tion of vacuum-tube characteristics in terms of the electron action Within 
the tube. The book attempts to bridge the gap between the physical 
laws that he behind the electron behavior and the external characteristics 
of the tubes themselves 

It IS hoped that the point of view taken will be acceptable to both 
physicists and engineers The development of the physical laws involved 
IS indicated, after which emphasis is placed upon their descnption and 
utilization Although this book cannot pretend to give much design 
information, the attempt has been to include enough of the basic relations, 
physical data, and significant references to make it a useful reference 
source to vacuum experimenters and tube designers 

Vacuum tubes may seem a rather special subject to which to restrict 
the material in a book Actually this is not so In preparing the book 
so much material was collected that the contents had to be restricted to 
first-order effects It is felt that although engineers and physicists work- 
ing with vacuum tubes are piimarily concerned with the utihzation of 
already developed tubes, the successful application of these tubes is 
greatly enhanced by a knowledge of their limitations and an understand- 
ing of the origin of their characteristics This is particularly true since 
there are many occasions when it is desired to use tubes under conditions 
different from those specified by the manufacturer Under these condi- 
tions it IS imperative to know how far one may depart from recommended 
operating conditions without exceeding some design limitation of the 
tube This, in turn, requires a knowledge of how the tube operates 

Circuits and tube applications are so completely covered in the text- 
book and periodical literature that no effoit has been made to include 
information on these subjects Only in the case of ultra-high-frequency 
tubes where the tube cannot be completely separated from the circuit 
have circuit considerations been included 

The author is indebted to many people for assistance rendered in the 
preparation of this book He is particularly indebted to Dr F E Ter- 
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PREFACE 


man, deaa of the Stanford School of Engineenng, who was a constant 
source of inspiration and encouragement, and who made many valuable 
suggestions and gave much direct assistance in checking the work The 
author is also indebted to Prof Paul Kirkpatrick, head of the Physics 
Department at Stanford, for suggestions on the material of Chaps 3 to 
6 and 9, to Prof L Marton for suggestions on the material of Chaps 13 
to 15 and 20, and to C Y Litton for much information and suggestions 
relative to Chap. 21 He is indebted to Evelyn G Sarson, who typed a 
large part of the manuscnpt in its final form. O 0 Pardee and Will 
Harman assisted in the correction of the entire work Lastly, the author 
is more than a httle indebted to his wife, who personally typed much of 
the manuscript and was a source of constant assistance. 

Karl R Span’gekberg 

PaijO Alto, Calii'. 

January, 1948 
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CHAPTER 1 


INTRODUCTION 


Va.ctjttm tubes are found as basic or auxiliary elements in numerous 
technical devices now in use They are indispensable in communication 
systems and industrial control Their development has facilitated 
advances in the fields of power and transportation Without the 
vacuum tube we should be back in the days of the gravity-cell telegraph 
and the ringer telephone 

In the Umted States the number of vacuum tubes m use is several 
times the number of human bemgs and household pets The 50,000,000 
radio sets manufactured in the United States in the year 1947 alone 
contamed more vacuum tubes than the adult population of the country. 
Associated with the 25,000,000 telephones and 120,000,000 miles of tele- 
phone and telegraph wire in the United States are many more vacuum 
tubes Yanous industrial devices mclude almost as many more The 
Umted States uses nearly half the world's total of vacuum tubes 

One may conclude that there are many vacuum tuljes in use. They 
must be of some importance They are 

1 1 Devices Usmg Vacuum Tubes. This hook is more concerned 
with the properties and functions of vacuum tubes than with the systems 
utilizmg these properties However, it is well to be reminded of the 
extent of vacuum-tube applications and the degree to which we are 
dependent upon them. The following devices are totally dependent 
upon vaccum tubes 

Radio Receivers These are too well known to require much descnp- 
tion They lange from portable receivers the size of a brick and capable 
of receiving local broadcast stations to large-size all-wave receivers 
capable of picking up a signal stronger than the noise level from any 
point on the globe Even the smallest receivers use 4 or 5 vacuum tubes 
The average home receiver has about 7 tubes An all-wave receiver may 
have 20 or more tubes 

Radio Transmitters Transmitters range from portable walkie-talkie 
sets to large power-broadcast and short-wave stations In output power 
they vary from 0 1 watt to hundreds of kilowatts In frequency they 
may range from 100 kc to 60,000 me The short-wave transmitters are 
capable of producing an audible signal at any point on the earth's surface 
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Transmitters may use voice or code They may mcorporate static- 
ehmmation or secrecy features m their operation A small transmitter 
may use only a few vacuum tubes The largest transnutters may use 
50 or more tubes 

Long-distance Wire Telephones The connections between telephone 
stations on the same contment are effected by wire transmission lines 
rather than by radio When the distance between telephone stations is 
large, it is necessary to amplify the speech energy about every 16 miles 
for cables and every 50 miles for open-wire Imes Each speech amplifiei 
contains several vacuum tubes and amplifies the speech power from about 
10 microwatts to about 1 milliwatt, a power amplification of 100 Thus 
a telephone call from San Francisco to New York passes through 30 or 
more speech amplifiers 

Television Systems Television systems achieve the modern miracle of 
reproducmg a visual scene at a pomt remote from the origmal This is 
done entirely with vacuum tubes and electncal-circuit elements No me- 
chanical devices are needed In its present stage of development the 
reproduced picture as viewed from 6 ft on an 8-m cathode-ray-tube 
screen is as good as a motion picture seen from the first row of the balcony 
Each television transmitter contains hundreds of vacuum tubes, including 
a special camera tube Every television receiver contains 20 or more 
tubes, mcludmg a special viewing tube 

Measurement Devices Electromc measurement devices are too 
numerous to mention Quantities that can be measured, besides all the 
electrical quantities, are color, weight, light intensity, odor, time interval, 
and many others In fact, it can be said that any quantity which can 
be measured at all can probably be measured by electronic means 

Industrial Control The number of electronic mdustrial-control 
devices is legion They mclude countmg circuits, sorting systems, illu- 
mmation-control systems, welding-control devices, and liquid- and 
gaseous-flow regulators Typical devices are those which automatically 
regulate temperature or humidity All these devices have their primary 
dependence upon the vacuum tubes m them 

In addition to the above devices, which are totally dependent upon 
vacuum tubes, there are many others that have acquired a strong depend- 
ence upon electromc devices Thus all commercial flying makes constant 
use of radio communications to keep posted on the weather and on 
tenmnal trafldc and to keep ground stations posted on plane positions 
as well as to guide the planes directly The invasion of other fields by 
electromcs has already been considerable and is bound to be greater in 
tune to come 

1.2, Functions of Vacuum Tubes. Although the applications of 
vacuum tubes are almost infinite, the specific functions that vacuum tubes 
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can perform by virtue of their own properties are relatively few, It is 
these few fundamental functions and their combinations that give rise 
to the numerous applications 

A list of the functions of vacuum tubes is bound to be an arbitrary 
one since the tube cannot function by itself without an associated circuit 
However, some of the jobs that vacuum tubes can perform are so funda- 
mental that they may be considered properties of the tube itself, mde- 
pendent of the associated circuits 

The principal functions that may be performed by vacuum tubes are 
listed below 

Rectification. Vacuum tubes are able to convert alternating currents 
to direct currents This is known as “rectification ” Rectification is an 
inherent property of vacuum tubes because current can flow m only one 
direction from a source of electrons 

If a sinusoidal wave of voltage is applied to a vacuum tube of the 
right type, current will flow in only one direction, giving rise to a succes- 
sion of half-wave pulses all of the same polarity It is possible to connect 
another like tube to insert half-wave pulses of the same polarity between 
the pulses of the first tube The average of these pulses constitutes a 
direct current, the other frequency components are rejected by a filter 
circuit 

Rectification is important because electronic devices operate best on 
direct current, while power is usually generated and transmitted in alter- 
nating form It IS thus necessary to convert, or rectify, the a-c power to 
d-c power 

Amplification The amplification of voltage or power is the outstand- 
ing function that vacuum tubes are able to perform. With the exception 
of the mechanical torque amplifier, no other device can do anything 
like it Strictly speaking, the vacuum tube does not amplify power but 
rather controls the flow of a relatively large amount of power from one 
source with a small amount of power from another source The Bntish 
use the expression “electnc valve for certain types of electron tubes 
This term is really better than ours, for it indicates the nature of the 
amplifying action 

Oscillation The generation of high-frequency alternating currents, 
or oscillation, is another remarkable function that vacuum tubes can 
perform Oscillation is obtained by causing part of the output of an 
amplifier to excite the amplifier and thus make the device self-excited 
and self-sustaining Tubes can be built that will produce oscillations 
at frequencies as low as 1 cycle per sec, while other tubes can be built 
that will oscillate at frequencies as high as 60,000 me per sec 

Frequency Conversion Vacuum tubes are able to shift the frequency 
of a wave This they are able to do by an electrical “beat^^ action 
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Thus a wave of a given frequency can be mixed with a wave of another 
frequency m a vacuum tube, and among the products of the interaction 
IS found the difference of the two frequencies If one of the original 
waves had certain effects associated with it, these same effects are 
associated with the difference frequency The beat action results from 
the nonlinear characteristics of the vacuum tube 

ModulaHon The transmission of mtelligence by radio waves or by 
certain types of wire telephony requires the use of frequencies higher than 
those audible It is necessary to superimpose the audible frequencies 
upon the higher transmitted frequency This supenmposition is known 
as '' modulation Modulation is best performed by vacuum tubes. 

Basically, modulation takes the form of varying some property of the 
r-f wave at the audible rate The commonest form of modulation varies 
the amplitude of the r-f wave in accordance with the intelligence to be 
transmitted This is known as ^'amplitude modulation ” Frequency 
modulation is also common 

Detection Detection is the inverse of modulation and is sometimes 
known as ^ ^ demodulation It is the process of extracting the intelligence 
from the modulated wave In the case of amplitude modulation the 
detection may be effected by rectifying the r-f wave and then utilizing 
the average value of the rectified wave, since it follows the amplitude varia- 
tions m magnitude. Detection of modulated radio signals is best per- 
formed by vacuum tubes over most of the range of radio frequencies. 

Light-image Production It is possible for vacuum tubes to convert 
part of their output energy into visible light This is done m cathode- 
ray tubes m which a stream of electrons is caused to hit a fluorescent 
screen, causmg light to be emitted The cathode-ray tube can be used 
for viewing wave forms and for domg many other wonderful thmgs, 
including the reproduction of visual scenes The fundamental property 
mvolved here is the conversion of electrical energy into visual energy. 

Photoelectric Action Vacuum tubes can be made that will convert 
hght energy mto electncal energy. This is possible by virtue of the 
photoelectric effect, which is the emission of electrons from certain sur- 
faces when illuminated with visual energy The liberated electrons con- 
stitute an electric current whose measure is related to the frequency and 
mtensity of the exciting hght Tubes making use of this prmciple are 
known as '^photoelectric tubes The photoelectric tube is one of the 
tubes most extensively used in industrial-control systems 

The above paragraphs have given a bird’s-eye view of the functions 
of vacuum tubes The reader is probably familiar with all the above 
functions, which are now commonly encountered in everyday hfe The 
rest of the book is devoted to the description and explanation of the 
charactenstics of the vacuum tubes themselves. 
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BASIC TUBE TYPES 


The electronic engineer has about a dozen types of vacuum tube he 
can call upon for his high-frequency and industrial-control circuits. 
This IS a surpnsmgly small number of distinct tube types. The small 
number of types is balanced, however, by the large number of forms m 
which each type may appear, as determined by the required power 
capacity and frequency range 

The purpose of this chapter is to list the basic types and their funda- 
mental characteristics as a prelude to a detailed study of their charac- 
teristics and the physical laws from which these are derived 

2 1. Vacuum Diode The vacuum diode is a two-electrode vacuum 
tube One electrode acts as an 
eimtter of electrons and is called 
the cathode The other elec- 
trode acts as a collector of elec- 
trons and is called the anode 
or plate The enutter may be 
either directly or indirectly 
heated In physical form the 
vacuum diode may vary from a 
small metal tube to a large glass 
rectifier tube 

The current-voltage charac- 
teristics of a typical diode are 
shown m Fig 2 1 The current 
follows a three-halves-power law 
of voltage over the normal range 
of operation At high values of 
plate voltage or at low values of heater current the plate current tends 
to be limited by the cathode eimssion and to increase only very slowly 
with plate voltage 

The most useful property of the diode is that it passes current only 
m one direction This property makes the diode useful as a detector 
and as a rectifier for d-c power supplies 

5 



Fig 2 1 — Plate-current — plate-voltage 
characteristics of a diode 
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2.2 Vacutim Tnode A vacuum triode is a three-electrode tube con- 
taining an einittmg electrode called the cathode/' a control electrode 
called the “gnd/' and a current-collecting electrode called the ^^anode" 
or '‘plate " 

The emitting electrode may be an indirectly heated oxide cathode, 
an oxide-coated filament, or a filament of tungsten or thoriated tungsten 
The control electrode, usually in the form of a grid of fine wire, sur- 
rounds the emitter and is in turn surrounded by the plate m the common- 



Fi& 2 2 — Plate-current — ^plate-voltage characteristics of a tnode 

est form of tnode By virtue of its proximity to the cathode the grid is 
able to influence the electrostatic field at the cathode to a greater extent 
than can the plate, and thus it is able to control the flow of current from 
the cathode. The gnd is usually operated on a slight negative potential 
so that the electrons will pass between the grid wires without hitting the 
wires themselves 

Some typical characteristics of a triode illustrating the variation of 
plate current with plate voltage for various fixed values of grid voltage 
are shown in Fig 2 2 The plate current increases if either grid or plate 
voltage IS increased. The increase m plate current for a given increase 
in gnd voltage is always much larger than the mcrease m plate current 
for the same increase in plate voltage 
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The relative effectiveness of the plate and grid potentials in controlling 
the plate current is known as the amplification factor of the tube (mu ; 
symbol jj) The amplification factor is the maximum amplification that 
can be obtained by using the tube as an amplifier With tnodes the 
useful amplijfication is about two-thirds of the amplification factor. 

Study of the family of curves of Fig 2 2 shows that all the curves 
are alike in shape and further are somewhat similar to the characteristic 
of a diode This is true m that the plate current of a triode is found to 
vary nearly as the three-halves power of an equivalent voltage which is 



Plotfe voUage 

Pig 2 3 — Plate-current — ^plate-voltage characteristics of a 
screen-grid tube Y/ = 6 3 volts, Via = 100 volts 


the sum of the plate voltage divided by mu and the grid voltage 

Tnodes have their greatest use as power amplifiers They are also 
used extensively in control applications wherever a small voltage is 
wanted to control an appreciable amount of current 

2-3 Screen-grid Tube. The screen-grid tube is a four-element 
vacuum tube The four elements are cathode, control grid, screen grid, 
and plate The electrode construction is similar to that of the triode 
except that an extra gnd of mesh a little coarser than that of the control 
grid IS inserted between the control grid and the plate 

The screen-grid tube is the historical predecessor of the pentode 
Its invention was the result of an effort to overcome a limitation of the 
triode Tnodes do not work well as amplifiers of high frequencies, for 
the high interelectrode capacity between plate and grid causes the tube 
to regenerate and oscillate In the screen-grid tube the capacity between 
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the control gnd and plate is reduced by insertmg the extra grid, known 
as the screen gnd,” between these elements The insertion of the 
screen and its operation at a constant potential succeeded in produc- 
mg the low control-gnd-plate capacity desired but caused distortions in 
ne plate-current plate-voltage characteristics, for the new electrode 
secondary electron flow between plate and screen 
f” This detrimental effect was overcome m the pentode by the addi- 
tion of a coarse-mesh suppressor gnd between screen gnd and plate 
The screen-grid tube is usually operated with cathode near ground 
potential, control grid at a small negative potential, and screen gnd and 
plate at a medium and high positive potential, respectively Some 
tjTical screen-gnd-tube plate-current— plate-voltage characteristics are 
shown m Fig 2 3 The dips in the low-voltage portion of the curves are 
^ result of secondary electron current flowmg from plate to screen 
he Jow^ slope of the high-voltage portion of the curves results from the 
fact that the cathode is screened from the plate by the screen gnd as 
well as by the control gnd, and hence the magnitude of the plate current 
IS mcreased only a little by an increase m plate voltage Screen-grid 
tubes have been rendered virtually obsolete by the development of the 
pentode and some special tetrodes not subject to the tremendous dis- 
tortions of current characteristics by secondary ermssion Screen-gnd 
tubes may be used as a-f and r-f ampUfiers They are also occasionily 
used in laboratory apparatus m which it is desirable to utih^e the negative 
resistance characteristic which is available at the points on the current 
cnaractenstics where the slope is negative 

Tl, Peatode. The pntode is a five-element high-vaouum tube 
The five electrodes, in the order m which they occur in the tube, are 
cathode, control gnd, screen gnd, suppressor gnd, and plate In normal 
operation the cathode is operated near ground potential, the control gnd 
at a small negative potential, the screen gnd at a relatively large positive 
potential, the suppressor gnd at cathode potential, and the plate at the 
screen potential or a more positive potential 

Some typical plate-current— plate-voltage curves of a pentode are 
® ^ these rt is seen that the msertion of the suppressor 

^d ^ cathode pot^tial between screen gnd and plate has elmunated the 
^rtorti^s m the c^ractenstic observed m the case of the screen-gnd 
tobe This It does by causmg a negative potential gradient at both the 
screen ^d plate, which suppresses the secondary electrons from these 
electrodes The slope of the plate-current charactenstic for high plate 
voltages IS even less than in the screen-gnd tube, for there is another 
screemng gnd between plate and cathode m the pentode The result of 
high screening action is to make the amphfication factor of the 
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pentode extremely high, of the order of 1,000 or more, and to give the 
tube a high effective resistance in the plate circuit The pentode is, 
in fact, very nearly a constant-current device The variation of plate 
current with grid voltage, wThich is measured by a factor known as the 
^‘grid-plate transconductance’’ or, more commonly, the mutual con- 
ductance” of the tube, is about the same as in the triode Only about 
one-tenth of the high amplification factor of the pentode can be realized 



in amplifier operation However, the reduced plate — control-gnd 
capacity makes the pentode a better tube in voltage-amplifier applications 
The pentode is a versatile tube It can be connected to give diode, 
tnode, and screen-gnd as well as pentode action It is available in 
constant- and vanable-mu forms It is probably the most extensively 
used tube in low-power applications There are probably more pentodes 
in use today than any other type of electron tube A cutaway drawing 
of a pentode showing the electrode structure is given in Fig 2 5 

2 6 Beam-power Tube The beam-power tube is a special type of 
tetrode It is designed so that the electrons move from cathode to 
plate in dense sheets This effect is achieved by making the control 
gnd and screen gnd of the same pitch and aligning the grid wires The 
electrode structure of the tube is shown in Fig 2 6 
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The effect of the dense current sheets between the screen gnd and 
plate IS to depress the potential between these two electrodes within the 


1 METAL ENVELOPE 

2 SPACER SHIELD 

3 INSULATING SPACER 

4 MOUNT SUPPORT 

5 CONTROL GRID 

4 COATED CATHODE 

7 SCREEN 

8 HEATER 

9 SUPPRESSOR 
10 PLATE 


11 BATALUM 
GETTER 

12 CONICAL 
STEM SHIELD 

13 HEADER 

14 GLASS SEAL 

15 HEADER INSERT 

16 GUSS BUTTON STEM 
SEAL 

17 CYLINDRICAL BASE 
SHIELD 



18 HEADER SKIRT 

19 LEAD WIRE 

20 CRIMPED LOCK 

21 OCTAL BASE 

22 EXHAUST TUBE 

23 BASE PIN 

24 EXHAUST TIP 

25 ALIGNING KEY 

26 SOLDER 

27 ALIGNING PLUG 





DETAIL OF BASE SHIELDING 


L/EI/ML Vr DASC dl 

J?IQ 2 5 —Cutaway picture of a angle-ended metal-envelope pentode 

tube because of the high concentration of negative charge The poten- 
tial between screen gnd and plate is depressed enough so that secondary 
electron flow from plate to gnd is suppressed without the aid of a sup- 
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pressor grid Thus the tube represents another solution to the problem 
of overcoming the distortions in the current characteristics of the ordi- 
nary screen-grid tube 

The plate-current — ^iDlate-voltage characteristics of a beam-power tube 
are shown in Fig 2 7 It is seen that these characteristics are free of the 
dip in the shoulder due to secondary electron flow The distinctive 
features of the beam-power tube’s characteristics as contrasted with the 
pentode characteiistics are that the plate current rises much more rapidly 
at low plate potentials and the condition of complete transmission of 





Fig 2 6 — Cutaway view of the electrode arrangement in a 
beam-power tube {Courtesy of RCA ) 

current to the plate is reached at a lower plate potential The plate 
current rises rapidly because the high space-charge density blocks the 
flow of electrons to the plate at low plate potentials, and this blocking 
action stops quite abiuptly as the plate potential is increased In the 
beam-power tube, complete transmission of current passed by the screen 
grid to the plate occurs when the plate potential has risen to about 
20 per cent of the screen-grid potential, whereas m the pentode the trans- 
mission IS not complete until the plate potential has risen to about 50 per 
cent of the screen-grid potential This results from the behavior of the 
individual electrons, which, m the beam-power tube, are more uniform m 
direction and velocity than in the pentode, m which the electrons are 
strongly deflected by the suppiessor grid 

The beam-power tube is made in small and medium-size metal tubes 
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and m a medium-size glass tube The beam-power tube is used in many 
ways. It IS extensively employed as an audio-power amplifier tube and 
also as a r-f amplifier and oscillator tube 

2.6. Cathode-ray Tubes. The cathode-ray tube is in a class by itself 
among the vacuum tubes It makes use of the geometrical form rather 
than the intensity of its electron stream and converts the energy of its 
electron stream into a visual indication In its commonest application 



the cathode-ray tube uses its electron beam to show the shape of an 
applied voltage wave as a light trace upon a fluorescent screen The 
cathode-ray tube is an electronic oscilloscope that produces on a screen 
a light spot that can be deflected in two dimensions 

The cathode-ray tube is generally housed in a large glass envelope 
shaped like an Erlenmeyer flask In the nedk of the glass envelope is 
located a set of electrodes known as the electron gun This gun serves 
to produce a circular beam of electrons that is fired at the large end of 
the envelope, which is covered with a fluorescent material Also housed 
in the neck of the envelope are deflecting devices that serve to bend the 
beam in horizontal and vertical directions The fluorescent screen on 
the inside of the large end of the envelope gives off light at the point at 
which the electron beam stnkes 
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Itt physical size the ordinary cathode-ray tubes range from 10 to 
20 in in length and have fluorescent screens from 3 to 6 in in diameter 
The tubes operate with a beam-accelerating potential between 800 and 
10,000 volts The electrode arrangement in a typical cathode-ray tube 
IS shown m Fig 2 8 

Cathode-ray tubes are principally used to observe electncal wave 
forms They may also be used to compare frequencies, plot the B-H 
curves of iron, and plot the current-voltage characteristics of vacuum 
tubes They are extensively employed as mdicators of elapsed-time 
intervals m ionosphere height-measunng devices and radar sets ‘They 
are built m a special form known as the “kinescope” for use as television 
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Fig 28— Typical electrode arrangement m a cathode-ray tube K, cathode, G, 
control grid, H, accelerating electrode, P, focusmg electrode, A, final accelerating 
electrode, O, hmitmg apertures, B, vertical deflecting plates, C, horizontal deflecting 
plates 


Viewing tubes They have so many uses as measunng and testing devices 
that no radio or electronic laboratory worthy of the name ig without 
one 

2.7. Klystron The klystron is a newcomer to the group of vacuum 
tubes in use today It is a special ultra-high-frequency tube that is capa- 
ble of generating, detecting, and amplifymg radio waves rangmg in fre- 
quency from 600 to 30,000 me (50 to 1 cm) 

The pnnciple of operation of the klystron amplifier differs from that 
of other vacuum tubes It makes use of a velocity-modulation principle 
that causes a stream of electrons, which initially has a uniform current 
density, to form in bunches It is the periodic bunch impact that excites 
the output resonator, from which energy is extracted This use of a beam 
passing through gaps in closed cavity resonators built into the tube made 
it possible for the klystron to overcome the transit-time limitations that 
the conventional negative-grid tubes encounter at high frequencies 

A cutaway drawing of an early type of klystron is shown m Tig 2 9 
The beam of electrons used m the tube is generated in a cathode at one 
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end of the tube The electrons liberated from this cathode are acceler- 
ated toward the mam body of the tube, where they pass through a tube 
and then through a set of grids in a cavity resonator In passing through 
this first resonator some of the electrons are speeded up and some slowed 
down by an alternating axial electric field This action, called ‘Velocity 
modulation,” causes the electrons to form in bunches by the time they 
pass through the grids of the second resonator, and it is the bunch 



impact here that converts the kinetic energy of the electrons into high- 
frequency electromagnetic energy of the second, or catching, resonator 
A klystron tube may be used as an oscillator by feeding part of the 
output from the output resonator back to the input resonator The 
tube will oscillate when the total phase shift around the circuit composed 
of the input resonator, the electron beam, the output resonator, and the 
couplmg line back to the mput resonator is some integral multiple of 
360 deg Because of this phase requirement it is found that the oscillating 

action is voltage selective, % e , the tube will oscillate at certain voltages 
but not at others since the phase-angle equivalent of the transit time of 



BASIC TUBE TYPES 


15 



Pig 2 10 — Power output — ^beam voltage 
characteristics of a two-resonator klystron 
oscillator This is a picture of an oscillo- 
scope trace, which shows that oscillations 
are selective with beam voltage 


the electrons along the beam is involved In Fig 2 10 is shown a curve 
of klystron output versus beam voltage. This shows how the tube 
oscillates at certain select bands 
of voltage The maximum power 
output that can be obtained from 
a klystron is nearly inversely pro- 
portional to the frequency for 
which the tube is designed, being 
about 200 watts at 40 cm 

2 8 Magnetron The magne- 
tron IS a vacuum tube whose 
current may be influenced by a 
magnetic field In certain special 
forms it IS useful as an ultra-high- 
frequency oscillator As such it 
may oscillate at wave lengths 
from 100 to 1 cm It is capable 
of a continuous power output of several hundred watts and instantane- 
ous powers of several thousand kilowatts 

Early forms of the tube were 
of the split-anode type The 
important parts of this type of 
magnetron are the cathode, fre- 
quently in the form of a straight 
wire hlamenty and the anode, m 
the form of a circular plate con- 
centric with the cathode and split 
into an even number of similar 
segments. The segments of the 
plate are operated at the same 
positive d-c potential relative to 
the cathode, and a magnetic field 
is applied parallel to the tube 
axis This combination of elec- 
tric and magnetic fields causes the 
electrons emitted from the cathode 
to move m nearly circular paths 
in the region between cathode and 
anode 
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Fig 2 11 — Cutoff characteristic of a split- 
anode magnetron The curve shows that 
as the axial magnetic field is increased the 
plate current is at first constant and then 
suddenly drops rapidly to zero This 
results from the electrons becoming pro- 
gressively more curved in their paths until 
they finally are unable to reach the plate 


The radii of the nearly circular electron paths in a magnetron 
depend upon the strength of the radial electric field and the axial mag- 
netic field The radii of the paths decrease as the electric field is 
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decreased or as the magnetic field is increased Thus if a magnetron 
has its circular plate segments maintained at a constant d-c potential 
and the strength of the axial magnetic field is increased from zero strength 
to a large value, the electrons in the tube will at first move radially from 
the cathode to the plate and then move in paths which are more and more 
strongly curved until finally the magnetic-field strength is reached at 
vhich the electrons miss the plate entirely This action is shown in 
Tig 2 11, in which there is given a plate-current-magne tic-field charac- 
tenstic and sketches of the associated electron paths It is seen that 



tron The outer electrode serves as the anode Each of the hole-and-slot 
combinations acts like a parallel resonant L-C circuit 

the magnetic field is capable of entirely cutting off the current from the 
plate 

For operation as a high-frequency oscillator the plate segments are 
made part of resonant circuits, and the magnetic field is adjusted to 
approximately the value that causes the electrons just to graze the plate 
If any small disturbance occurs, a complex electronic action results 
in which the damped oscillation of the resonant circuit affects the electron 
paths so that some electrons extract energy from the system while others 
give up part of their kinetic energy to the oscillating system The tube 
can be adjusted so that energy is extracted from the majority of the 
electrons as they graze the plates, and thus powerful oscillations are 
maintained 

Modem super-high-frequency magnetrons are made in the form of a 
multianode cavity. The basic structure of such magnetrons is shown in 
Tig 2 12 The cathode is in the form of a cylinder of appreciable diam- 
eter located in the center of the structure The anodes are cut out of 
one piece of metal and have the form of a large circular hole in a block 
with radial slots leading out to smaller circular holes Electrically, 
each slot and terminating hole are equivalent to a tuned resonant circuit, 
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the slot having a predominantly capacitive action and the terminating 
hole having a predominantly inductive action One of the resonant 
conditions possible in this equivalent circuit is one in which alternate 
segments of the anode exhibit the same electrical polarity and thus give 
the same action as a split multisegment anode, with the advantage that 
the fields associated with this resonance are confined Under proper 
conditions of voltage and magnetic-field strength parallel to the long axis 
of the cathode, energy will be transferred from the swarm of gyrating 


« 



Pig 213' — Current-illumination curves of a typical vacuum 
phototube The current is linear with the illummation Al- 
though actual cun cuts arc quite small, the voltage developed 
across the large scries resistors used is ample for operating 
vacuum-tube devices 

electrons around the anode to the resonant circuit and powerful oscilla- 
tions will be sustained 

2 9. Phototubes The phototube is a vacuum tube that permits 
current to pass through it when light falls upon one of its electrodes The 
tubes are generally small and contain an electrode in the form of a half 
cylinder coated with some photosensitive material such as caesium o\ide 
Vanous other light-sensitive materials enable the phototube to respond 
to light of different colors or even to invisible ladiations 
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Phototubes are extensively used for counting and sorting devices 
They may be used to operate doors and drinking fountains, to turn on 
lights, and to provide safety devices for machine operators They may 
be employed anywhere where the interruption or detection of a beam of 
light IS to be correlated with some operation 

Phototubes are able to operate by virtue of an effect known as 
“photoemission Certain materials exhibit the property of emitting 
electrons when exposed to light The number of electrons emitted is 
directly proportional to the intensity of thonllummation'SO that a variable 
hght intensity may be translated into a variable electric current or 
potential Use is made of this linear property in the recording and 
reproduction of sound on film The sensitivity of a phototube in con- 
junction with a voltage amplifier is so great it may be used to study the 
light from stars A typical set of current-illummation curves of a vacuum 
phototube IS given m Fig 2 13 
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ELECTRONS AND IONS 

3.1. The Electron. It is the electron that makes vacuum tubes possi- 
ble and endows them with their remarkable properties The electron 
IS one of the fundamental particles of matter It is the lightest particle 
known It cannot be subdivided into anythmg smaller than itself It 
IS so small that it cannot be observed directly, all observations of its 
properties must be made in terms of the effects associated with it, such 
effects as the heat generated upon impact of an electron with a stationary 
object or the magnetic field surrounding an electron m motion 

For most of the purposes of electromcs the electron may be considered 
to be a small, dense particle carrying a negative charge of electricity. 
However, it should be borne in mmd that this picture of the electron is 
far from adequate. There are some applications m which the electron 
displays more of a ^'wave’^ aspect than a “particle’^ aspect This is 
the case with the electron microscope, where a high-velocity beam of 
electrons acts as though it were a light ray of very short wave length. 

In the majority of applications the particle aspect of the electron 
predominates, with the following charactenstics- 

Mass 9 1066 X 10"®^ kg 

Negative charge 1 6020 X 10“^® coulomb 

Apparent radius 1 9 X 10”^® cm 

It IS seen that the electron is very dense and is highly charged It 
has an apparent density of 0 60 X 10“ g per cm®, which is nuUions of 
times greater than that of our heaviest metals (the density of iron is 
7 86 g per cm®) Further, if the classic concepts of electrostatics be 
applied to the electron, it may be thought of as bemg charged to a 
potential of about 760 kv 

Electrons are a basic constituent of all matter, bemg the planetary 
unit of all atoms No matter can exist without electrons, but electrons 
may exist by themselves It is the free electrons that are responsible 
for most electrical phenomena They are the umts that carry the cur- 
rent in vacuum tubes They constitute currents in conductors when m 
motion Their motion in special conductors such as antennas gives nse 
to electromagnetic radiations They constitute cathode rays and beta 
rays and are emitted from hot bodies. 
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3 2. The Proton. The proton is the companion piece to the electron 
It IS the fundamental particle carrymg a positive charge of electricity 
It, too, IS a constituent of all matter, existing as it does in the nucleus 
of all atoms The vital statistics of the proton are that its charge is the 
same in magnitude as that of the electron hut with a positive sign, that 
its mass IS 1,845 times that of the electron, and that its apparent diameter 
is a little less than cm The proton is not nearly so much m 

evidence as is the electron m vacuum tubes It rarely exists as an isolated 
particle Because of its great mass it has a smaller effect than does the 
electron m determining the characteristics of materials and in constituting 
a current flow 

3 3 Other Fundamental Particles Until 1932 the electron and the 
proton were the only fundamental particles known Then there were 
found a number of other fundamental particles whose rarity and short 
hie had hitherto precluded their discovery 

Among these new particles is the neutron^ which is basically a proton 
with no charge. There is also a j}os2t7on, which is an electron with a 
positive charge There is some evidence of a neutrino, which is a particle 
of small mass and with no charge Strangest of all is the mesotron, often 
abbreviated as meson, which is a particle with about one-tenth the 
mass of the proton and carrying either a positive or a negative charge - 
These pai tides, however, are of no concern to the electronic engineer since 
they seldom make their appearance in ordinary vacuum tubes 

Another ‘^particle” that has been known for some time is the photon 
The photon, though classed as a particle, exhibits a wave nature most of 
the time and is the one paiticle whose dual nature is most evident 
It IS a packet of electromagnetic energy whose apparent mass is directly 
proportional to the frequency of its wave aspect It carries no charge 

3 4 Atoms and Molecules Electrically neutral combinations of 
electrons and protons constitute atoms according to the atomic theory 
of Rutherford, Bohr, and subsequent workers The word ^^atom’’ is 
denved from the Greek word meaning 'indivisible Atoms are indi- 
visible in the sense that they are the smallest bits of matter which main- 
tam the properties of the several elements of matenals of which they are 
part There are 92 types of atoms, corresponding to 92 matenals 
known as "elements Combinations of the diffeient atoms form mole- 
cules, which are the smallest constituent parts of all other matenals 
eomposmg the physical world 

The basic structure of the atom is believed to be a kind of planetary 
system consisting of a nucleus, which is a group of neutrons and protons, 
and having a group of planetary electrons equal to the number of protons 
m the nucleus 
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The simplest atom is that of hydrogen It has 1 nuclear proton 
and 1 planetary electron To get an idea of the size of such an atom, 
if the proton were 1 cm in radius, the electron would normally be spaced 
a distance of 5 km The helium atom is the next simplest atom Its 
nucleus consists of 2 protons and 2 neutrons It has 2 planetary 
electrons Other atoms are relatively more comphcated The oxygen 
atom has 8 nuclear protons and 8 nuclear neutrons, whose charge is 
balanced by that of 8 planetary electrons 

The weight of an atom is determined almost entirely by the sum of 
the number of protons and neutrons m its nucleus The physical prop- 
erties of the atom are determined by the number and arrangement of its 
planetary electrons The number of the planetary electrons of an atom 
of an element is known as the “atomic number” of that element The 
order of the elements when listed according to their atomic number is 
very nearly but not exactly the same as the order accordmg to the atomic 
weights If the elements are arranged m a penodic table accordmg to 
their atomic weights and chemical afi&nity (valence), as was done by 
Mendelyeev, it is found that elements with similar characteristics are 
grouped m columns of equal valence (see Appendix I for a penodic table 
of the elements) 

The planetary electrons of an atom were shown by Bohr to he m 
restricted orbits They were further found to he in shells about the 
nucleus, each shell having a maximum capacity for electrons The 
maximum capacity of the successive shells from the nucleus out is 2, 
8, 18, 32, 18, 18, 2 Thus the atom of neon, whose atomic number is 
10 and whose atomic weight is 20 183, has 10 planetary electrons arranged 
with 2 electrons in the first shell and 8 in the second These 10 electrons 
balance the electrical charge of the nucleus, which consists of 10 protons 
and 12 neutrons 

The number of electrons in the outermost shell of an atom deterrmnes 
its valence and is the principal factor in determimng the physical prop- 
erties of the atom Atoms with an outer shell filled to its capacity are 
relatively inactive, while atoms with only 1 electron in their outer 
shell are most active ^ 

The atomic weights of the elements are taken as relative to that of 
oxygen, which is chosen to be 16 The fact that the atomic weights are 
not integers is due in most cases to the fact that there exist atoms of the 
same element with different numbers of neutrons in the nucleus The 
atomic weight of a sample of an element is then determined by the rela- 
tive number of these different atoms Atoms with the same number of 
planetary electrons but with different numbers of nuclear neutrons are 
known as “isotopes” of the same element Neon has isotopes with 20, 
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21, and 22 nuclear particles mixed in such a way that the atomic weight 
IS 20 183 Hydrogen has isotopes with 0, 1, and 2 nuclear neutrons 
The first isotope is the common one The others are the relatively rare 
heavy hydrogen ” isotopes. 

Combinations of the atoms of the elements form molecules The 
molecule is the smallest particle of a compound which can exist without 
losmg the charactenstics of that compound Molecules range m size 
from those of atomic size to a few large enough to he seen with an elec- 
tron microscope The molecules of some elements are not just single 
atoms but groups of two identical atoms 

3 6, Ions An ion is a molecule or atom with a charge of electricity 
acquired by the loss or gam of one or more electrons Electrons m the 
outer shell of an atom are rather loosely bound to the atom and so may 
be dislodged by impact of a particle or by exposure to X rays Ioniza- 
tion of an atom of an element does not change it from one element to 
another This is because the nucleus of the atom is unchanged and the 
form of the nucleus determines the arrangement of the electrons in 
neutral form 

Ions are important m vacuum tubes because they constitute a cur- 
rent when m motion and thus affect the charactenstics of tubes, if they 
exist m suflficient number Smce even the most completely evacuated 
tubes contain billions of molecules per cubic centimeter, ions are always 
created by the impact of electrons and depending upon the type of tube 
may be a large factor m determining the tube characteristics 

Ions are of most importance m certain special tubes that contain 
considerable amounts of a dejfinite gaseous element dehberately introduced 
m great quantities and are an important factor in the tube operation 
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Eveey vacuum tube depends for its action upon a stream of electrons 
that acts as a carrier of current As necessary as the stream of electrons 
IS the electrode that emits them Whatever the nature of the tube and 
the arrangement of electrodes, an emitting electrode cannot be dispensed 
With Even in cold-cathode tubes, one of the electrodes is treated with 
a low-work-function material to facilitate the production of some elec- 
trons that will initiate the action 

In general, the excellence of performance of a given tube depends 
upon the efficiency with which free electrons are produced When the 
emission fails, the tube is useless We infer correctly then, that the 
subject of electron emission is worthy of considerable study 

The types of electronic emission may be listed as follows 

1 Thermionic, or primary, emission 

2 Secondary emission 

3 Photoelectric emission 

4 Field emission 

The common feature of all types of emission is that energy is imparted 
to the free electrons m a solid m an amount sufficient to enable them to 
overcome the restraining forces at its surface and thus escape from the 
solid 

The types of emission differ only in the way in which the escape 
energy is imparted to the free electrons Th&rwiontc enisston occurs 
when a matcnal is heated to incandescence in a vacuum In this case 
the escape energy is imparted by heating the matenal Secondary emis- 
sion occurs when a high-velocity electron or ion strikes a matenal in a 
vacuum and knocks out one or more electrons In this case the energy 
that enables the free electrons to escape comes from the striking particle 
Photoelectric emission occurs when energy in the form of light falls upon 
a surface Field emission occurs at cold surfaces under the influence of 
extremely strong fields 

All types of emission are most effective m vacuum If the emission 
did occur in air, the emitted electrons would not get very far through 
the relatively dense surrounding atmosphere Most metals would bum 
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up in air at the temperatures to which, they must be raised to emit sat- 
isfactorily Only primary and secondary emission will be discussed in 
this chapter Photoelectric emission will be discussed m a separate 
chapter Field emission is not yet of much practical importance 

4.1 Theory of Thermionic Emission. Every metal has a crystalbne 
structure of its atoms, t e , the atoms have an orderly arrangement in 
some sort of lattice pattern The atoms in this lattice structure have 
certam of their outer electrons loosely bound These loosely bound 



Velocity y. multiply scale values by 10^ form per sec 


Fig 4 1 — Maxwellian and Fermi-Dirac distribution of velocities m 
1 cu mm of solid tungsten The abscissa gives the relative number 
of electrons m a velocity mcrement of 10“^ meters per sec m units of 
10^*^ electrons 

electrons may move from atom to atom in a relatively unrestricted 
fashion Such electrons are known as the ^'free electrons^' in the metal 
in that they are not bound to any one atom The free electrons m a 
metal act much like the molecules m a gas An increase in temperature 
mcreases their activity and average velocity A potential gradient in 
the metal causes them to move progressively m one direction, giving 
nse to a conduction-current flow 

Because of the atomic restraints it is not expected that the velocity 
distribution in a metal is Maxwellian, as is almost exactly the case for 
gases The true distribution was found by Fermi and Dirac from quan- 
tum-mechamcal statistical considerations For comparison there are 
shown in Fig 4 1 the Maxwellian and Fermi-Dirac distribution of veloci- 
ties The distinctive feature of the Fermi-Dirac distribution of velocities 
IS that at zero temperature only a small fraction of the electrons have 
zero velocity As temperature increases, the velocity and corresponding 
energy distnbution change so that more electrons have higher velocities 
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The high-velocity electrons that escape from the metal constitute the 
emitted current 

The Maxwellian distribution of velocities referred to above and 
shown m Fig 4 1 is one given by the equation 


4x^ 

y 

VTr 


(4 1) 


This is the general form of the probability y that a particle will have a 
velocity X times the most probable velocity It applies perfectly for 
most gases but does not give the true picture for electrons in metals 
For large velocities, however, the Maxwellian and Fermi-Dirac distribu- 
tions diffei only by a constant Thus the electrons emitted from an 
incandescent surface do have a Maxwellian distnbution, but the energies 
of the elections are (at 3000°K) about 1,000 times those predicted from 
the simple Maxwellian theoiy Upon conveiting Eq (4 1) to a form 
involving energy instead of velocity and taking the denvative properly, 


the fraction ~ of the emitted electrons that can move against a retarding 


field of V volts IS given by 


— — ' 

no ~ * 


Zi 

~hT 


(4 2) 


where — e is charge of the electron, 1 602 X lO-'* coulomb 
/f IS Boltzmann’s constant, 1 380 X 10~*® watt-sec 
T IS absolute temperature, 273-1- °C 

A nomogiaphic chart of Eq (4 2) is given in Fig 4 2 From this it is 
seen that about 50 per cent of the elections emitted from a cathode at 
1500®K, typical oxide operating temperature, have velocities greater 
than 0 09 volt 

Work Function The surface restraints that prevent the majonty 
of the fiee electrons in a metal from leaving it are the electrostatic forces 
produ(!od by the charges in the atoms These come not only from the 
lesidual positive chaiges but also from a rearrangement of the negative 
ehaiges A free electron must have a certain minimum kinetic energy 
bc'foi e it can tear itself fi ce fi om these forces The work per unit charge 
reiiuired to fn'C' an electron from the influence of the charges in the metal 
and thus to ('seapo from it is known as the work function of the metal 
The woik function is usually expressed in volts 

The electrostatic forces within a metal are rather complex and not 
completely understood Indications arc that the forces are small within 
the metal, reach a maximum several atomic diameters outside the metal, 
and then decrease according to an inverse-square law at greater dis- 
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Fig 4 2 — Tke velocity distribution of electrons resulting from tbermionic emission 
as given by Eq (4 2) The nomographic chart gives the fraction of the emitted 
electrons associated -with a given cathode temperature that can overcome a retarding 
potential of a given number of volts. 
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tances, -where an image action manifests itself It would be eiqiected 
that the work function would decrease as the distance between the 
atoms m the crystalline structure increased This turns out to be the 
case, and expenmentally, a curve of the work function of the fl.1Va.1i 
metals of the first column of the periodic table plotted agamst their 
atomic spacmg is a smooth one, nearly inversely proportional to the 
sqLuare root of the atomic spacmg, as may be seen m Fig 4 3 Conclusions 
for other metals can hardly be dra-vm, for there are so few having the 



Fig 4 3 — Work function of the alkali metals as a funo- 
tion of atomic spacing The curve shows that for a 
given crystal structure, the further the atoms are apart 
the lower is the work function 

same valence and crystalline structure Since the atomic spacing is a 
periodic function of the atomic number, the w'ork function is also a 
periodic function of the atomic number 

No completely successful theoretical determination of the work func- 
tion has apparently as yet been made The general nature of the restrain- 
ing forces IS probably very much like that shown in Fig 4 4 Within 
the metal the force has an average value of zero Near the surface there 
are the attractive forces of atoms that have lost an electron by emission 
and forces due to rearrangement of residual charges The forces are 
undoubtedly greatest near the surface, where the force-producing 
charges are closest and yet not symmetrically disposed with respect to 
the surface Well outside the surface the force is probably one that 
varies with the inverse square of the distance from the metal, for in this 
region the charges in the metal arrange themselves so as to give the effect 
of an image charge of the electron escaping from the metal The force 
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cannot be inverse-square lavr all the way out from the surface, for then 
an infinite energy would be needed for escape It may be concluded that 
the work function depends in some complex way upon the atomic spac- 
ing, crystal structure, and valence of the metal 

The work function of materials is most accurately determined experi- 
mentally from observations of the photoelectric emission of the material, 



At large distances from the metal the force is that due to an image 
’ charge located m the metal 

but it may also be deduced from the thermionic-emission characteristics 
A hst of the work functions of the metal emitters most often used is 
given in Table I 

^Hughes, A L, and L A DuBeidge, “Photoelectric Emission Phenomena,” 
McGxav-Hill, New York, 1932 

“ Becker, J A , Thermionic Emission and Adsorption, Beo Modem Phys , vol 
7, pp 95-128, April, 1935 
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TABLE I 


EMISSION CONSTANTS OF THE METALS 



Probable 

volts 

Average 

volts 

Melting temp , 
“C 

Lattice const, 
angstrom units 

Ag 

4 7 

4 6 

960 5 

4 08 

A1 

3 0 

3 0 

659 7 

4 04 

Au 

4 8 

4 78 

1063 

4 07 

Ba 

2 52 


850 

5 015 

Bi 

4 1 

4 2 

271 3 

4 75 

c 

4 7 

4 77 

>3500 

2 455 

Ca 

3 2 

3 0 

810 

5 56 

Cd 

4 1 

4 0 

320 9 

2 97 

Cs 

1 8 

1 67 

28 5 

6 05 

Cu 

4 1 

4 3 

1083 

3 61 

Fe 

4 7 

4 74 

1535 

2 90 

Hg 

4 5 

4 53 

-38 87 


K 

1 8 

1 90 

62 3 

5 33 

Li 

2 2 

2 21 

186 0 

3 46 

Mg 

2 4 

2 43 

651 0 

3 20 

Mo 

4 3 

4 15 

2620 

3 14 

Na 

1 9 

2 0 

97 5 

4 24 

Ni 

5 0 

5 01 

1455 

2 66 

Pb 

4 0 

3 9 

327 4 

4 94 

Pt 

6 0 

6 3 

1773 5 

3 91 

Rb 

1 8 

1 82 

38 5 

5 62 

Sr 

2 1 

2 06 

800 

6 05 

Ta 

4 1 

4 13 

2850 

3 28 

Th 

3 4 

3 50 

1845 

5 or 

W 

4 52 

4 61 

3370 

3 16 

Zn 

• 8 3 

3 44 

419 47 

2 66 

Zr 

4 1 

3 73 

1900 

3 22 


* Work function as determined by thermionic measurements 
f Work function as determined by photoelectric measurements 


The Emission Equation In view of the foregoing discussion it would 
be expected that the emission from a metal would depend upon its tempera- 
ture and upon the work function Richardson^ and Dushman^ have 

1 Richardson-, 0 W , The Distribution of the Molecules of a Gas in a Field of 
Force, PTiiZ ifa^,vol 28 (No 5), pp 633-647, 1914 

^ Dtjshman, S , Electron Emission from Metals as a Function of Temperature, 
Fhys Rev , vol 21 (No 6), pp 623—636 1923 See also the summarizing source 
article, S Dushman, Thermionic Emission, Rev Modern Phys, vol 2, pp 381-476, 
October, 1930, which gives a comprehensive survey of the subject as developed to that 
date See also the book, A L Riemann, ''Thermiomc Emission,” Wiley New York 
1934 
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shown this to be the case and have shown specifically that the thermionic 
emission from a metal is given by 

_L» 

J = ATh ^ (4 3) 



as a curve of log J/T* against 1/T This type of plot 
demonstrates the validity of the Kichardson-Dushman 
equation (4 3) The t/-axiB intercepts give the emission 
constant A The slope of the lines is proportional to 
the work function of the emitter 

where J is current density, amperes per cm^ 

A is 120 4 amperes per cm^ per deg^, a universal theoretical constant 
T IS absolute temperature, ®K (273 + ®C) 

bo IS temperature equivalent of the work function, ll,600<^>o,®K 
</>o IS work function of the metal, volts 
Equation (4 3) may be derived from either thermodynamic or quantum- 
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mectamcal considerations. The resulting equation is the same m either 
case 

From the form of the emission equation (4 3) it is seen that if the 

loganthm of ^ be plotted agamst the reciprocal of T there will result a 

straight line whose slope is — 6o and whose 2 /-axis intercept is A The 
correctness of the emission equation has been verified by so plottmg 
experimentally determined results. It is found in all cases that the 
results produce a straight hne A group of such curves for common 
emitters is given in Fig 4 5 In this figure those hnes with the lowest 
slope correspond to metals with the lowest work function. Theoretically, 
the mtercept should be 2 08, corresponding to the log iol20 4 Actually, 
it IS about 1 78, corresponding to a value of A of 60* instead of 120 4 for 
most of the pure metals Values of A are found higher as well as lower 
than the theoretical values so that the theory is not discredited by this 
discrepancy There is some evidence that the work function is not 
entirely independent of temperature as has been assumed in the deriva- 
tion of the emission equation The differences in the value of the work 
function as determined by thermiomc and photoelectric methods may 
possibly be due to temperature A decrease in the work function of 6 
parts per 100,000 per degree would cause the observed discrepancy in 
the constant A 

The exponential term in the emission equation accounts for most of 
the variation of emission with temperature The variation with the 
term is so small that the correctness of the exponent 2 can hardly be 
verified experimentally. In the case of tungsten at 2500 °K a 1 per cent 
change in temperature changes the term by 2 per cent but changes the 
exponential term by 20 per cent This causes the emission-temperature 
function to be one of the most rapidly varymg functions found in 
nature Doubling the temperature may increase the emission by a factor 
of 10^ Halving the work function will have nearly the same effect as 
doubling 

The quantities of the curves of Fig 4 5 are not m very convenient 
form for ordinary use, and therefore a better method of representing the 
emission characteristics of materials is sought It is possible to plot 
emission current against temperature directly as in Fig 4 6, but the 
variation of current with temperature is so rapid that such a curve is not 
very satisfactory It would also be possible to plot emission against 
heating power by making use of the fact that at the high temperatures 
required for emission most of the power is lost through radiation accord- 
ing to the Stefan-Boltzmann law 
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P^KeaT* . (4 4) 

where P is radiated power, watts per cm* 

Z IS 6 73 X 10^’-* watt per cm* per deg*, a umversal constant 
known as the “Stefan-Boltzmann constant” 
ea IS radiation efficiency as fractional radiation of a black body or 
perfect radiator 

Such a plot gives curves that are nearly but not quite straight lines because 
of the two temperature factors m the thenniomc-emission equation It 



emitter as a function of temperature 

IS possible, however, to warp the hnes of the emission scale to take account 
of the nonuniform temperature variation and get a straight-hne plot as 
shown m Fig 4 7 The coordinate paper used in Fig 4 7 is known as 
“power-emission paper On it curves of emission agamst heatmg 
power are straight lines to the extent that the radiation efficiency of the 
emitter remains constant with temperature Contours of emission effi- 
ciency m milhamperes per watt are also readily drawn Smce heat- 
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radiation efficiency vanes rather slowly with temperature, as shown in 
Fig 4 8, the emission-power curves can be extrapolated as straight lines 
with considerable assurance Radiation efficiency is defined as the per 
I0.0( 


Fig 4 7 — ^Emission-current density as a function of heatmg power for typical exam- 
ples of vanous emitter types The curves show the relative emission efficiencies of 
the different emitters 

cent of black-body, or perfect, radiation Black-body radiation as given 
by Eq (4 4) is shown m Fig 4 9 Power-emission paper is manufactured 
and sold by the Keuffel and Esser Company 
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Ty'peB of Eimtter — Because of the dependence of emission upon 
temperature and the work function it is not necessarily true that the 
metal with the lowest work function is the best emitter This is shown 
by the case of caesium, which has the lowest work function of all the 
metals, 1 8 volts It cannot be made to give much thermiomc emission 
because it can be raised only to 300°K, slightly over average room tem- 
perature, before it melts On the other hand, tungsten, which has a 
rather high work function, 4 52 volts, has the highest meltmg temperature 



lOO 200 500 lOOO 2000 5000 


Temperature, ®K 

Fio 4 8 — The radiation efficiency of various metals used in vacuum- 
tube construction as a function of temperature Efficiency is given 
as a fraction of black-body radiation, winch is shown m Fig 4c 9 

of all the metals, 3655°K, and as a result gives the highest emission of all 
the pure metals ]ust below its melting temperature Caesium, however, 
IS preferred for photoelectric emission and secondary emission where 
temperature is not a factor 

It has been found that it is possible to raise some metals to tempera- 
tures higher than their melting temperatures in the pure state by using 
them m various chemical and physical combinations Thus a monatomic 
layer of thonum on tungsten can he operated at or above the melting 
temperature of thorium itself Also, it has been found that small bits 
of the pure metal can be made to diffuse out of an oxide m the case of 
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the rare-earth metals so that advantage can be taken of the low work 
function of these metals, whach would otherwise melt at low temperatures 
Erom the above remarks it is seen that three classes of emitters exist 
They are 

1 Pure metals 

2 Atomic-film emitters. 

3 Oxide emitters. 



Fig 4 9 — The thermal radiation of a black body or ideal radiator as a function 
of temperature as given by the Stefan-Boltzmann law of Eq (4 4) 


These different types of thermiomc emitters will now be discussed 
separately 

4 2 Emission of Pure Metals Tungsten The pure metals follow 
the Richardson-Dushman emission equation as closely as can be deter- 
mined experimentally In general, the metals with suitable physical 
characteristics for emission have a relatively high work function and 
so even at best are not very good emitters Of all the metals tungsten 
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IS the most extensively used because it can be raised to a higher tempera- 
ture without meltmg than any other metal Although tungsten has a 
desirable high melting temperature, its other physical characteristics are 
less desirable It is a hard metal to work because of its crystalline 
structure It was not until 1908, when Coolidge discovered that tung- 
sten becomes ductile when extensively worked, that it became practical 
to use the metal at all. Tungsten cannot he drawn into wire form as 
can most metals but must be hammered into shape, a process known 
as “ swagmg 

The emission charactenstics of tungsten have been extensively 
studied, and more is known of its thermionic behavior than is known of 
any other metal. 

The pnncipal characteristics of tungsten as given by Jones and 
Langmuir are recorded in Table II The data in this table are for a wire 
of unit length and umt diameter The charactenstics for any other 
diameter and length are readily determined by the dimensional equations 
given The prmcipal features of tungsten emission are given in the 
curves of Fig 4 10 An example of the use of Table II is given in Prob 
43 

Because of its relatively low emission, tungsten is not used as an 
emitter unless the apphcation is such that other emitters cannot be used. 
Tungsten is used almost exclusively for filaments of tubes with plate 
potentials higher than 4,000 volts This is because other emitters can- 
not stand the positive-ion bombardment at energies corresponding to 
this high potential The positive ions referred to have their origin in 
residual gases in the tube All other ermtters have their emission 
impaired when subjected to bombardment by these high-energy particles 
Except for the bnttleness caused by crystallization at high temperatures, 
tungsten filaments are more rugged than any other Like all emitters, 
timgsten is subject to reduction of emission from contamination by 
various gases Tungsten cleans up more readily by heating or bombard- 
ment than any other material 

Tantalum. The only other pure-metal emitter of any importance is 
tantalum Tantalum cannot be heated to as high a temperature as 
tungsten because its meltmg temperature is 3300°K However, the 
work function of tantalum is relatively low, being 4 1 volts against 4 53 
volts for tungsten, so that its emission is at least ten times that from 

1 Jones, H A , and I La-ngmuir, The Characteristics of Tungsten Pilaments as 
Functions of Temperature, Gen Elec Rev , vol 30, Part I, pp 310-319, June, 
Part II, pp 354-361, July, Part III, pp 408-412, August, 1927 

2 Foesythe, W E , and a G Worthing, The Properties of Tungsten and the 
Characteristics of Tungsten Lamps, Astrojohys Jour , vol 61, pp 146-185 


ELECTRONIC EMISSION 


37 


TABLE 11 

SPECIFIC CHARACTERISTICS OF IDEAL TUNGSTEN FILAMENTS* 


(For a 'Wire 1 cm m length and 1 cm in diameter) 



watts per cm® 

R' X108, 

^xao8, 

ohm cm. 

A ' ' 
' dH 

amps per 
cm^^ 

V' X 103, 

X 10> 

r i, 

' Id 

amp per cm* 


22't 

T, °K 

volts per 

g per cin2 per 
sec, 

evaporation 

Rr 

273 


6,37 





0 911 

293 

0 0 

6 99 

0 0 

0 0 

. 


1 00 

300 

0 OOOlOO 

7 20 , 

3 727 

0 02683 



1 03 

400 

0 00624 

10 26 

24 67 

0 2530 

• 


1 467 

500 

0 0305 

13 45 

47 62 

0 6404 



1 924 

600 

0 0954 

16 85 

75 26 

1 268 



2 41 

700 

0 240 

20 49 

108 2 

2 218 



4 93 

800 

0 530 

24 19 

148 0 

3 581 

- 


3 46 

900 

1 041 

27 94 

193 1 

5 393 

• 


4 00 

1,000 

1 891 

31 74 

244 1 

7 749 

3 36 X 10-“ 

1 16 X 10-»» 

4 54 

1,100 

3 223 

35 58 

301 0 

10 71 

4 77 X 10-“ 

6 81 X lO-io 

5 08 

1,200 

5 210 

39 46 

363 4 

14 34 

3 06 X 10-“ 

1 01 X io-« 

5 65 

1,300 

8 060 

43 40 

430 9 

18 70 

1 01 X io-» 

4 22 X 10-*4 

6 22 

1,400 

12 01 

47 37 

503 6 

23 85 

2 08 X 10-8 

7 88 X 10-w 

6 78 

1,500 

17 33 

51 40 

680 6 

29 85 

2 87 X 10-’ 

7 42 X 10-»8 

7 36 

1,600 

24 32 

55 46 

662 2 

36 73 

2 91 X 10-« 

3 92 X 10-18 

7 93 

1,700 

33 28 

59 58 

747 3 

44 52 

2 22 X 10-5 

1 31 X 10-18 

8 62 

1,800 

44 54 

63 74 

836 0 

53 28 

1 40 X 10-4 

2 97 X 10-15 

9 12 

1,900 

58 45 

67 94 

927 4 

63 02 

7 15 X 10-4 

4 62 X 10-14 

9 72 

2,000 

75 37 

72 19 

1,022 

73 75 

3 15 X 10-8 

5 51 X 10-18 

10 33 

2 100 

95 69 

76 49 

1,119 

86 57 

1 23 X 10-2 

4 95 X 10-12 

10 93 

2,200 

119 8 

80 83 

1,217 

98 40 

4 17 X 10-2 

3 92 X 10-“ 

11 57 

2 300 

148 2 

85 22 

1 319 

112 4 

1 28 X 10-1 

2 45 X 10-10 

12 19 

2,400 

181 2 

89 65 

1,422 

127 5 

0 364 

1 37 X 10-» 

12 83 

2,600 

219 3 

94 13 

1,526 

143 6 

0 935 

6 36 X 10-» 

13 47 

2,600 

263 0 

98 66 

1,632 

161 1 

2 25 

2 76 X 10-8 

14 12 

2,700 

312 7 

103 22 

1,741 

179 7 

5 12 

9 95 X 10-» 

14 76 

2,800 

368 9 

107 85 

1,849 

199 5 

11 11 

3 61 X 10-7 

15 43 

2,900 

432 4 

112 51 

1,961 

220 6 

22 95 

1 08 X 10-8 

16 10 

3,000 

503 5 

117 21 

2.072 

243 0 

44 40 

3 04 X 10-8 

16 77 

3,100 

583 0 

121 95 

2,187 

266 7 

83 0 

8 35 X 10-8 

17 46 

3,200 

671 5 

126 76 

2,301 

291 7 

150 2 

2 09 X 10-5 

18 15 

3,300 

769 7 

131 60 

2,418 

318 3 

265 2 

5 02 X 10-5 

18 83 

3,400 

878 3 

136 49 

2,637 

346 2 

446 0 

1 12 X 10-4 

19 53 

3,500 

998 0 

141 42 

2,657 

375 7 

732 0 

2 38 X 10-4 

20 24 

3,600 

1,130 

146 40 

2 777 

406 7 

1 173 

4 86 X 10-4 

20 95 

3,655 

1,202 

149 15 

2,838 

425 4 

1,505 

7 15 X 10-4 

21 34 


* The values Riven are taken from H A Jones and I Langmuir The Characteristics of Tungsten 
Filaments, Om Elec Bm , vol 30, pp 312-313, 1927, Table I The notation of Jones and Langmuir is 


retained in this table 
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tungsten at any temperature less than 2500®K Tantalum has the advan- 
tage over tungsten that it can be worked m sheet form to produce 
specially shaped cathodes, and the hke A disadvantage is that it is 
easily contaminated by residual gases, which form oxides that greatly 
reduce the emission 

4.3. Atomic-film Emitters. It is possible to get emission higher than 
that from pure metals from an atomic film of one metal on another 
Of the various combinations that are possible, the most extensively used 
is that of thonum on tungsten It was discovered by Langmuir and 
Rogers that the small amount of thonum put into tungsten to reduce 
the crystallization gave nse to very high emission under certam conditions 
"What apparently happens is that a certain amount of thonum in the 
metal diffuses to the surface, where it emits much as thonum would, 
■with the advantage that the thonum can be heated above its own melting 
temperature and that the work function is reduced by the redistribution 
of charges m the tungsten and surface layer of thonum 

Thonum was onginally added to tungsten to reduce crystalhzation 
As now added to increase the emission, the amount is about per cent, 
and this amount is quite cntical If more than this amount is added, 
the tungsten wire is too hard to work If less is added, there may not 
be enough to produce high emission The thonum is added m the form 
of thona (thonum oxide, Th 02 ) 

A rather intricate schedule of operations is required to produce and 
activate a film of thorium on tungsten The process includes the fol- 
lo'wing steps 

1 ReducUon of Thona to Metallic Thonum This is achieved by 
heating the filament to 2800®K for 1 or 2 mm Dunng this time, most 
of the thonum oxide is reduced to thonum, and such thonum as reaches 
the surface evaporates If the emission is measured at this point, it 
•will be found to be very nearly the emission of pure tungsten 

2 Diffusion of Metallic Thonum to the Surfacet This takes place as 
the filament is held at a temperature of 2100®K for a penod of 15 to 
30 Tnm Dunng this time the emission increases by a factor of about 
1,000 The explanation of this behamor is that metallic thonum dif- 
fuses to the surface, where it builds up a monatomic layer of thonum 
Studies with the electron microscope’- show that the thonum arrives at 
the surface both through pores in the tungsten and at the grain boundaries, 
from which places it spreads over the surface At this reduced tempera- 
ture the evaporation is not very large In the range of temperatures 
between 2100 and 2300°K the thonum diffuses to the surface faster than 

1 BbxJchb, E , and H Mahl, Ueber das Emissions bild von thonerten Volfram und 
thonertem Molybdan, Zeit fur Tech Phys , vol 16, pp 623-627, December, 1935 
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it evaporates, so that this is a suitable range for activation In this 
range of temperature the percentage of the surface covered vanes from 
20 to 85 per cent, decreasing as temperature increases as shown m Fig 
4 11 The final layer of thonum that forms is beheved to be monatomic 
3 Operation After the above treatment the filament temperature is 
reduced to 1900 where it may be operated for long periods of time in 
a very stable fashion At this temperature, both the diffusion and 



function of temperature 0 indicates operating range 
of temperatures, A, activation range, D, diffusion 
range, and R, redaction range 

evaporation are low, hut there is a sufficient preponderance of diffusion 
to maintain a good emitting surface Any temperature below 1900°K 
is suitable for operation At this temperature, the tungsten surface is 
about 85 per cent covered by thonum, and the life of the coating is 
several thousand hours If the temperature is reduced, the effective 
work function is decreased, the life is increased, the percentage surface 
coverage is increased, but the emission is decreased 

It IS interesting to note that the thoriated tungsten filaments are 
usually operated at 1900°K, which is nearly the melting temperature of 
thorium, something that could not be done with the pure metal because 
of its softness at this bgh temperature Also, the work function of 
thonated tungsten filaments is 2.6 volts for a 100 per cent covered sur- 
face, and this work function is lower than the work function either of 




ELECTRONIC EMISSION 


41 


tungsten, 4 51 volts, or of tlionum, 3 4 volts The work function of 
thonated tungsten is a linear function of the surface coverage given by 
(^ = 4 61 — 1 90 volts, where 6 is the fraction of the tungsten surface 
covered by thorium The reason why the work function is reduced by 
having the metals in combination is that most of the electrons in the 
thonum layer are drawn toward the tungsten base This produces a 
dipole layer on the surface, with its positive end outward. This means 
that in most of the surface region the electrostatic forces are outward, 
opposing the image forces and thus reducing the work function 

Thonated timgsten surfaces are always carbomzed to increase the 
life It has been found that if some of the tungsten is converted to 
tungsten carbide (W 2 C) the evaporation of thorium from its surface is 
greatly reduced ^ The rate of evaporation of thonum from a tungsten 
carbide surface at 2200°K is only about one-sixth of that from an uncar- 
bomzed surface at this temperature Carbomzation may be achieved 
by heating the filament to a temperature of 1600°K in a vapor of some 
hydrocarbon such as naphthalene or acetylene. It may also be achieved 
by heating the filament to red heat m an atmosphere of hydrogen while 
in contact with a carbon surface As the filament is converted to tung- 
sten carbide, its electncal resistance decreases until when totally converted 
It is about 6 per cent of the original value The electncal resistance is 
therefore an excellent index of the degree of conversion In practice, it 
is found that the conversion cannot be carried beyond the pomt where 
the resistance is reduced to 80 per cent of its ongmal value, for the tung- 
sten carbide is so bnttle that the filament would be dangerously weakened 
by further action 

The fact that the layer of thonum on tungsten is monatomic is evi- 
denced by at least two aspects of the behavior of the composite enoitter 
surface (1) If the filament is deactivated by heating to a higher tem- 
perature after having been activated, the manner in which the emission 
reduces with time is independent of the length of tune the film has been 
activated This indicates that the activation beyond a certam pomt 
does not add any more emitting matenal to the surface, which can be the 
case only if the layer is monatomic and surplus atoms are lost by evapora- 
tion (2) There is no discontinuity m the emission characteristics durmg 
the activation process 

Monatomic films other than thonum on tungsten may be used It is 
found that they are not as stable as a thonum layer because of more 
rapid diffusion and evaporation, and hence they are not much used 
Curves showing the emission charactenstics of vanous combinations are 

^Kolleb, L E, ''The Physics of Electroa Tubes,” Ist ed, McGraw-Hdl, New 
York, 1934 
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shown in Fig 4 12 In this figure the notation O-TT means that the 
emitting metal is on an oxidized tungsten surface 

4.4. Oxide Emitters. In 1904, Wehnelt discovered that copious 
electron emission could be obtained from alkaline-earth oxide coatings 
The entire development of small vacuum tubes is based upon this dis- 
covery, for oxide coatmgs are used almost exclusively as a source of 
emission in them The alkahne-earth metals that are readily available 


(10^/T) 

4 5 6 1 8 9 10 11 12 18 14 15 16 11 18 



Pig 4 12 — The emission of monatomic films on txmgsten {After 
Dushman ) 


are banum, strontium, and calcium, and it is their oxides that have been 
found to give such high emission Modern oxide coatings are usually 
a half-and-half mixture of the oxides of banum and strontium Such a 
coatmg mil give high emission at low temperatures with a high thermal 
efficiency, thus at lOOO^K an emission of 100 ma per cm^ at an efficiency 
of 20 ma per watt input is readily obtamed This is about the same 
emission as is given by a tungsten filament at 2300°K, but the emission 
efficiency here is only 1 ma per watt The oxide coatings may be applied 
either to an mdirectly heated cathode surface or directly to a filament 
They are particularly well adapted to making specially shaped unipo- 
tential cathodes 

Theory of Oxide Emission Oxide emission has been the subject of 
extensive study for the last 30 years though it has not been until recently 
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that an explanation of the action has been available in fairly complete 
form 

The accumulated evidence indicates that the emission takes place from 
particles of free metal on the surface of the oxide coating The free 
metal is made available by the following mechamsms 

1 Chemical reaction of the oxide with the core metal 

2 Electrolytic reduction by the gradient of potential through the 
oxide coatmg 

3 Reduction of the oxide by positive-ion bombardment 

It was discovered early that the core metal played a part in the elec- 
tron emission It was even beheved that electrons were hberated at the 
core This was disproved by showmg that there was no emission from 
the core metal when the coating was removed by mechanical shock 
Further, the emission was shown to be independent of the size and shape 
of the core Also, the photoelectnc work function of the oxide surface 
was the same as the thermionic work function However, the most 
conclusive evidence that the emission is from the surface is that the same 
emission characteristics are obtamed from an oxide coatmg if metal is 
vaponzed onto the surface as is obtamed by the normal process of activa- 
tion Different core metals do, however, exhibit different effects upon 
the emission In the order of their reaction titanium, tantulum, mckel, 
and molybdenum will react Avith the alkahne-earth oxides to produce 
core-metal oxide and free alkalme earth The action is evidenced by the 
fact that oxides can be activated by heatmg alone The titamum reac- 
tion IS probably responsible for the excellent performance obtamed with 
cores of “Konel” metal, which is an alloy of mckel, iron, cobalt, and 
titanium The metal most used for core metals is nickel, which is pre- 
ferred because of its excellent physical properties and low cost 

Free alkalme-earth metal is also made available by the electrolytic 
action associated with the passage of current through the coatmg The 
earth oxides dissociate under the usual condition of polarity The metal 
ion goes to the core, and the oxygen ion is hberated This action can 
be detected by the kberation of oxygen 

Dissociation of the oxides is also caused by positive-ion bombardment 

iBlewbtt, J P, Properties of Oxide Coated Cathodes, /oMr Appl Phys ,vol 10, 
Part I, October, 1939, pp 668-679, Part II, pp 831-848, December, 1939 

* Dttshman, S , Thermionic Emission, Rev Modem Phys , vol 2, pp 381-476, 
October, 1930 

’ RiBMANN, op Cflt 

* Bbckek, op cit 

5 Blbwbtt, J P , Oxide Coated Cathode Literature, 1940—1945, J our Appl Phys , 
vol 17, pp 648-647, August, 1946 
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Even m the best vacuums there are enough ions present to give an appre- 
ciable action The fact that activation is greatly facihtated by applica- 
tion of a positive potential to the tube in processing is considered sufficient 
evidence of the existence of this action 

As with the atomic-film emitters the resultant work function is lower 
than that of the pure metals alone, and these are already very low 
Reported values of the work function of oxides have shown a tremendous 
vanation until recently, when improved vacuum techniques and a better 
understanding of the mechamsm have given nse to some fairly consistent 
values The work functions of the oxides are now beheved to he within 
26 per cent of the followmg values 

BaO 1 1 volts 

SrO 1 4 volts 

CaO 1 9 volts 

BaO + SrO 1 0 volts 

Emission from the combination of barium and strontium oxides is 
seen to be better than from either one alone The reduction in work 
fimction over that of the pure metals is again probably due to an elec- 
trical double layer formed by a monatomic coating of the pure metal on 
the oxide Values of the emission constant A also show a great range of 
vanation as repoited by various observers It has been found that both 
the emission constant and the work function change with the degree of 
activation of the oxide coatmgs Both decrease with activation, and 
experimentally it is found that the work function is a linear function 
of the loganthi?^ of the emission constant Properly speaking, it is not 
correct to ascnbe an emission constant to oxide coatings, for the emission 
law in this case is shghtly different from the Richardson-Dushman law ^ 
An equivalent emission constant is of the order of 0 01 amperes per cm^ 
per deg. 

Electron-microscope studies of oxide emission show that there is no 
relation between surface irregularities and emission ^ Variations in 
work function are observed with orientation of crystal faces The 
emission surface does not change much with degree of activation though 
the emission may change greatly Emission is improved by reducing 
oxide particle size, as may be done by using colloidal particles 

In operation, an oxide cathode has to estabhsh an equibbrium between 
rate of production of free emitting metal and evaporation of the same 
This means the establishment of an equilibrium between electrolysis, 
diffusion, and evaporation This latter will be disturbed if the tempera- 
ture of the oxide or the amount of current is changed Under normal 
1 Blewett, Properties of Oxide Coated Cathodes, Part I, op cit 
® Heinze, W , and S Wagener, Voxgange bei Aktivierung yon Oxydkathoden, 
Zeit fur Tech Phys , vol 17 (No 12), pp 645-653, 1936 
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conditions the equilibrium adjusts itself to tbe current drawn so quickly 
that no change is evident If, however, the cathode temperature is low 
or if the emission is partly contaminated or partly exhausted, there will 
be evident an adjustment of emission over a period of seconds or even 
minutes as the current drawn is suddenly changed 

The adjustment is of the following nature If the voltage on a tube is 
increased, the current, immediately increases and then drops slowly, 
commg to rest at a value between the previous and imtial value If the 
voltage IS decreased, the current will immediately decrease and then 
slowly rise to a value between the previous and initial value 

Activation of Oxide Emitters Since the alkahne-earth oxides are not 
stable in air, the coatmg must be applied to the cathode or filament in 
the form of a carbonate or hydroxide The carbonates are most exten- 
sively used, bemg held to the surface with an orgamc binder Coatmgs 
of a thickness of 0 010 to 0 020 in work well When a coating has been 
applied and the tube evacuated, the coating is activated by first heatmg 
it to a temperature of about ISOO'^K for a few minutes This reduces the 
carbonates to oxides, and durmg this time copious oxygen is evolved. 
Considerable thermal reduction also occurs, with attendant evaporation 
of liberated metal The oxide coating is then operated at a temperature 
of about 1000°K with a potential of about 100 volts applied to an adjacent 
electrode through a protective resistor Electrolysis and positive-ion 
bombardment then occur, and the emission will build up slowly to a 
final value, when the filament will be ready for use 

Various other methods of applying coatings may be used Heatmg 
in air is recommended to eliminate the organic binder Tor a water 
paste the coating should be baked m an inactive gas to get good adherence 
Hydroxides, which are very good for coating tungsten, may be dipped 
and then baked in air to get a so-called ^^combmed coatmg ’’ 

Specific Emission Characteristics The lines of Fig 4 5 show the 
behavior of oxide coatings in comparison with other emitters The low 
work function is evident from the small negative slope of the curve. 
Emission as a function of power is shown in Fig 4 7 in contrast with 
other emitters The higher emission efficiencies are evident The 
emission obtainable from oxide coatings has increased with the years. 
This may continue, though an increase over present values by more than 
a factor of 10 is not probable Some comparative emission efficiencies 
are 


Ma per Cm^ per Watt 


Pure tungsten filament 2-10 

Thonated tungsten filaments 5-100 

Oxide-coated indirectly heated cathodes 10-200 

Oxide-coated filaments 200-1,000 
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Tinder normal conditions the life of an oxide coating should be several 
thousand hours. Cessation of emission is due to exhaustion of free metal 
in the oxide In mixed coatings there is a preferential evaporation of the 
barium, which finally leaves the relatively less efficient strontium to give 
a greatly reduced emission 

Oxide coatings are more easily damaged or poisoned than any other 
type of coating They are particularly susceptible to poisonmg by 
oxygen Emission may be reduced by several powers of 10 by the pres- 
ence of oxygen at a pressure of 10”^ mm of mercury, while a pressure of 
10“^ mm will inhibit emission completely Oxide coatings are seldom 
used on tubes where they will be subjected to bombardment of more than 
1,000 volts Bombardment by particles of higher energy will disintegrate 
an oxide coating completely 

Transient Emisston. The monatomic layer of barium of the oxide 
coating has tremendous mstantaneous-emission potentiahties Such a 
layer may yield instantaneous emission as great as 100 amperes per 
cm^ When short-time high voltages are applied, such large emission 
may be reahzed The high voltage exhausts the available emission in a 
time of the order of milhseconds When this happens, the supply of 
free barium must be resupphed through processes of reduction and dif- 
fusion Since this tahes an appreciable time, a current-voltage plot of a 
diode operated under these conditions at 60 cycles exhibits pronounced 
exhaustion effects, giving nse to a loop in the retrace characteristic 
When a very sharp pulse of voltage is applied to an emitting surface, the 
emitted current consists of a capacitive displacement component as well 
as the conduction component As a result, the current pulse will gener- 
ally have an initial peak with a subsequent rapid decay 

4,6. Schottky Effect, A departure from the Richardson-Dushman 
emission equation occurs when the emitting surface is subjected to a 
strong positive potential gradient Effectively the field reduces the work 
function As a result, the current from an emitter increases with the 
potential applied even though the temperature is kept constant and the 
emission is not affected by the epace charge of the electrons 

The action may be understood by refernng to Fig 4 13, in which the 
effect of a constant gradient of potential upon the normal potential 
barrier at the surface of the emitter is shown. The combination of the 
constant gradient and the normal potential barrier is seen to give a new 
potential barrier, which has a maximum at a certain distance dc from 
1 ScHAnB, 0 H , Analysis of Rectifier Operation, Proc 1 RE j vol 31 (ITo 7), 
pp 341-361, 1943 

* CooMBES, E A , Pulsed Properties of Oxide Cathodes, Jour Appl Phys , vol 17, 
pp 647-654:, August, 1946 
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the surface This distance is known as the ^'critical escape distance’^ 
because once an electron gets beyond this distance the electrostatic 
forces are outward rather than restraining and thus an electron keeps on 
moving Upon equating the image field with the gradient, the maximum 
of the restrainmg potential is found to occur at a distance 

where e is the charge on the electron, E is the potential gradient, and eo 
IS the dielectric constant of free space of value 8 85 X 10”^^ for rational- 



Fig 4 13 — Diagram of the potential barrier associated 
with the Schottky effect 


ized mks units The crest of the potential barrier has been reduced by 
the work the electron would have to do to overcome the image force 

from the surface from do to infinity This amount of work is ^ 

volts The work function is further reduced the same amount owing to 
the fact that the potential at the distance de is reduced by the amount dcE 

The total reduction in the effective work function is thus 

volts When this correction is made for the work function in the Rich- 
ardson-Dushman equation, it is found that the ratio of the emitted current 
in the presence of the strong electric field to the normal emission current 
IS given by 




_ -4 408B^/r 

J 


(4 6) 
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where Jn is the emission-current density m the presence of the strong 
electnc field, J is the normal emission-current density, e is the Napierian 
base 2 718, IS now the negative gradient of potential m volts per centi- 
meter, and T is the temperature in degrees Kelvin This equation may 
be verified expenmentally by plotting the logarithm oi Je against the 
square root of E The experimental results are found to give a good 
straight Ime for all but low values of gradient at which the current drops 
more rapidly than this simple theory predicts The slope of the hne is, of 
4 

course, — ^ — 

4.6. Contact Difference of Potential. Another factor that occasion- 
ally enters the emission picture is contact difference of potential '' 
This term is given to the effect observed when two dissimilar metals are 
put m good electrical contact It is found that a small potential differ- 
ence will exist between the free surfaces of the two different metals 
This difference of potential turns out to be the difference between the 
work functions of the metals and arises from the fact that electrons can 
move more readily from the metal of low work function to the metal of 
high work function than vice versa The differential action results in 
an equihbnum that leaves the metal of low work function positively 
charged relatively to the metal of high work function by just the differ- 
ence of the work functions In ordmary vacuum tubes contact differ- 
ences of potential are usually less than so do not cause 

serious trouble except m special cases Such differences of potential 
as may arise from contact of dissimilar metals will be most serious m 
such places as the cathode-control-gnd circuit 

4 7 Secondary Emission Another form of emission that plays an 
important role m vacuum tubes is secondary emission This occurs 
when a surface is struck by electrons or ions of appreciable velocity. 
Secondary emission caused by the bombardment of electrons is the more 
important case and occurs whenever the striking electrons have energies 
corresponding to a few volts or more When this happens, the stnking 
electrons may knock one or more electrons out of the material, giving rise to 
a reverse component of current The electrons knocked out of a material, 
known as “secondary^’ electrons, may number more than the striking,’’ 
or ^'primary,” electrons There is no violation of the conservation of 
energy law when this happens, for the velocity of the secondary electrons 
is for the most part very low Secondary emission is commonly encoun- 
tered m multiple-electrode tubes, where it has the effect of altermg some- 
what the normal primary-electron current charactenstics It occurs in 
cathode-ray tubes where the beam electrons hit the fluorescent screen, 
and is necessary there to complete the circmt for the current flow It 



ELECTRONIC EMISSION 


49 


IS deliberately used m a number of types of electron-multiplier tubes, 
where it makes possible a high amplification of current by a purely elec- 
tronic action. 

Secondary-emission charactenstics of materials are measured by 
means of the apparatus shown schematically in Fig 4 14 In the arrange- 
ment shown a beam of electrons is directed at a target inside of a sphere 
at a higher potential, which attracts the secondary electrons hberated 
at the target The ratio of secondary- to primary-electron current can 
be read for any primary-electron potential ^ For a long time there were 
great discrepancies in the reported secondary-emission charactenstics of 

CoHecfor 



emission characteristics 

the vanous metals It was evident that small traces of impurities or 
surface contammations made a great difference m the secondary-emission 
characteristics Techniques have now been refined to the pomt where 
the values reported by vanous investigators are fairly consistent The 
average secondary-emission charactenstics of the materials commonly 
used in vacuum tubes when only the ordmary precautions agamst con- 
tamination are taken are shown m Fig 4 15,^ 

Vanation of Secondary Emission with Primary-electron Potential In 
Fig 4 16 are shown the secondary charactenstics of the common metals 
presented m curve form, giving the ratio of secondary- to pnmary-elec- 

1 See Kollj^th, R , Sekundarelektronemission fester Konpev, Physik Zeit , vol 38, 
pp 202-224, Mar 15, 1937, for an excellent discussion of methods of measurement 
and results obtained up to that date 

2 Harries, J H Owen, Secondary Electron Radiation, Electromcs, vol 17, pp 
100-108, 180, September, 1944 
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tron current as a function of the prunary-dectron potential as reported 
by Brmning and DeBoer ^ These results probably are more rehable 
than any previously reported, for the investigators used a special appara- 
tus m which the metal to be tested was evaporated onto the target m 
a vacuum just before the measurement was made The results presented 
show lower ratios of secondary- to primary-electron current than those 



Pig 4 15 — Secondary-emission characteristics of the metals under ordmary 
conditions The curve shows the ratio of the number of secondary to pri- 
mary electrons for various primary-electron impact velocities expressed m 
volts {After Harries ) 

previously reported This is probably due to the fact that with previous 
handhng the metals became partly oxidized and oxidized surfaces are 
^ Bbttining, H , and J H DeBoer, Secondary Emission, Part I, Secondary Emis- 
sion of Metals, PKysica, vol 5, pp 17-30, January, 1938, Part II, Absorption of 
Secondary Electrons, Physica, vol 5, pp 901-912, December, 1938, Part III, Second- 
ary Electron Emission Caused by Bombardment with Slow Primary Electrons, 
Physica, vol 6, pp 913-^17, December, 1938, Part IV, Compounds with a High 
Capacity for Secondary Electron Emission, Physica, vol 6, pp 823-833, August, 1939, 
Part V, Mechanism of Secondary Electron Emission, Physica, vol 6, pp 834-839, 
August, 1939, Part VI, Influence of Externally Adsorbed Ions and Atoms, on the 
Secondary Electron Emission of Metals, Physica^ vol 6, pp 941-960, October, 1939 
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knowa to have higher secondary emission than those which are not 
The curves of Eig 4 15 show that all the metals have a low secondary 
emission at low primary-electron potentials Most of the metals have 
a maximum secondary emission between 200 and 400 volts of primary 
potential, which then decreases slowly, becommg constant at a value 
between 50 and 95 per cent of the maximum value Most of the uncon- 
taminated metals have a maximum ratio of secondary- to primary-elec- 
tron currents less than 1 though it should be remembered that metals 
as encountered in tubes are seldom uncontammated and will have 
maximum ratios of the order of 1 to 5 

Although the complete theory of secondary-electron emission is as 
yet not worked out, a great deal is known of the mechamsm When 



Fig 4 16 — Secondary -emission characteristics of metals with 
mappreciable surface contamination {After Bruimng arid 
DeBoer ) 


primary electrons strike a surface at right angles, they may knock electrons 
out of the atoms near the surface and those with velocity components 
directed toward the surface may be able to overcome the surface-poten- 
tial restraints and escape from the metal Each primary electron may 
shake up several atoms, thus giving nse to several electrons emitted per 
primary electron It should be noted that the source of secondary elec- 
trons lies almost entirely m the electrons of the surface atoms and not m the 
free electrons of the metal If a normally directed primary electron strikes 
a free electron, it cannot give it a component of velocity directed toward 
the surface Electrons knocked out of atoms, however, may have such 

1 Ihd , Part V 

2 Wooldridge, D E , Theory of Secondary Emission, Phys Rev , vol 56, pp 
662-678, Sept 15, 1939 
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a component As the potential of the primary electron is increased, it 
will at first knock out more and more secondary electrons However, 
as the potential is further mcreased, the surface atoms are exposed to 
the pmnary-electron forces for a shorter time, ^ e , the so-called “ col- 

hsion diameter” decreases, and the pri- 
mary electron will first knock electrons 
out of atoms when it has slowed down 
upon penetration into the metal Thus 
at the maximum of emission it is 
beheved that the majority of the sec- 
ondary electrons are liberated a depth 
of several atoms mto the metal ^ 
Beyond this potential the pnmanes 
penetrate still farther mto the metal, 
and the probability that the electrons 
knocked out of the atoms at this depth 
will reach the surface deci eases, with 
the result that the secondary emission 
decreases 

Yeloaity DistrihuUon of Secondary 
Electrons In Fig 4 17 is shown a 
typical curve of the distribution of 
velocities m the secondary electrons 


n 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

II 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

II 

i 

1 

1 

1 

1 

1 

1 

1 

a 

1 

1 

B 

1 

1 

1 

! 

1 

IBI 

1 

1— 

1 

1 

1 

1 

1 

1 

1 

a 

1 


L\J ww ww 

Secondary electron velocity as 
percentage of primary impact energy 

Fig 417 — ^The relative velocity 
distribution of secondary electrons 
About 90 per cent of the secondary 
electrons will have velocities m 
range I, 7 per cent m range 11, 


and 3 per cent in range III 

emitted from a metal Most of the electrons, about 90 per cent, have 
velocities below 20 volts The electrons naturally fall into three groups 
as indicated in the figure These are as foEows. 


Qrmp I— 0 to 20 voUs This group compnses about 90 per cent of 
aE the secondaries for pmnary potentials of 50 volts or more 
There is a pronounced maximum m this group at about 10 volts 
These are the electrons which are shaken out of the atoms as a 
result of the passage of the primary electrons and do not have much 
energy 

Qrou'p II — 20 voUs to 98 per cent of the pnmary-eleciron potential 
These comprise about 7 per cent of the total secondary current 
They represent high-energy electrons knocked out of atoms and 
elastic reflections of the primary electrons at a considerable depth 
m the metal 

Group III — 98 to 100 per cent of prtrnary-electron potenital This 
group compnses only about 3 per cent of the secondary current 


» Bbthning, H , Depth at Which Secondary Electrons Are Liberated, Physiea, 
vel 3, pp 1046-1062, September, 1936 
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and has a maxunum at about 99 per cent of the primary-electron 
potential This group arises from elastic reflections of primary 
electrons from atoms near the surface of the metal, not really 
secondary electrons at all 

Another representation of the secondary-electron velocity distribu- 
tion IS obtained if potential between sphere and target of the apparatus 
of Fig 4 14 is made negative mstead of positive and the current of the 
sphere is measured agamst the retarding potential The resultant curve 
IS shown m Fig 4 18 This curve is an average for measurements on 
vanous metals with pnmary-electron 
potentials in the range of 275 to 1,000 
volts Curves hke those m Fig 4 17 
are obtamed by taking the negative 
derivative of curves such as those m 
Pig 4 18 

Vanat%on of Secondary Emission 
with Angle When primary electrons 
stnke a surface at right angles, it is 
found that secondary electrons are 
emitted at all angles The spray of 
secondary electrons seems to follow 
very nearly a cosme law of distribution 
under all conditions 

When the primary electrons stnke 
a metal surface at an angle, it is 
found that the distnbution of the angle 
a cosme-law vanation More important than this is the fact that the 
secondary- to pnmary-emission ratio increases as the pnmary electrons 
stnke more nearly parallel to the surface Some typical curves showing 
the vanation of the secondary- to pnmary-emission ratio are given in 
Fig 4 19 The mcrease m secondary emission with angle is largely due 

to the fact that at angles other than normal the pnmary electron may 

knock free electrons out of the metal as well as electrons out of atoms 
The vanation of emission is given quite closely by^ 

== (4 7 ) 

where 6 is angle between normal and direction of pnmary electrons 
Ed IS ratio of secondary to pnmary electrons at angle 9 

Eo IS ratio of secondary to pnmary electrons at angle zero 

€ IS Napienan base 2 718 

^ Bbuining and DbBobe, op aJt , Part II 



Fig 418 — Collector current as a 
function of retarding potential of the 
secondary-emission measunng appa- 
ratus of Fig 4 14 

on the secondanes is still nearly 
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p is 8i coefficient that increases with pnmary potential and is pro- 
portional to the primary-electron penetration 
Seconddry Ew/iss/ion of CoT/iposito Layers Certain combination sur- 
faces have been found to have pronouncedly higher secondary CTcussion 


g gOSSO-COS0) 




Fig 419 — ^Vanatioa of secondary-emisBion. ratio with 
angle of pnmary impact Note that the eecondary-emis- 
sion. ratio mcreases as the angle of mcidence becomes 
more nearly grazmg {After Brmmng and DeBoer ) 

tboTi the pure metals Such surfaces are the aJkahhahdes on a base of 
the nllfflli metal and alkah oxides on vanous metal bases All these 
combmations show the same general secondary-emission characteristics 
as do the pure metals except that the current ratios mstead of being 
m the vicmity of umty may be as high as 8 to 11 The velocity distnbu- 
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tion for composite surfaces is much narrower than for the pure metals, 
^ e , a given percentage of the total electrons are included m a lower 
range of velocities, 85 per cent m the first 3 volts Below are given data 
on some of the alkah hahdes ^ 


TABLE III 

MAXIMUM SECONDARY-EMISSION RATIOS OF ALKALI HALIDES 


Compound 

Maximum Ratio 

LiF 

5 6 

NaF 

5 7 

CaF 2 

3 15 

NaCl 

6 8 

KCl 

7 5 

RbCl 

5 8 

CsCl 

6 5 

NaBr 

6 25 

Nal 

5 5 

KI 

5 6 


Of the alkah oxides, by far the best emitter is caesium oxide, 
partly reduced, on a base of silver Some typical curves for alkali 
oxides are shown m Fig 4 20 This same combination gives very 
high photoemission Photoemissive surfaces are prepared m the same 
way 

In connection with composite surfaces it should be noted that a com- 
bination with a low work function does not necessarily have a high 
secondary- to primary-electron ratio, and vice versa Thus tungsten 
with a work function of 4 52 volts has a maximum ratio of 1 5 Con- 
tamination with oxygen increases the work function to 9 25 volts but 
increases rather than decreases the maximum ratio ^ This probably 
means that electrons are more readily knocked out of the surface atoms 
and so give increased secondary emission even though they require more 
energy to escape from the surface For a given combination of elements, 
however, the secondary emission usually increases with decreasing work 
function Thus, if caesium on caesium oxide on silver is contammated 
with oxygen, the work function increases and the secondary emission 
decreases Also, in the case of molybdenum partly coated with banum 
the work function passes through a maximum with a given percentage 
of the surface covered, as is evidenced by the photoelectric emission 
The secondary emission passes through a maximum with the same 

1 Brxjining and DeBoer, op cit , Part V 

2 Zworykin, V K, and G A Morton, ‘"Television,” p 32, Wiley, New York, 
1940 
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perceatage of surface coverage though the ma xinmim is not nearly so 
pronounced ^ 

Secondary Emrnon oj Insulators Instdators as well as conductors 
may enut secondary electrons Measurements on insulators are more 
difficult to make because the potential of the insulator cannot he meas- 
ured directly The characteristics can, however, be deduced from the 
potential that the insulator assumes relative to a spherical collector 



Fig 4 20 — Secondary emission of the alkali oxides (Reprinted 
hy permission from ‘‘Teletnsion’* by V K Zworykin and G A 
Morton^ Wiley, New York, 1940 ) 


electrode when homharded with electrons of different potentials The 
general features of the secondary emissi on of insulators may be summed 
as follows ® Insulators eidnbit curves of ratio of secondary- to primary- 
electron current versus pnmary-electron potential that are similar to 
those of the metals Ratios usually exceed 1 over a considerable range 
of potentials, a Tnii.Tmnmn occurrmg between 300 and 800 volts As with 
the metals, the ratio rises rapidly to a maximum and then drops slowly 
As with the metals, most of the secondary electrons are emitted perpen- 
dicularly to the surface, followmg very nearly a cosine law of distribution 

' Britining and DeBoer, op cit , Part VI 

* KoUjATH, op ext 




ELECTRONIC EMISSION 


57 


regardless of the direction of the primary electrons Upon bombard- 
ment at an angle the secondary- to pnmary-electron ratio increases as 
the pnmary electrons strike more nearly parallel to the surface up to a 
critical angle, beyond which the ratio drops to a small value less than 
unity and remains nearly constant The critical angle depends upon the 
material and is a function of temperature, the angle with the normal 
mcreasing with temperature The explanation of the sudden drop m 
emission with increased angle with the normal of pnmary-electron bom- 
bardment seems to be that a layer of negative charge forms on the sur- 
face which traps, by a space-charge action, the pnmary electrons and 
the secondary electrons they would have freed 

In normal action an insulator will have its potential mfiuenced by its 
secondary-emission charactenstics The action will depend upon the 
pnmary-electron energy relative to the secondary-emission charactens- 
tics Action can be divided into three cases as follows 

1 Primary-electron potential below that at which secondary- 
to primary-current ratio is umty Here the number of secondary 
electrons emitted is less than the number of pnmanes, and so the 
insulator acquires a negative potential that is large enough to repel 
most of the pnmanes This constitutes a blockmg action The 
insulator is finally in stable equilibrium at zero potential 

2 Secondary- to primary-current ratio greater than umty Under 
this condition the msulator gives off more electrons than it acquires 
and so becomes more positive than its surroundmgs When this 
happens, the insulator reattracts the slow secondanes and so 
remains a few volts more positive than the potential through which 
the pnmary electrons have been accelerated 

3 Pnmary-electron potential greater than that at which secondary- 
to primary-current ratio has dropped to umty In such cases the 
msulator will gam more electrons than it loses and so will become 
more negative m potential until the primary electrons are retarded 
to the point where the ratio of secondary to pnmary current is umty 
At this potential, the primary- and secondary-electron currents 
are equal, and the msulator is m stable equihbnum 



CHAPTER 5 


determination of potential fields 


The fimdamenta,! theoretical technique necessary for the study of the 
internal behavior of a vacuum tube is that of determiEing the distribution 
of the electric potential ■within the tube From the determination of the 
electric potential "within a tube can be deduced the amplification factor 
of the tube, the focusing properties of the electrodes, and the current- 
voltage characteristics In short, the detemunation of the distnhution 
of the electric potential -within a tube is the point of departure for the 
study of almost all its characteristics 

The methods of determinmg the potential fields of vacuum tubes are 
rather special The most extensive mformation is obtained from con- 
formal transformations and from solutions of the Laplace differential 
equation The particular transformations and functional forms most 
frequently encountered m tubes are ordmanly given only a fraction of 
the total space allotted to the entire sub 3 ect of electrostatics in books 
devoted to this subject For this reason a bnef review -will be given of 
all the standard methods of determinmg potential fields, mcluding some 
numerical and graphical methods, so that the elegance of the special 
methods mentioned "will be appreciated 

6.1. ¥nits and Dimensions. In this book there -will be used the 
system of rationahzed mks units For this system the units of length, 
mass, and time are the meter, kilogram, and second, respectively and the 
electncal units are the usual practical ones — the volt, the ampere, the 
coulomb, etc The term “rationahzed” indicates that the factor 4ir 
has been mcorporated mto the arbitrary constants m such a way that 
the greatest over-all simphcity of all relations is obtained This is done 
in such a way that the factor 4 t does not appear m relations involvmg 
plane geometry and rectangular coordmates but does appear m relations 
involvmg spherical geometry A. further feature of the rationalized mks 
system of umts is that the equivalent dielectnc constant of free space and 
the equivalent permeability of free space are not umty but have some 
specific values These are the only two values that need to be known 
m this system to -work practical problems, whereas in some of the other 
systems a whole table of conversion factors has to be mvoked every time 
a practical problem is solved 


S8 
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6.2. Fundamental Quantities and Definitions: Forces between 
Charges All electrostatic relations are based upon the apphcation of the 
observed effects of charges upon one another Qualitatively, the obseiv 
vations are that there are two kinds of charges, that like repel and unlike 
attract, that the force between charges decreases as the distance between 
them mcreases Quantitatively, all this is expressed by Coulomb’s law, 


F = Ml 
4ircr* 


(6 1 ) 


where P is the radially directed force m newtons (1 newton equals 10® 
dynes) between charges q\ and m coulombs, r is the distance between 
charges m meters, and c is the so-called “dielectric constant” of the 
medium The dielectric constant is equal to the product of the relative 
dielectnc constant and the dielectnc constant of free space, 

e = t,eo (6 2) 

where tr is the relative dielectnc constant as would be detemuned by the 
ratio of capacity of a condenser using the medium and free space as 
dielectnc and co is the equivalent dielectnc constant of free space whose 
value turns out to be 8 85 X 10"^® farad per meter in rationalized mks 
umts. 

The region m the vicinity of electric charges is referred to as the 
electric field The electnc intensity E at any pomt m such a field is 
the force per unit charge on a small test charge placed at the pomt The 
intensity, which wiU also be shown to be the negative gradient of the 
electric potential, is a vedor quantity m that it has both magmtude and 
direction 

Intensity at a distance r from a charge q is, by Coulomb’s law. 



- w 

(5 3) 

Where more than one charge 

IS concerned. 



^ q„ cos {x,rn) 


JS?* 

~ 47rer„® 

(5 4) 


^ cos (3/,r„) 


Ey 

n 

~ 47rer„® 

(5 5) 


The summation must be taken by a summation of components where 
(a:,rn) is the an^e between a Ime parallel to the x axis and the vector 
from the charge q^ to the pomt at which the intensity is being determmed 
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A Ime of force, or a Ime of flux, is a line drawn so that it has every- 
where the direction of the electnc intensity Lines of flux originate on 
positive charges and terminate on negative charges In the rationalized 
mks system of units one hue of flux emanates from every umt poszttve 
charge The density of the flux hnes is known as the dzsplacemerit or 
flux density Displacement and intensity are related by the expression 

D = (6 6) 


where D is the displacement, or number of flux lines per square meter, 
and t is the dielectric constant of the medium Equation (5 6) is, for 
homogeneous isotropic dielectrics, strictly analogous to the expression 
B = iiHy which apphes for magnetic fields. 

The potential at any point in an electnc field* is defined as the work 
per umt charge required to bring a small positive test charge from infinity 
to the point in question (symbol V) Potential is a scalar quantity, ^ e , 
completely specified when its magmtude alone is given Applying this 
definition to obtain the potential at a distance r from a charge g, 

y = (57) 


The mmus sign appears because the work is being done agamst the force 
The potential ohtamed above is in volts if g is m coulombs and r is in 
meters The work is independent of the path The potential at a 
point due to a number of charges is equal to the sum of the potentials 
due to the separate charges, 

n 


Tor a continuous distnbution of charge over a surface, 


V = 



(5 9a) 


where <r is the surface density of charge, da is the element of area, and 
the integration is taken over the area of the surface For a continuous 
distribution of charge throughout a volume, 


V = 


47re 


/ 



(5 95) 


* Bold-faced capitals will be employed to designate vector quantities when used 
in the vector sense Conaponents of vectors are themselves vectors but may usually 
be treated as scalar quantities when dealt with separately 
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where p is the volume density of charge, dv is an element of volume, and 
the mtegration is taken over the volume 

The difference of potential between two pomts m an electnc field is 
defined as the work per unit charge required to bring a small positive 
test charge from one pomt to the other This difference is independent 
of the path by which it is evaluated. 

From the defimtion of potential it is seen that the intensity is the 
negative gradient of potential, the negative sign mdicatmg that the force 
IS exerted in a direction opposite to that of increasmg potential The 
gradient of the potential is a vector having the magmtude and direction 
of the maximum variation of potential Thus 

|E| - - ^ (6 10) 

The force per unit charge m any general direction is given by 

dV 

E Gosa = - (5 11) 


where a is the angle between the direction considered and the gradient 
of potential Components of intensity are convemently related to 
potential by 


Ey 


dx 

dV 

dy 


(5 12a) 
(5 126) 


The form that components of intensity have in terms of derivatives 
of potential depends upon the coordinates in which the potential and 
distances are expiessed In all cases the component expressions cor- 
responding to Eq (5 10) have the form of the limiting value of the ratio 
of an mcrement of potential to an increment of length in the direction of 
the variable considered Expressions for the intensity as a negative 
gradient of potential are given in Appendix II for the coordinate systems 
most commonly used 

6 3. Solution of Potential Fields by Summation of Intensities. The 
electnc field around any distnbution of charges may be found by sum- 
ming the forces due to the charges by means of Eq (6 4) Forces are 
best summed one component at a tune The procedure can usually be 
simplified by choosing the axes to take advantage of any symmetnes 
When an expression, for each of the components of intensity has been 
found, the resultant mtensity has a magmtude that is the square root 
of the sum of the squares of the components The direction cosines of 
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the resultant vector are given by the ratio of the respective components 
to the magnitude of the resultant 

Example Find the electric intensity on the axis of a nght-circnlar cylinder of 
radius a and length at a distance a?o from the end of the cylinder if the cylinder 
has a charge uniformly distributed throughout its volume of density p In the 
configuration of Fig 5 1 let a; be the distance from the point P to the point on 
the axis corresponding to an element of volume in the cylinder The elementary 
volume IS given by 

dv = r dr dd dx 

and the corresponding element of charge is given by 

dq p dv 


dv 



Fig 5 1 — Notation for the evaluation of the axial intensity due 
to a cylindrical distribution of charge 

By symmetry there will be only an x component of intensity at the point P on 
the axis to which the element of charge will contribute 

_ pr dr d^ dx x 

+ x^)^^ 4nrz 

which will be recognized as being of the form 

dq cos oi 

This differential expression must be integrated with respect to its three vanables, 
6 from 0 to 27r, r from 0 to a, and x from a;o to xo + h When this triple inte- 
gration has been perfoimed, the resulting expression for the intensity on the 
axis IS 

E, = 2rp[h- VCso + h)^ + + a^] ^ 

6.4. Summation of Potentials The potential at any point m a field 
may similarly be obtained by apphcation of Eq (5 7) This procedure 
IS m general easier to apply than the direct evaluation of the intensity, 



DETERMINATION OF POTENTIAL FIELDS 


63 


for the summation for potentials is algebraic, whereas that for mtensities 
must be vectorial The expression for the components of intensity is, 
of course, derivable from the expression for potential 

Example Find the potential at a distance c from the center of a spherical 
shell with innei and outer radii Vi and and with a charge uniformly distributed 
throughout its volume of chaige density p 

The element of volume in spheiical coordinates is 

dv = sin B dr dd d<#> 

where the symbols have the significance indicated m Fig 5 2 and <l> is the azimuth- 



Pia 6 2 — Notation for the evaluation, of the potential due 
to a charge umfonnly distributed throughout a spherical 


Hhell 

al angle Then the potential at the point P due to the element of charge 
associated with the above element of volume is 


mi B dr dB d<t> 
y 47re 


It 18 convenient to use the distance y instead of the angle 0 as a vanable 
two quantities aie i elated by the law of cosines 


so that, foi (‘onstant r, 


^ = (c® + — 2(r cos 


dy 


cr s m B d B 

- y 


The 


Making this substitution into the oxpicssum for the element of volume, 

dV^^dyd<l>dr^ 


r 


p 

c 


rn r^TT rc+r ^ 
Jr\ Jo Jo-r 


47re 


so that 
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The result of this integration gives 


V - 


47rp T2^ — 1 

3 c 47re 


From this it is seen that the potential at the point P is the same as though the 
entire charge of the shell were concentrated at its center 

6 6 Gauss’s Law Gausses law is one of the most useful relations in 

electrostatics It enables one to 
determine quickly the field and 
potential around any symmetrical 
distributions of charge The law 
may be stated as follows The 
integral of the normal outward com- 
ponent of electric flux over any closed 
surface is equal to a constant times 
the total charge enclosed by the sur- 
face For rationalized mks units, 
the constant is unity 

Consider a closed surface S 
enclosing a single point charge q as 
shown m Fig 5 3 Then the outward component of electric flux for the 
element of area dS is 



Pig 5 3 — Notation for the evaluation 
of Gauss's law, Eq (5 17) 


DndS = D cos a dS 
Dn dS = cos a dS 


(5 13a) 
(5 136) 


dS 

It wiU be recognized that cos a is the element of sohd angle about the 

pomt charge intercepted by the area dS, since sohd angle is measured by 
area intercepted on a unit sphere just as linear angle may be measured 
by arc length on a unit circle Thus 

— (5 14) 

where d 12 is an element of solid angle Then 

D^dS = ^ 15) 

If this IS mtegrated over the entire surface surroundmg the pomt charge, 

jDndS (5 16) 

since there are 47r umts of solid angle around a point 
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Since the law of superposition holds for the potentials due to charges, 
the integral of the outward normal component of flux is equal to the 
total charge enclosed when the closed surface contains more than a single 
charge 

For a volume distribution of charge the law can be written 

jD cos a dS = Jpdv (517) 

where p is the volume charge density, v mdicates volume, and the other 
symbols have the previous significance 

Example Consider the case of a uniform distribution of charge on a circular 
wire of infinite length From considerations of symmetry it is evident that the 



bution of charge 

electnc field will everywhere be radial and will be constant along the length of the 
wire The equipotential surfaces will be cylinders concentric about the wire, 
and the flux lines will be straight radial Imes 

Let the charge be uniformly distributed along the wire with a density of X 
units per unit length Draw a cylinder of radius t about the wire of radius a 
Then the electric flux D is everywhere outwardly directed as shown m 
Fig 5 4 The integral of normal component of flux per unit length of this wire 
IS equal to the product of the displacement and the area of the cylinder per 
unit length This product must be equal to the Imear charge density, so that 

2TrtE = X 
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This gives the intensity at any distance r from a wire with a linear charge density 
The potential at any distance r from the wire is found by integrating the 
negative of the field with respect to r, givmg 




The constant is necessary to adjust the potential to a prescribed value at some 
particular distance since the potential about a cylindrical wire, unlike that about 
a point charge, does not vanish at an infinite value of the radius 

In the case of two concentnc cylinders of radn and ri having potentials 
Vi and 7i, respectively, the potential between them is 


If 


V(t) = Fi + (V 2 - 7i) — ^ 

ri 



From Gauss's law it may also be deduced that the field adjacent to a 

plane with a surface charge density <r is given by - and is normal to the 

£ 

plane It may also he verified that a charge uniformly distributed 
throughout a sphere or over the surface of a sphere looks to an observer 
outside the sphere as though the charge were all concentrated at the center 
of the sphere so that the laws for point charges hold 

The above results are summarized in the following table 
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6.6. Poissoa’s and Laplace’s Equations Poisson^s and Laplace’s 
equations are differential expressions of Gauss’s law applied to an ele- 
ment of volume Poisson’s equation applies to regions contammg charge 



Pig 5 5 — Notation used in. the dentation of Laplace’s 
equation in rectangular coordinates, Eq (5 24) 


Laplace’s equation is the same equation for the case of no charge. The 
equations are derived as follows 

Consider an element of volume in an electric field as shown m Fig 6 6 If 
the mtensity at the origm is E, then 


Flux into back face = zEx Ly Lz 

/ dJE \ 

Flux out of front face = c (E^ + Ax j Ay Az 

dE 

Net outward flux through front and back faces = c Ax Ay Az 
Similarly 

dE 

Net outward flux through left and right faces = e Ax Ay Az 


Net outward flux through bottom and top faces = e Ax Ay Az 
Upon combining these, the outward flux through all faces is 
_ /dEx , dEy . dEx\ 


/dEx , dEy , dEx\ K K K 


by Gauss’s law where p is the volume charge density The above equality is 
abbreviated 

Divergence E = T E — ^ (5 19) 


in which the element of volume has been cancelled and the term ' ‘divergence” has 
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been applied to the limiting value of the net outward flux per element of volume 
as the element of volume approaches zero 
But 


frequently abbreviated 
or m component form 


E = negative gradient of Y 
E = - VF 


E. = 


dv 

dx 




E, = 


dV 

dy 

dV* 

dz 


(5 20a) 
(5 206) 


(5 21) 


Makmg these substitutions into Eq (5 18), 


dW , dW , dW p , , 

dx^ dy^ 32“ “ e 

which IS Poisson's equation This is abbreviated 


8 


(5 23) 


In a region free of charge, p = 0 so that 

dW dW dW 
dx^ dy^ ^ 

which IS Laplace's equation This is abbreviated 

VW = 0 


(5 24) 
(5.25a) 


If the derivation is made m terms of general coordinates Wi, ^ 2 , and Uz 
with scale factors /ii, / 12 , and / 13 , respectively, so that an element of arc 
length IS related to the coordmates and scale factors by 

ds^ = hi^ dui^ + h2^ du2^ + du^ 
then Laplace's equation assumes the general form 


vw = ^ r (hik 

\ hi dui) du 2 \ /12 duzj 


+ 


dU3\hz dU3/J ^ ^ 


Interpretutions of Lcplcce^ s Equatiou As has been mentioned before 
and as is evident from the development of the equation, Laplace's equa- 
tion IS a differential expression of Gauss's law for an element of volume 


* See Appendix II 
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In the language of differential equations it says that the net electric flux 
emerging from an element of volume in a region free of charge is zero 

Another mterpretation that can be given to Laplace’s equation m the 
two-dimensional case is that it is an equivalent way of saying that the 
potential at any point m a field is the average of the potentials at four 
equally spaced surrounding points Thus if there is given a set of curves 
of equal potentials in the vicinity of some electrodes, known as a “ con- 
tour representation of potentials/’ then the potential at any point, say 
the point (2,2), is the average of the potentials at the four surroundmg 
coordmate points, for the case assumed, the average of the potentials 
at the pomts (2,1), (3,2), (2,3), and (1,2) This property will be proved 
in a subsequent section 

Laplace’s equation can also be interpreted in terms of the curvature 
of the potential profiles of a field configuration. Two-dimensional fields 
can be represented either by contours of equipotential or by potential 
profiles just as we can draw either a contour map or a set of profiles for 
a topographic representation of terrain In the profile representation 
we draw potential as an ordinate against distance along some line as 
abscissa It will be remembered from elementary calculus that the 
curvature of any curve is given by 



(5 26) 


from which it is seen that the sign of the curvature is determmed by the 
sign of the second derivative in the numerator since the denommator is 
always positive If we now examine Laplace’s equation in two dimensions. 


^ dW ^ 
dx^ d^y 


(5 27) 


we see that the two terms may be mterpreted as giving the sign of the 
curvatui e of the profiles in the x and y directions By Eq (5 27) the 
curvatures must be of opposite nature since the sum of the terms is 
zero , and hence if the profile m the x cut at some pomt in the field is 
concave upward, then the profile in the y cut at the same pomt must be 
concave downward 

Exammation of a simple case will illustrate the pioperty descnbed 
above In Fig 5 6a is shown the contour representation for the case 
of a concentric hne with a circular mner conductor and a rectangular 
outer conductor The solid Imes represent the equipotential hnes or 
contours In Fig 5 66 is shown the potential profile along the line a6, 
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and it will be seen that the profile is curved away from the axis at the 
point e In Eig 5 6c is shown the potential profile along the line cd, 
and it will be seen that the profile is curved toward the axzs at the point e 
Solutions of La^lace^s Equation in Two Dimensions The form which 
the solutions of Laplace^s equation take depends upon the coordinates 
in which the equation is expressed For rectangular coordinates Laplace’s 




(b) 

Fig 5 6 — Example showing the relation between the 
curvatures of the profiles of a potential field 


equation, has the form of Eq (5 27) The solutions of this equation have 
the form. 

y = (A cos kx + Bsm kx)iC cosh ky + D sinh ky) (5 28a) 
or 

y = (A cos ky + B sm ky^^C cosh kx + D sinh kx) (5 286) 


The above results are arnved at by assuming that V has a solution of the 
form XY where X is a function of x alone and 7 is a function of y alone 
If the product XF is substituted for V in Eq (5 27), there results upon 
differentiation and rearrangement 


1 d^X _ 1 dW 

X Y dy^ 


(5 29) 


It is seen that the left-hand member is a function of x alone and that the 
nght-hand member is a function of y alone These can be equal only 
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if eacli equals the same constant If this constant is taken as —k^, then 
we may write two component equations m the place of Eq (5 29), 


and 


1 

X dx'^ 


= -P 


1 d’^Y 
Ydy^ 


= +P 


The solution of Eq (5 30) is 


X — A cos kx + B saikx 
and the solution of Eq (5 31) is 

Y = C cosh ky + D sinh ky 


(5 30) 
(5 31) 

(5 32) 
(5 33) 


Thus V is given by the product of X and Y, resultmg in the solution of 
Eq (5 28a) where multiple values of k as 
determined by imposed conditions are 
allowed If the separation constant is chosen 
as +k^ mstead of —k^, then the solution of 
Eq (5 286) results 

For the polar coordtnates of Fig 5 7 
Laplace’s equation has the form 

rdr\drj^r^dd^ ^ 



when the problem is one of axial symmetry ^ ^ coordinate 

This has a solution in the form notation 


F = (a cos nd + b sin nd){cr^ + dr-^) (5 35) 

as may be shown by the method demonstrated above usmg as the 
separation constant When n equals zero the second factor m Eq (5 35) 
IS c + d In r 

For the cylindrical coordinates of Fig 5 8 Laplace's equation, for cases 
of axial symmetry, has the form 



This has a solution of the form 

7 = [oJ o(/rr) + 6A/’o(A'r)](c smh 'kz + d cosh kz) (5 37) 

where Jo and Nq are the zero-order Bessel and Neumann functions 
Since the Neumann function of zero is mfinite, this term is not often 
encountered m electronics problems Most potential configurations have 
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a finite potential along the axis of symmetry, as m electrostatic electron 
lenses where there is no conductor along the axis 

In order to apply the above solutions to definite problems it is neces- 
sary to evaluate the constants in such a way that the potential function 

fits the prescnbed boundary condi- 
tions If the constants can be selected 
so that the function fits all the bound- 
anes (electrodes), then it will define 
the potential at all points in the field 
The potential solutions frequently 
appear as a senes summation of terms 
of the form indicated above 

DzffereTice Form of La'place^s Equa- 
tion We may write Laplace^s equa- 
tion m the form of a difference equa- 
tion of which the differential equation 
IS the hmitmg form To do this 
we shall assume that the potential is 
known at a number of pomts whose spacing is fimte though small 
We shall assiune that the pomts are at the intersections of a rectangular 
lattice as shown in Fig 5 9 and that the spacmg between the points is 
The conclusions that we shall draw from the difference equation 
set up on this basis will apply also to the differential equation and its 
solution 

Consider the first derivative of potential at the point (0) m the xy 
plane The difference operators corresponding to the partial denvatives 
are given by 



Fig 5 8 — Cylindrical coordinate no- 
tation 


dx 

dV 

dx 

dV 

9y 

dy 




- F„) 

- 7,) 

- 7o) 

- 7*) 


(5 38) 

(539) 

(540) 
(5 41) 


1 Moesb, P M , and Hbbman Pbbhbach, “Methods of Theoretical Physics," 
Massachusetts Institute of Technology, 1946, pp 139-147 

* Shortlet, G H , and R Weller, The Numerical Solution of LaPlace’s Equa- 
tion, Tour Aj>pl PhySf vol 9, pp 334-348, May, 1938 Probably the best single 
reference on this subject 

® Fbocht, M M , and M M Levin, A Rational Approach to the Numerical Solu- 
tion of LaPlace's Equation, Jour Appl Phyz , vol 12, pp 596-604, August, 1941 
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The difference operators corresponding to the second derivatives are 
given by 




^■7 

By 




V^)] 
(7o - V,)] 


(5 42) 
(5 43) 









2 



3^ 






d 





4\ 

’ ] 

h 



Upon substituting these values m Laplace's equa- 
tion there results 

Vo = HiVi + F 2 + Fa + 74 ) (5 44) 

which states that the potential at the center of a 
square is the average of the potentials at the cor- 
ners of the square 

It IS possible to obtain numerical values of 
potential for various electrode configurations by 
means of Eq (5 44) The procedure is to break 
up the field whose potential is desired mto a suit- 
able lattice, assume reasonable values of potential 
at each point m the lattice, and then apply Eq 
(5 44) successively to each of the points, always 
using any new values of potential obtained 
Successive applications of this procedure will correct any errors m the 
original assumptions, and the values of potential at any point will con- 
verge quite rapidly to the correct value It is well to start with a coarse 
network and then make it finer 


Fig 5 9 — ^Arrange- 
ment of net points for 
the difference form of 
Laplace^s equation m 
two-dimensional rec- 
tangular coordmates, 
Eq (5 44) 



Fig 5 10 — Arrangement of net pomts for the difference 
form of Laplace's equation m two-dimensional cylindrical 
coordinates, Eqs (5 45) and (5 46) 


The expression given in Eq (5 44) was derived for two-dimensional 
rectangular coordinates For two-dimensional problems of axial sym- 
metry expressed m terms of the cylmdrical coordmates of Fig 6 8 that 
hold for electrostatic electron lenses, and the like, the correspondmg 
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expression for the lattice of Fig 5 10 is 

Fo = i (Fi + V, + Vz+ VO +^iVi- Vs) (546) 


in which the points 1 and 2 are on a line parallel to the axis and point 3 
P! fe JOOv closer to the axis than point 4 The expres- 

Sion [Eq (5 45)] works for all parts of the field 
I go I except points on the axis for which 

-A V.^H{V^+V. + 4Vy) (5 46) 


70 

60 




It wiU. be noticed that Eq (5 45) reduces to 
Eq (5 44) for large values of r 

The above manipulations for the cylin- 
drical case can be simphfied by a change of 
variable If as a new vanable there be taken 

y^r^V (5 47) 

then the Laplace equation reduces to 

|l + |l + |5 = 0 (548) 

The corresponding net-point equation is 


yi + ys + Vi + y* 

= 7 77V 




(549) 


\/ Cathode 0\r I 

Fio 5 11 — ^The potential 
field of a tnode, calculated 
from the difference form of 
Laplace’s equation, Eq 
(5 44) 


which IS much simpler to apply than Eq (5 45) 
The case of two-dimensional polar coordi- 
nates can be reduced to the rectangular coordi- 
nate treatment by changmg the variables 
according to 


u = hie T 


y = 0 


60) 

(5 61) 


Laplace’s equation, iLq ^ lattice of equal increments of u and v, 

(5 44) (5 44 ) applies directly The reasons for 

this will become evident when the transformation W = hit Z has been 
studied 

In Fig 5 11 is shown the potential field inside a half section of a 
plane-eleetrode tnode as calculated from repeated apphcation of the 
difference form of Laplace’s equation, Eq (5 44) 
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6.7. Elastic-membrane Models of Potential. It is possible to repre- 
sent two-dimensional potential problems bavmg a Z’ax%s symmetry by 
the elevation of a deformed elastic membrane If an elastic membrane 
IS imiformly stretched m all directions and leveled when suspended in a 
plane frame and is then deformed from its onginal plane by displacing 
the membrane distances proportional to electrode voltages with blocks 
shaped hke the electrodes to be studied, then the displacement of the 
membrane at any point from the original plane is proprotional to the 
potential at that pomt m the field In other words, the membrane is a 
topographic model of the potential field with vertical displacement pro- 
portional to potential The deformed surface that is obtamed is a very 
good representation of the potential field This is because the surface 
will deform itself so that its area will be a mmimum Analytically this 
IS expressed by making 

+ +(|)‘^d2/=mm (5 52) 

where z is the elevation and x and y are the coordinates m the honzontal 
plane This is a problem m the calculus of vanations that is converted 
into a problem in differential equations by applymg to the equation for 
S that IS m the form 

The Euler differential equation ^ 

^ Fz‘ + + F, = 0 (6 54) 


where the subscnpts indicate differentiation with respect to the following 
factors 
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Application of the Euler equation yields as the differential equation of 
the deformed surface’"* 


Tl 4- 4- fl 4- 2 

L UJ J ^ ^ L W J + 


dx dy dx dy 


= 0 (5 55) 


which reduces to Laplace’s equation, 


3a;* 


+ ^ = 0 
+ 32 /* 


(5 56) 


for I? « 1 and 4^ «: 1 If the angles of all lines on the surface are kept 

dx dy 

below 6 deg with the horizontal, the departure in deformation from that 
representing the true potential at any point will be less than 1 per cent 
Some practical considerations are of importance A No 30 rubber 
surgical dam makes a good membrane It should be stretched enough 
so that it will be tight and not sag and yet not be too close to the rubber's 
elastic limit A linear stretch of about works well It helps in 
obtaming a uniform stretch to mark coordinate Imes on the sheet before 
stretching and then stretch so that these are stiaight and of the proper 
spacmg 

The applications of the elastic-membrane model of potential are 
somewhat limited, for it is accurate only for small deformations, it can 
be used to represent only two-dimensional problems with a g-axis (stack- 
ing) symmetry — ^it cannot exactly represent problems with a rotational 
symmetry about an axis — and it cannot be modified to include space- 
charge effects In spite of these hmitations, models of this sort have 
been used extensively by various laboratones m their studies of potential 
fields and electron paths, in the latter regard it yields much information 
in a short time The use of the membrane m determimng electron 
paths will be mentioned m a later section Figure 5 12 shows the elastic 
membrane model used in the Electrical Engmeermg Department of 
Stanford Umversity 

6.8 Current-flow Models of Potential The laws which govern the 
flow of current m a uniformly conducting medium are the same as those 
which govern the ^^flow" of electrostatic-flux Imes in a vacuum This 

^ Kleynen, P. H J a , Motion of an Electron in Two Dimensional Electrostatic 
Field, Phihps Tech Rev , vol 2 (No 11), pp 338-345, 1937 Original article on this 
subject 

2 Strutt, M J O , “Moderne Mehrgitter-Elektronenroehren,'* pp 3-6, Springer, 
Berlin, 1938 

® Zworykin, V K , and J A Rajchman, The Electrostatic Electron Multiplier, 
Proc IRE, vol 27, pp 558-565, September, 1939 
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makes it possible to set up current-flow models of electrode systems and 
to measure the potential at any point 

The equations for the components of current density m a contmuous 
and uniform medium such as some electrolyte are given by Ohm's law m 
terms of the gradient of potential as 

= (5 57a) 

sv 

-0-^ (5 57b) 

for the two-dimensional case, where J is current density and is the 
specific conductivity of the medium 



Fig 5 12 — ^Elastic-membrane model of potential 


Since the flow of current in a medium of constant conductivity corre- 
sponds to an irrotational flow of an mcompressible fluid, as much current 
will flow mto any element of volume as flows out of it This condition 
IS sometimes expressed by saymg that the divergence of the current is 
zero, which may be expressed mathematically as 


dJx , dJy 
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Substitution of the components of Eq (5 57) mto Eq (6 58) yields 
Laplace’s equation in the form 


dW d^V 

dx^ dy^ 


(5 59) 


Upon comparing the above equations with those developed for the elec- 
trostatic field it IS seen that an exact correspondence can be estabhshed 
The relations may be tabulated in one-to-one correspondence as follows 


Currents 

Quantities 

J Current density 
g Specific conductivity 
V Potential 

Relations 


r 

^ ax’ 

dJ X I V 

Hx dy 
d^V d'V 
dx^ 


0 

= 0 



Electrostatic Fields 

D Displacement flux 
£r Dielectric constant 
V Potential 



I _ Q 

dx dy 


d^V d^V 
dx^ "‘"ay* 


-0 


dy 


From the above tabulation it is seen that the correspondence between 
the current flow and electrostatic field is quite complete It is thus 



Fig 5 13 — Current-flow model of a cylindrical triode 


necessary only to set up a current-flow model with electrodes geometrically 
similar to those of the electrostatic problem whose solution is desired and 
to mea,sure the potential contours The model is easily set up for two- 
dimensional problems by means of a flat tank A weak solution of 
copper sulphate may be used as an electrolyte This has a fairly good 
conductivity and has no polanzmg action with copper electrodes The 
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^quipotential contours can be traced with a probe connected to two 
i*Bsistances forming two arms of a bridge The other arms of the bridge 
in the electrolyte By setting the external resistances any equipo- 
teiitial contour can be traced by observing the points at which a null 
indication is received Tanks may be made of wood cemented to a glass 
plate A large sheet of coordinate paper may be put under the glass to 
identify the location of pomts and thus facilitate their transfer to another 
sheet for plotting It is also possible to use a pantograph for plotting 
directly In using a flat tank it is absolutely necessary that the hquid 
be of the same depth at all points Placing the tank upon a board with 


leveling screws makes it easy to level 
Figure 5 13 shows a tank of the type 
described This particular tank rep- 
I'esents a section of a cyhndncal elec- 
trode tnode 

The arrangement of resistors 
■used with tnode current-flow models 
is shown m Fig 5 14 The resistors 
Rp and Ug are used to set the rela- 
tive positive plate and negative grid 
potentials The resistors Ri and 
R 2 in the bndge arms are used to deter- 
mine the potential of the contour 
to be traced If the resistors R 2 and 
Ri are set m the ratio of 2 to 8, 
the probe will trace out the contour 
having 80 per cent of the plate- 
cathode potential, since the percent- 
age voltage of the contour is given 


Ri R2 



n 


Fig 5 14 — Circuit arrangement for 
measuring potential contours on a 
current-flow model of a plane-elec- 
trode tnode section 


\yy Headphones are conveniently used as balance detectors 

Ri + R2 

It IS also possible to use a cathode-ray oscilloscope If the probe and 
Ri,Ri junction are connected to the vertical plates and a voltage m 
jolaase with the electrode potentials is connected to the horizontal plates, 
there will result a straight-lme Lissajous figure whose slope will be zero 
when the probe is in the proper positi on The advantage of this arrange- 
ment IS that the slope of the line will be negative or positive according 
to whether the probe is to one side or the other of the proper position 
A low frequency of the order of 50 to 100 cycles should be used If the 
f r©c|uency is too low, it is difficult to detect a null If it is too high, the 
distributed capacities affect the balance 

It should be observed in the model of Fig 5 14 that the proper 
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conditions of symmetry are obtained along the nonconducting boundaries 
which are indicated by dotted lines Here the current flow must be 
parallel to the boundary, which ensures that the potential contours are 
at right angles to the nonconducting boundanes, since the equipotentials 
are perpendicular to the flow hnes It will also be true that the equipo- 
tentials will be perpendicular to all hnes of symmetry running in the 
direction of the flow Flow Imes will be perpendicular to conducting 

surfaces The flow will also be parallel to 
the top and bottom of the liquid layer 
since the air above and the glass below 
are nonconducting 

For problems mvolvmg axial symme- 
try such as are encountered m electron 
optics, a shghtly different arrangement 
of electrodes must be used Here it is 
necessary to reproduce conditions of axial 
symmetry and it is not correct to use a 
imiform depth of electrolyte as m Fig 6 14 
without special electrodes To obtam 
correct results, either the electrodes or 
the volumetnc shape of the electrolyte 
must be changed It is possible to use a 
deep flat tank if the electrodes are shaped 
hke portions of half cylinders with their 
edges at the surface of the electrolyte 
For such an arrangement the probe should 
be kept at the surface of the electrolyte 
A more convenient arrangement is to use 
a wedge-shaped electrolyte Use of such 
a section corresponds to a pie-shaped 
section of small angle cut out of the field 
of revolution as shown in Fig 5 15 The 
wedge-shaped volume of electrolyte is obtained by simply tiltmg 
a flat tank Properly speaking the electrodes should be portions of 
cylmders, but if the angle of the electrolyte wedge is small enough, say 
less than 6 deg, they may be portions of planes without mtroducmg any 
appreciable error. 

6.9. Sketching of Flux and Potential Fields. The properties of 
electrostatic fields are such that, with a little practice, it is possible to 
sketch fields with considerable accuracy without recourse to mathematical 
methods It is known, for instance, that flux and potential lines are 
everywhere at right angles to each other. Flux Imes emerge at right 



Fig 5 16 — ^Arrangement for 
measuring potential contours on 
a current-flow model of an elec- 
tron lens. The lens electrodes 
are cylmders of revolution that 
require a tilted tank to represent 
a wedge-shaped portion of the 
potential field The edge of the 
wedge-shaped portion of electro- 
lyte corresponds to the axis of the 
electrodes 
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angles from conducting surfaces Potential lines near conductors tend 
to have the same shape as the conductor These and other useful prop- 
erties may be summanzed as follows 

PROPERTIES USEFUL IN SKETCHING FIELDS 

1 Flux and potential hnes form orthogonal famihes of curves 

2 Flux Imes are perpendicular to conductors at conductor surface 

3 Potential contours close to conductors tend to have the same form 
as the conductors 



right-angled corner This sketch was made by the method of 
Sec 5 9 without mechanical or numerical aids 

4 Potential lines are parallel or perpendicular to lines of symmetry, 
constructional bisectors may exist 

5 Flux-potential patterns should be drawn with curvilmear squares, 
^ e , a four-sided figure, with right angles at the comers and with 
equal average lengths of opposite sides, which mamtams these 
properties upon infinite subdivision 

a Same potential difference exists across each square 
b Same flux passes through each square 
c Each square has the same attraction for the conductor face 
d Each square has the same energy storage 

e Each flux line represents the same increment of capacity between 
electrodes 

Most of the above properties are self-evident In Fig 5 16 is shown 
a plot of the flux and potential mside of a nght-angled corner This 
plot was sketched, not calculated It will be observed that all the curvi- 
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linear squaies upon infinite subdivision will still be curvilinear squares 
The principal line of symmetry is shown by the center Ime The con- 
structional bisectors are shown by dotted hnes 

A flux plot to be of value should include 

1 Shape of fields at large distances as well as small distances from 
the charges (conductors) 

2 Location of all conductors and charges 

3 Geometncal symmetries of any kmd 

4 All singular points, i e , saddle'^ pomts, givmg nse to a crossmg 
of eqmpotential contours 

The above enumeration is actually qmte general, and all these mclu- 
sions are not always necessary m electronic problems Smgular points 
occur where there is an apparent intersection of potential contours 
This occurs only where the eqmpotential surface is saddle-shaped 

6 10 Method of Conformal Transformations. The method of con- 
formal transformation is based upon solutions of Laplace's equation in 
two-dimensional rectangular coordinates and functions of the complex 
variable z = z + ty Most functions of the complex variable of the 
form 

W = f{z) (5 60) 

are separable into real and imaginary parts 

W = E{x,y) + tF{x,y) (5 61) 

in which each part is a solution of Laplace's equation The two parts 
of the complex function, E{x,y) and F{x,y), further represent orthogonal 
famihes of curves They may hence be taken as representing flux and 
eqmpotential hnes The functions having the above properties are 
known as analytic functions (to be defined more exphcitly) 

Every analytic function of the complex vanable may thus be con- 
sidered to represent the flux and potential field of some set of electrodes 
Fields may further be transformed by means of analytic functions from 
one form to another Thus, given a function that gives the field cor- 
responding to one set of electrodes, the application of another function 
will transform this field mto one corresponding to another set of elec- 
trodes In the course of this transformation all the properties of flux 
and potential fields are preserved 

Analytic functions when used for making transformations have the 
property of preservmg the angles between lines and of making corre- 

1 Moore, A D , Mapping of Magnetic and Electric Fields, Elec Jour , vol 23, 
pp 355-362, July, 1926 

® Stevenson, A R , and R H Pare, Graphical Determination of Magnetic 
Fields, Tram AI EE ,vo\ 46, pp 112-135, February, 1927 



83 


DETERMINATION OF POTENTIAL FIELDS 


spondmg incremental areas similar in shape It is for these reasons 
that the transformations are called “ conformal " 

Application of the method of conformal transformations usually 
takes the form of finding a transformation which converts the electrodes 
(equipotentials) of some simple field to the structure of which the field 
IS desired The field of the simple electrodes can usually be determmed, 
and then the transformation converts the entire field to that of the more 
complex arrangement 

Conformal transformations are familiar to everyone m the form of 
maps The surface of the earth may be mapped in many ways, which 
give apparently different shapes to the land masses The different shapes 
are, however, merely different representations of the same tbmg Most 
maps could be transformed from one form to another by means of con- 
formal transformations, since the transformations would preserve the 
angles between river tributanes and keep the shape of small areas the 
same An example of this idea is found in the logarithmic transformation, 
which, as will be shown, is capable of transforming a polar azimuthal 
equidistant pi ejection of the Northern Hemisphere into what is approxi- 
mately a Mercator projection of this hemisphere 

Complex Functions Satisfy Laplace’s Equation In studying conformal 
transformations it will first be shown that functions of the complex 
variable z = x -|- ly are solutions of Laplace's equation m two-dimensional 
coordinates. 



o 

11 

+ 

(5 62) 

where 

K^,y) = fix -1- ly) = f(z) 

(5 63) 

This follows since 

^ _ d£dz _ ^ 
dx dz dx dz 

(5 64) 


II 

(5 65) 

Similarly 




df _ df dz _ df 
dy dz dy dz 

(5 66) 


dy^ dz^ 

(5 67) 

It IS evident that these partial derivatives are such as to satisfy Laplace's 
equation m the form of Eq (5 62) The converse of this property is 
also true, viz , that solutions of Laplace's equation in two-dimensional 


rectangular coordinates 
vanable 


are expressible as functions of the complex 
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Example Let 

Then 


f(z) = Az^ + Bz 

= Ax^ + 2Aixy — Ay^ + Bx+ tBy 


dx 


2Ax + 2A%y + 0 + B + 0 


ay 

dx^ 


= 2 A 


And 


0 + 2Aix — 2Ay + 0 + 

-2A 

Laplace’s equation is seen to be satisied 

It is also true that the real and imaginary parts of the function are solutions 
of Laplace’s equation 

f{z) = E(x,y) + iF(x,y) 


dy 

dy^ 


where 

and 

It is evident that 

and that 


E(x,y) = Ax^ — Ay^ + Bx 
Fix,y) = 2Axy + By 


dm d^E 
dx^ + dy^ 


= 2A - 2A 


0 


^ dm 

dx^ dy^ 


0-0 = 0 


Dejimhon of Analytic Functions The properties of functions of the 
complex variable will now be considered It was mentioned above that 
a large group of functions had the desired properties, and such functions 
were referred to as **analyiiic functions It will be remembered that, 
m the study of functions of the real variable, attention is usually restricted 
to functions which are continuous and functions of which the derivative 
at any pomt is mdependent of the direction m which we approach the 
pomt as we take the limit of the ratio of the mcrement of the function 
to the mcrement of the variable Similarly m studymg functions of the 
complex variable we shall restrict attention to functions having a deriva- 
tive that IS mdependent of the direction of approach to the point m 
question This is necessary because only functions havmg this property 
also have the desired properties of potential functions. Mathematicians 
use the term analytic to describe such functions 
Consider 


W = f(z) = f{x + ly) 


(5 68) 
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Such a function is said to be analytic if it has a derivative that is 
independent of the direction of the increment of the variable hz as it 
approaches zero 

For a single real vanable 


= hm M 

' “ Lx Aa ;->0 Lx 


Ax~^0 


For the complex variable z = x + 


/(2) 


= hni + = hm ^ 


Aa— >0 


Lz 


Az-^0 


Lz 


Let 


W = -u + w = f{x + %y) 

If the function is analytic, 

, LW 
lim —r— : 

A 2-->0 

A«=« Ax-l-t Ay 


In derivative form 

But 

Therefore 

and 


dz 


m 

dx 


Hence 


_ = 
dy 

du , 
dx 


Equating real and imaginary parts, 

du dv 
dx ~~~ dy 

dx ~ dy 


(5 69) 


(5 70) 


. LW , LW 
lim = lim — 7 “ 

Ajc— >0 Aj/ — ►O ^ ^y 

A2«Ax4-tO A«-*0-f-iAy 

(5 71) 

dW dW^ 

dx * dy 

(5 72) 

— u + tv 


_ du , dv 
dx * dx 

(5 73) 

/ du , dv\ 

^ \dy ^ dy) 
dv du 

dy dy 

(5 74) 

(5 75) 

dv __ dv du 

dx dy ^ dy 

(5 76) 


(5 77) 
(5 78) 


These equations are known as the ‘^Cauchy-Riemann conditions and 
serve to identify analytic functions 
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Dividing Eq (5 77) By Eq* (5 78), 


^ — 

dx __ ^ dy 

dy dx 


(5 79) 


which IS the orthogonality condition for two 
tive of a function of x and y is 

dy _ _ dx 
dx " ^ 

dy 


functions since the deriva- 


(5 80) 


and curves are perpendicular if the derivative of one curve is the negative 
reciprocal of the derivative of the other If we take derivatives of the 
Cauchy-Eiemann equations with respect to x and y, respectively, then 


Subtracting these gives 


d^u _ dh 
dx^ dx dy 

(5 81) 

dh _ d^U 

dx dy dy^ 

(5 82) 

dhi , dH „ 
dx^ '^dy^~ 

(5 83) 


or Laplace's equation holds for the real part of the function Similarly, 
Laplace's equation holds for the imaginary part 

To summarize, an analytic function is one whose derivative is inde- 
pendent of the direction of the increment of the variable as the increment 
approaches zero For such a function the Cauchy-Riemann conditions 
hold Analytic functions have real and imaginary parts which are orthog- 
onal to each other and each one of which is a solution of Laplace's 
equation 

It will be recognized that functions may be analytic except at certain 
points just as functions of a real vanable may be continuous except at 
certain points Such points are frequently those at which the function 
has a pole, ^ e , assumes an infinite value It is possible to use such func- 
tions if the regions in which the function is not analytic are excluded 
from consideration 

A serious limitation of the method of conformal transformations is 
that it is not always possible to find the transformation which will con- 
vert one set of electrodes to another In general, there is no definite 
method by which the transformation which fits a set of electrodes can be 
found An exception to this remark is the Schwartz-Christoffel trans- 
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formation, which transforms the real axis in the W plane into any poly- 
gon m the Z plane, but this transformation does not find much use in the 
field of electronics However, it is also possible to use methods of 
successive approximations and senes expansions Fortunately, the trans- 
formations necessary for the most important vacuumr-tuhe problems are known 
The Logarithmic Transformation The transformation that solves the 
problem of determining fields m the plane-electrode triode is known It 
IS the logarithmic transformation 

W = \n,Z (5 84) 


where e = 2 718 is the Napierian base 

This IS analytic for all fimte values of x and y other than zero 

The nature of the logarithmic transformation can best be understood 
by studying its component relations It is most convement to use polar 
coordinates in the Z plane and rectangular coordinates in the W plane 
Thus let 


and 

In these coordinates 


Z = re^ 

W — u IV 
u + IV = hiir + id 


(5 85) 
(5 86 ) 
(5 87) 


so that the component equations relating the real and imaginary parts 


are 


or, solved for r and Q, 


-u = lUe r (5 88) 

V = Q (5 89) 

r = €“ (5 90) 

6 = v (6 91) 


This function is readily proved to be analytic for finite values of the argu- 
ment by application of the Cauchy-Riemann equations 

Examination of the v component of W shows that it is multiple- 
valued, m fact infinitely so This occurs because any angle in the Z 
plane can be written as an angle less than 27r plus any integral multiple 
of 27r The angle 6 can be written as 0 + 27rn, where n is any positive 
or negative integer Thus, corresponding to any point m the Z plane 
there are an infinite number of points in the W plane evenly spaced by a 
distance 2t along a vertical line 

From Eq (5 88) it is seen t]iat any circle about the ongm in the Z 
plane, r = k, transforms into a line parallel to the v axis m the W plane, 
u = Ink* Circles with radu less than 1 give lines in the left half of the 
* Hereafter, the notation In r will be used to designate the natural logarithm of r 
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W plane smce the logarithms of numbers less than 1 are negative, and 
circles with radu greater than 1 give lines m the right half of the W plane 
smce the logarithms of numbers greater than 1 are positive Any radial 
Ime through the ongm, 6 = k, transforms mto a set of Imes in the W 
plane parallel to the u axis and spaced a distance 27r, v + 2im = k 
These relations are shown m Fig 6 17 From this it is seen that a smgle 

pomt m the Z plane such as r = 1 5, ^ ^ transforms into a senes of 

points « = lnl5, 2nT m the W plane Thus a smgle point m 

the Z plane that may be taken as representmg a line charge transforms 



mto a row of Ime charges evenly spaced in the W plane This gives the 
arrangement corresponding to a gnd of evenly spaced parallel wires and 
IS the basis for the plane-electrode representation 

The nature of the loganthmic transformation is better understood if 
the transformation be effected m a senes of steps Imagine the Z-cooi di- 
nate plane to be a stretched elastic membrane If the polar-coordinate 
diagram of the Z plane shown m Fig 5 18o be split along the negative x 
axis and the upper and lower edges be rotated clockwise and counter- 
clockwise, respectively, the pie-shaped section of Fig 5 186 will result 
If now the point on the pie is stretched to the left and the outer edge is 
compressed, the configuration shown m Fig 5 18c results Finally the 
left and nght edges are made the same length and are stretched to nega- 
tive and positive mfimty, respectively, to give a stnp of the W plane as 
shown m Fig 5 18d 
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The nature of the logarithmic transformation is also -well illustrated 
by relationship between certain t 3 rpes of maps Thus, if the Northern 
Hemisphere on a polar azimuthal equidistant projection be taken as the 
Z plane, then th.e Northern Heimsphere on a Mercator projection corre- 
sponds very closely to the PT = In. 2 plane It -will be recogmzed that 
each of these two common maps is but a different representation of a 
part of the earth’s surface In Fig 5 19 is shown a polar azimuthal 
projection of the Northern Hemisphere In Fig 5 20 is shown a Mer- 
cator projection of the Northern Hemisphere. 

The polar azimuthal equidistant projection is made by unfolding 
the earth’s surface and stretching it out until it is a plane tangent to the 



W PLANE 

(c) Cd) 

Pig 5 18 — Steps in a progressive transformation from the Z to the b.« Z plane 

pole With distances from the pole made equal to the great-circle distances 
on the actual sphere This is indicated in Fig 5 21 The longitude hnes 
become straight lines through the pole, and the latitude circles remain 
circles 

The Mercator projection is made by surrounding the earth with a 
circular cylinder tangent to the earth at the equator as m Fig 6 22 and 
extendmg to infinity in both directions Pomts on the earth’s surface 
are then projected onto this cylinder by drawmg a hne from the eaith s 
center through the point in question and extending it until it hits the 
cylmder The cylinder is then cut and unfolded to give a plane surface 
The latitude circles on the sphere become a senes of parallel straight 
liTiAg on the Mercator projection The longitude circles become another 
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set of equidistant parallel straight lines perpendicular to the latitude 
lines 

It IS easily seen that the latitude circles, r = A*, in the polar azimuthal 
equidistant projection become straight lines parallel to the equator, 
w = In A-, in the Mercator projection The longitude lines through the 
pole in the polar azimuthal equidistant projection, d = K, become a set 
of evenly spaced lines perpendicular to the equator m the Mercator 





Wow 8)0VN 


Fig 5 19 — The polar azimuthal equidistant projection of the North- 
ern Hemisphere This may be considered as a polar-ooordmate 
representation of the Z plane 

projection, v = K The pole, which is the center of things in the polar 
azimuthal equidistant projection, recedes to infinity in the Mercator 
projection Distortions in the different representations are evident 
The polar azimuthal equidistant projection gives its most accurate repre- 
sentation near the pole but stretches out the equator disproportionately, 
causing Africa to be too wide The Mercator projection is most accurate 
in the band around the equator but causes areas near the poles to be 
disproportionately large Greenland on a Mercator projection looks 
larger than South America but is actually only one-tenth as large 
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Observe, however, that angles and the similarity of small areas are 
preserved 

The F unchon W = The simple power function given by raising 

^ to some rational fractional power is the function that gives the fields 
inside of a cylindrical triode. As usually written, this function is 


It may also be written 


or 


W = 


InZ 

TF = € » 

In TF = - In 2 
n 


(5 92) 
(5 93) 
(5 94) 


but the form of Eq (6 92) is preferred 



Fig S 21 — Construetion of 
the polar azimuthal equi- 
distant projection 


Making these substitutions, 


The nature of the power function may 
best be understood by examining the form 
of the function for a specific value of n 
Consider the case of n = 2 Then 


W = (5 95) 

or 

Z =W^ (5 96) 

Using rectangular components for both Z 
and W, 

Z = x + iy (5 97) 

and 

W = u-\-%v (5 98) 


X iy — v? i2uv — u® (5 99) 

from which, by equating real and imaginary parts, the component equa- 
tions are 


a; = tlS _ 

and 

y = (5 101) 

These component equations satisfy the Cauchy-Eiemann conditions 
dx dy ^ 1 dx dll 

'dv ~ ^ dv ~ ~ Wii~ Letting x and y assume 

various constant values, it is seen that the component equations (5 100) 
and (5.101) represent two families of orthogonal hyperbolas previously 
shown m Fig 5 16 For a better comparison the Z and W planes are 
shown m Fig 5 23, m which correspondmg flux and potential Imes are 
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mdicated. It will be seen from this figure that the upper half of the Z 
plane transforms into the first quadrant of the W plane The trans- 
formation IS double-valued, t e , one point in the Z plane transforms into 
two points m the W plane For example, the point (0,4) in the Z plane 



Fig 5 22 — Constructioa of the Mercator projection 


transforms mto the point (1 414,1 414) and also the point (-1 414, — 1 414) 
in the W plane For most purposes only the first, or “pnncipal,” value 
of the multiple values is used, though all of them have the correct mathe- 
matical properties. It can further be seen that if the polar representa- 



tion of pomts IS used the angle of the point in the W plane is half the 
angle of the corresponding point in the Z plane and the radius vector 
of a point in the W plane is the square root of the radius vector of the 
corresponding point m the Z plane 
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In the general case of the function W = the function is n-valued 
if n IS an integer As a result, the upper half of the Z plane transforms 

into a segment of the V plane having an angle Angles in the TV plane 

corresponding values m the Z plane (principal values), and 

radius vectors have a magnitude in the W plane that is the nth root of 
the radius vector of the corresponding points in the Z plane 



Fig 5 24 — Polar azimuthal equidistant projection of the North- 
em Hemisphere transformed by W = -ZH 


The component relations are not readily written m rectangular com- 
ponents for any general integral value of n In polar form, however, 
they are quite simple Let ’ 

Z = rZ$ = re'^ (5 85) 

as before , and let 

W = RZ.(t> = (5 102) 

Then the component equations m polar form are 


R = j-V® 


(6 103) 
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and 

<f> = I (6 104) 

The nature of the transformation W = may be indicated as a 
kind of deformation of the Z plane Upon comparing the W- and Z-plane 
representations in Fig 5 23, it is seen that if the upper half of the Z 
plane be cut along the negative x axis and if the upper edge of the nega- 
tive X axis be swung clockwise 90 deg and the lower half of the negative 



Fig 6 25 — Polar azimuthal equidistant projection of the North- 
ern Hemisphere transformed by IF = Zy^ 


X axis be swung counterclockwise 90 deg then the TF-plane representation 
will result if the intermediate regions are allowed to deform accordingly 
A set of polar maps can also be drawn to illustrate the nature of the 
transformation In Fig 5 24 are shown maps illustrating the nature of 
the transformation W = It is seen that the representation is 
double-valued and that the scale of distances from the pole in the TF-plane 
representation is quadratic rather than linear, the land areas are pushed 
out from the pole toward the equator though the map as a whole differs 
surprisingly little from the usual representation 
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III Fig 5 25 are shown maps illustrating the nature of the trans- 
formation W = This transformation is quadruple-valued, ^ e , 
every pomt in the Northern Hemisphere is repeated four times m the 
IF-plane representation The scale of distances from the pole is quartic 
in the W plane, with the result that the land masses are compressed 
strongly near the equator 

An inkling of how this transformation is used is obtained if we con- 
sider that m the polar azimuthal equidistant or Z-plane representation 
a cathode wire be located at the North Pole, a grid wire be located at 
Iceland, and the equator be a circular plate surroundmg both. Then 
we have a simple tube structure with one cathode wire, one gnd wire, 
and one plate If then the transformation W = Z^^ he used, the corre- 
spondmg TT-plane representation has one cathode wire at the pole as 
before, a surrou n di n g plate at the equatdr as before, but four grid wires 
located at the four Icelands, which are evenly spaced around the 66° 
latitude circle If the potential field can be found m the Z plane, then 
it can be transformed into the W plane just as the land outlines have 
been transformed This is what Chap 7 is mostly about 



CHAPTER 6 


LAWS OF ELECTRON MOTION 

All electronic devices depend for their action upon the effect of applied 
electnc or magnetic fields upon electron flow within the device The 
applied fields may control the direction or the magnitude of the current 
flow or both In this chapter there will be studied the effect of fields 
upon the electron paths when the electrons are present in small enough 
number so that their presence does not change the applied fields In a 
subsequent chapter there will be studied the effect of fields upon electron 
flow when the electrons are present m sufiS.ciently large numbers to 
influence the fields 

6.1. Electron m a Uniform Electric Field. An electron in a uniform 
electrostatic field experiences a constant force in the direction of mcreas- 
ing potential As a result, the laws governmg an electron starting from 
rest are the same as those which apply to a body falling freely under the 
influence of gravity until very high velocities are reached From New- 
ton’s second law, 

d^x — 

(6 1 ) 

where m is mass of the electron, 9 107 X 10"®^ kg 

X IS distance, meters 
t IS time, sec 
dV 

IS gradient of potential, volts per meter 
e IS magmtv.de of the charge of the electron, 

1 602 X 10-19 coulomb 


A first integration of Eq (6 1) gives 


dx e _ 

z; = ^ Et 

at m 


meters per sec 


the constant being zero because the velocity is taken as zero when time 
IS zero A second integration gives 


a: = - 


meters 
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in which the constant is again zero for an electron starting from rest at a 
point of zero potential 

If time IS eliminated between Eqs (6 2) and (6 3), there results 

= eV (6 4a) 

where V = —Ex is the potential through which the electron has fallen 
Equation (6 4a) states that the kinetic energy acquired by an electron 
starting from rest is equal to the potential energy which it has lost 
Solving for v, 


-2Exe l2eV 

~m — "" meters per sec (6 46) 

The relation between Eqs (6 2), (6 3), and (6 4a) and the correspond- 
ing equations for a falling body is evident It is seen that the quantity 

eE 

“ ~ IS the equivalent of the gravitational constant 

If the values for charge and mass be substituted and all quantities 
be expressed in practical units, then 

V = 1 758 X 10^'^Et meters per sec (6 5) 

a: = 0 879 X 10 meters (6 6) 

V = 5 93 X 10® \/F meters per sec (6 7a) 

where v is velocity, meters per sec 

E IS gradient, volts per meter 

V IS potential, volts 

X IS distance through which the electron has been accelerated 
The above expressions are not accurate for potentials exceeding 30,000 
volts 

The ratio of the charge to the mass of the electron is so high that a 
small voltage will impait a tremendous velocity to the electron It 
takes only three-tenths of a microvolt to give an electron a velocity of 700 
mph which is approximately the velocity of sound Although the speeds 
of electrons are very high, their energy is low because of their minute 
mass 

Electron speeds are frequently expressed m terms of the corresponding 
voltage Energies are also designated in terms of electron volts, 1 elec- 
tron volt being equal to 1 602 X lO-^® watt-sec An electron that has 
fallen through 1 volt of potential is said to have acquired an energy 
of 1 electron volt 

If an electron enters a region of uniform field at a point xo with an 
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initial velocity yo parallel to the field, then 

^ ~ ^ meters per sec 

Q 

^ ~ ~ 2m iiieters 

where Xf> is the initial distance in meters 

Eliminating t between Eqs (6 8) and (6 9), 

— wo^) = e{V — Vo) 
or 

y = 5 93 X 10® \/V — Vo meters per sec 

Equations (6 4), (6 7), and (6 10b), which give velocity m terms of 
potential, are not restricted to uniform fields or to one-dimensional fields. 
This IS due to the fact that these equations express the conservation of 
energy and hence are independent of the electron path and the nature 
of the potential field 

6 2. Imtial Velocity Not Parallel to Field. When an electron enters 
a region of a uniform field with an imtial velocity that is at an angle with 
the gradient of potential, the electron follows a parabolic trajectory. 
This IS because it expenences a constant force in the direction of the 
gradient and no force at right angles to this The case is analogous to 
the mechamcal case of a projectile fired from a gun m the absence of 
friction The projectile is subjected to a constant downward force but 
has no force affecting the component of velocity parallel to the earth’s 
surface 

The differential equations for the components of electron motion ■when 
the electron meets a retarding component of field are 


_ e 

dt^ 

(6 11) 

o 

II 

(6 12) 
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(6 8) 
(6 9 ) 

(6 lOa) 
(6 106 ) 


The initial conditions that determine the solution of these equations 
are as follows 
When ^ = 0, 


dy 

= ^0 cos 6 
dx 

-^ == Vo sm d 


2 / = 0 


re = 0 
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where $ is the angle that the initial velocity makes with the gradient 
of potential and vo is the initial velocity 
A first integration gives 


and 




dx 


di = 


e 


(613) 
(6 14) 


A second integration gives 


and 


2/ = “ ^ + Vo cos d t 



Electron 

gun 


Fig 6 1 — Parabolic electron trajectory m a uniform elec- 
tnc field This case results from the injection of an elec- 
tron with an initial velocity into a region where the electric 
field has a uniform retarding action 


(6 15) 
(6 16) 


Elunination of the time factor between Eqs (6 16) and (6 16) gives 
the equation of the parabolic tra;|ectory 


^ 4Fo sm* 0 tan » 

where Fo is the potential correspondmg to the initial velocity This is 
observed to be the equation of a parabola m x and y and to be independent 
of the system of electncal units used The notation used in all the above 
equations corresponds to that shown in Fig 6 1 
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The slope of the trajectory at any point is given by 


tan a = 


—Ex 


+ 
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(6 18 ) 


2Vo sm® d ' tan d 

/here a is the angle that the tangent to the parabola makes with the 
orizontal axis 

The maximum height to which the electron rises is 

To cos* 6 


Vm = 


E 


nd the horizontal displacement corresponding to this is 

2To sm 6 cos d 


•Cjtt — 


E 


(6 19) 


(6 20 ) 


f 


6 3. Electrostatic Deflection of Cathode-ray Beams An apphcation 
the situation analyzed in the last section is found m the deflectmg plates 



a 6 2 —Electrostatic deflection of an electron beam The electron enters the 
?ion of deflectmg field at right angles to the field The trajectory is parabohc 
tween the plates 

the ordinary cathode-ray tube Here a stream of electrons enters a 
gion of a uniform field, traverses a parabolic path while under the 
fluence of this field, and leaves the region between the plates at a 
fferent angle from that at which it enters It then travels in a straight 
le until it hits the fluorescent screen 
In this case, as may be seen by reference to Fig 6 2, the electron 
iters the deflecting field at right angles, making the angle 6 equal to 
► deg The potential gradient is Vd/ a For this condition the slope 

the trajectory upon emerging from the plates after a distance of travel 
n the horizontal direction is, by Eq (6 18) 
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where 7i is the potential between plates and Vo is the potential corre- 
sponding to the initial velocity But 


so that 


tan a = y 
IbVa 

~ 2flFo 


(6 22 ) 

(6 23) 


This expression is only an approximate one, for it neglects the fringing 
effect of the flux hnes around the end of the deflecting plates 

In most cathode-ray tubes the deflecting plates are not parallel but 
slope apart so that the electron m passing between them is subjected 
to a constantly decreasing gradient When this is the case, the expres- 
sions obtamed previously cannot be used and the problem must be 
solved anew This is readily done by setting the gradient between the 
plates equal to 


^ 

dy ^ , (<^2 - ai) ^ 

CLl H ^ X 


(6 24) 


where ai and ^2 are the separations of the ends of the deflecting plates 
wheie the beam enters and leaves, respectively Other symbols have 
their previous sigmficance The expression for the crosswise acceleration 
mvolvmg this factor is then integrated to obtam the crosswise component 
of velocity at the point where the beam emerges from between the 
deflecting plates The ratio of the crosswise to the axial velocity multi- 
phed by the distance to the fluorescent screen is then equal to the screen 
displacement This has the form 


y = 



(6 25) 


which reduces to Eq (6 23) when ai = From this it is seen that the 
effect of spreading the deflecting plates at one end is to decrease the 
deflection If the separation of the plates is increased 50 per cent at 
the far end, the deflection is decreased to 81 2 per cent of its value for the 
parallel plates havmg the near-end spacing. The deflection for divergent 
plates is, however, slightly greater than for parallel plates having their 
spacing equal to the average spacing of the divergent plates Equation 
(6.25) IS still in error because it takes no account of the flux fringing at 
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the ends of the deflecting plates The effect of the fringing is to 
increase the effective length of the plates 

6*4. Relativi'ty Correction for Velocity. The general expression 
developed in Sec 6 1 giving electron velocity as proportional to the square 
root of potential is valid only for velocities low compared with the 
velocity of light This is due to the fact that according to the theory of 
relativity the mass of a particle changes with its velocity, and m the 
denvation of the expressions of Sec 6 1 the mass was assumed constant 
One of the postulates of the theory of relativity is that nothmg can 
move with a speed greater than the velocity of hght As a consequence of 
this upper lim:^t on velocity, it is seen that a body subjected to a constant 
force must have its mass increase as it is raccelerated, or otherwise its 
velocity would mcrease mdefimtely and finally violate the postulate by 
exceeding the velocity of light If, however, the mass of the particle 
mcreases as its velocity mcreases, a constant force produces an accelera- 
tion that decreases with velocity and permits the possibihty of an upper 
limit to velocity 

Another conclusion of the theory of relativity is that matter and energy 
are equivalent Mass may be considered a manifestation of energy To 
relate this to the remarks of the previous paragraph, the energy expended 
in accelerating an electron mamfests itself as an increase m its mnsH 
From this idea, the law for the change of mass with velocity and the cor- 
responding law for velocity in terms of potential are readily deduced 

Mass and energy are related by a factor c^, where c is the velocity of 
light 

w = c^m (6 26) 

where w is energy in watt-seconds, c is the velocity of light, 3 X 10» 
meters per sec, and m is mass in kilograms 

Consider the increase m mass that an electron experiences as it is 
accelerated Then 

c^dm = dw = F ds (6 27) 

where dm is the increase in mass, dw is the energy expended in acceleratmg 
the particle, F is the applied force, and s is the distance factor 
Accordmg to Newton’s second law, 

j 

^ = Ji i'^^) (6 28) 

1 See also Benham, W , Inclined Deflecting Plates, Wireless Eng , vol 13 (No 148) 
pp 10-13, 1936 

* Hinterbeeger, 0 , Correction for End Effects in Oscilloscope Deflecting Plates, 
Zeit fUr Phys , vol 105, pp 501-512, July, August, 1937 
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this being the general statement of the law when a variation m mass is 
encountered Makmg this substitution mto Eq (6 27), and integrating 


J dm — j ds — j V d{mv) 

Equatmg the mtegrands and separating variables, 

dm __ V dv 
m ” 


(6 29) 


(6,30) 


which mtegrates to give 

[In m]™ = [in (6 31) 

giving the result sought, 



where ma is the rest mass of the electron ‘ It is seen that at low velocities 
the mass is practically the rest mass As the velocity mcreases, the mass 
increases, slowly at first and then quite rapidly. At one-tenth the 
velocity of hght (2,600 volts) the mass has only mcreased by 3^ of 1 per 
cent The mass tends to become infinite as the velocity of hght is 
approached 

The expression for mass as determmed by the velocity can now be 
apphed to obtam an expression for velocity as a function of potential 
This IS best done by equating the expressions for potential and kinetic 
energy, the latter mvolvmg the general expression for the mass as a 
function of the velocity 


Potential energy, Ve = kinetic energy, —efEds (6 33) 

But 

j Eds = j ~ ( 6 34 ) 

1 Thos IS what is known as the ** transverse mass^^ of the electron because it is the 
effective mass of the electron to transverse deflection where the magnitude of the 
velocity IS not changed appreciably It should be distinguished from the ^'longitu- 
dinal mass,” which has the value - which is the effective mass that an 

electron presents to longitudmal acceleration where the mass as well as the velocity 
changes 
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In this expression 

= = + (635) 

Hence 

^« = / ^ ^ (6 36) 

Ve = jrrw dv + /*>* dm (6 37) 

If now the general expression for m as a function of velocity be sub- 
stituted and the integrals be evaluated between the limi ts of 0 and v on 
the vanable v, there results 


Ve = moc^ 



- 1 


This is readily solved for velocity 


(6 38) 


(1 + 1 965 X 10-«F)“ 

The corresponding expression for mass as a function of potential is 

m = m^(\ -f- 1 965 X 10~*F) (6 40<i) 

The results of the above analysis deserve considerable study Con- 
sider first the way m which the mass vanes Referr ing to Eq (6 32) , it is 
seen that at very small velocities the mass is practically the rest mnas * 
As the velocity is increased, the mass at first mcreases parabohcally with 
the velocity, 



This expression is approximately correct until the velocity reaches one- 
tenth the velocity of light At this velocity the mass has increased only 
}4 oi I per cent 

From Eq (6 40a) it is seen that the mass increases linearly with the 
potential This happens because of the energy relation, which requires 
that the potential energy acquired manifest itself as an mcrease m maaf i 
At about 500,000 volts the nlass of the electron has doubled This 
voltage IS not ordmarily reached m ordinary tubes At 5,000 volts the 
mass has increased by 1 per cent 

The velocity of the electron follows the low-voltage law of Eq (6 7) 
until very large voltages are reached Even at 100,000 volts the velocity 
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has dropped only 7^ per cent from the low-voltage value given by Eq 
(6 7o), which may be written 


V ^ VV 
c 506 


(6 75) 


By 1,000,000 volts, however, the velocity has reached 93 per cent of the 
velocity of light Above 1,000,000 volts the velocity becomes closer and 
closer to the velocity of hght but expenences no rapid change with voltage 
The above relations are shown m Fig 6 3 On this log-log plot it is 
seen that velocity follows the half-power law of potential well up to about 
100,000 volts Between 100,000 and 1,000,000 volts the change from the 
half-power law occurs, and above 1,000,000 volts the velocity is practi- 
cally constant Several convement reference points may be taken from 
this curve An electron reaches one-tenth the velocity of hght at about 
2,600 volts If there were no change of mass with velocity, the electron 
would reach the velocity of light at about 260,000 volts 

6 5. Two-dimensional Electric Fields. Electrons are frequently 
exposed to fields that are not uniform but that are two-dimensional or 
more It is generally quite diflacult to determine exactly what the elec- 
tron path IS by analytical methods 

The fundamental differential equations mvolved are'qmte simple, 
but they are usually difficult if not impossible to solve. In rectangular 
coordinates the differential equations are 




(6 41) 

and 

1 

II 

(6 42) 

where 

„ _ dV {x,y) 

* dx 

(6 43) 

and 

(6 44) 

p _ dV {x,y) 

” dy 


When these equations can be solved, they give the components of electron 
displacement parametncally m terms of t 

When the potentials are given in two-dimensional circular-cylmder 
coordinates with an axial symmetry, as is the case m most electron- 
optical problems, the equations have the same form as those above It 
IS necessary only to substitute r for x and z for y to get the correspondmg 
equations for this case 
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For two-dimensional polar coordinates, such as are used for the 
cylmdrical triode, the equations are quite different and still more difficult 
to solve In terms of a radial variable r and an angular variable d the 
differential equations of motion are 

dt^ ^ / m dr 

dH ^drdQ_\e dV 
^ dt^ dt dt r m 86 

These equations are most readily obtained by applying the Lagrangian 
operator to the energy equation, which in these coordmates has the form 

5 [(IT + 

The difficulty m solvmg these two-dimensional problems arises from 
the fact that the variables m the component equations are rarely separable 

Example One of the few two-dimensional problems that can be solved exactly 
is that of an electron released from a pomt on the side of an mtenor right-angled 
conducting comer at zero potential The potential configuration is shown m 
Fig 5 16 equation for the potential is 7 = hxy so that the components 

of electric intensity are Ex — '-ky and Ey — --kx The differential equations 
of motion are then 

( 648 ) 

and 

g-ifa ( 649 ) 

It IS convenient to make the substitution — A; = co* If each equation is differ- 
entiated twice and the relations from the ongmal equations substituted, there 
result 

5 ? = “^ (6 60 ) 

and 

d*v 

# = (6 61 ) 

m which a separation of the variables has been achieved When these equations 
are solved subject to the initial conditions that when 

t = 0 
a; = 0 
y ^ a 


(6 45 ) * 

(6 46 ) 
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there results 


and 


dx _ 
dt “ 


0 



a; = 2 (cosh ost — cos coQ 
2/ = I (cosh (at + cos (at) 


(6 52) 
(6 53) 


The above solutions may be obtained either by standard methods or by the 
operational calculus The nature of the solution is more apparent if the com- 
ponent displacements are referred to the Ime y ^ x, that is, if the system be 
rotated 45 deg clockwise When this is done, 


Xi = —7= cosh (at 
\/2 


2/1 = cos usl 


(6 54) 
(6 55) 


This same result may be obtamed more quickly if the ongmal potential field 
be rotated 45 deg clockwise before formulatmg the differential eqfeations When 
this IS done, the field has the form shown in Fig 6 4 and the potential is 

Jo 

F = 2 (®i® - 2/1*) and F* = —kxi, Ey = +leyi 
The differential equations are then 

d^Xi 

W = (6 56 ) 

d^yi 

2t2 = -W2/1 (6 57) 


Here the variables are already separated m equations of lower order, and w’hen 
these are solved subject to the conditions that when 


t = 0 

a 

V2 

a 

yi = 


Xi 


= 0 


dxi 

^ = 0 
dt 


V2 


the same solution as was obtamed above results 
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Exanunation of the solution shows that the electron oscillates about the line of 
symmetry while moving outward at a constantly increasing rate It is also seen 
that the sha'pe of the trajectory is mdependent of the strength of the field and 
also of the charge and mass of the electron This is a general charactenstic of 
such problems The transit time, however, does depend upon all three of these 
factors This means that a heavier particle starting under the same conditions 
will trace out the same path but be slower in domg so 



Pig 6 4 — Path of an electron release^ from a point on the wall of a right-angled 
comer Note that the electron does not follow a flux line but, because of its 
fimte mass, overshoots the line of symmetry and subsequently oscillates about 
it 


If the general differential equations (6 41) and (6 42) are combined 
with the energy equation 



(6 58) 


and the factor t be eliminated between them, there results a differential 
equation in the coordinates x and y alone, 


This equation is no easier to solve than those previously given, but several 
important properties of electron trajectories can be deduced from it 
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1 The mass and charge of the electron do not appear m the equation 
This means that the path taken will be independent of these factors 

2 The equation is not changed if either voltage or distance is changed 
by a constant factor This means that the path will be the same 
for all magmtudes of voltage as long as the form of the field is 
not changed 

3 If the tube structure is enlarged by any factor, then the trajectory 
will be enlarged by the same factor 

6 6 Electron m a Uniform Magnetic Field. An electron m motion 
constitutes a minute electric current of magmtude —ez;, where e is the 
magnitude of the charge on the electron and 
V IS its velocity As such, an electron in a 
magnetic field experiences a sidewise force 
just as does a wire carrymg current The 
magmtude of this force in newtons is Bev sin 6, 
where B is the magnetic-flux density in 
webers per square meter (1 Weber per meter^ 
equals 10^ gausses) and 6 is the angle 
between the vectors representing the field 
and the velocity, the latter being in units of 
meters per second When the electron enters 
the field at right angles to it, the force is 
simply Bev directed at right angles to the 
velocity The relative directions of field, 
velocity, and force are shown in Fig 6 5 
The force changes the direction but not the 
magnitude of the velocity and in this case is 
continuously exerted at right angles to the 
instantaneous velocity because the direction 
of the force changes with the direction of the 
velocity This fulfills the conditions necessary for a circular motion of 
the electron in a plane normal to the magnetic field 

The force developed by the magnetic field may be considered as a 
centripetal force that must equal the centrifugal force developed by the 
circular motion of the electron Equating these forces, 

Bev = newtons (6 60) 

where R is the radius of the circular electron path From this the radius 
of the ciicular path is 



Fig 6 5 — The direction of 
the force on an electron rela- 
tive to the velocity and mag- 
netic field that produce it 
The force is the vector prod- 
uct of the magnetic-fiux 
density and the velocity If 
B IS turned into Vj then F 
advances like a right-hand 
screw 


meters 


(6 61) 
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It 13 more coavement for application of this formula to eiqpress the 
physical quantities m numerical form and to use the potential correspond- 
ing to the velocity With these changes the expression for the rachus of 
the circular path becomes 

v/F 

= 3 37 X meters (662) 


where 7* is the electron velocity in equivalent volts and B is the magnetic- 
flux density in vrebers per square meter (10* gausses) This relation 
shows that, the stronger the field and the smaller the velocity of the 
electron, the smaller the circle m which it moves. The results of this 
idation are compactly presented m the nomogram of Fig 6 6 

If the particle is not an electron but an ion of Tn<>.HH and with n titwan 

the charge of the electron, the radius is given by 

= 10-« meters (6 63) 

where m, is the mass of an electron and B is magnetic-flux density in 
webers per square meter 

Since the radius of the cixcle followed by the particle is proportional 
to the velocity, the period coirespondmg to one loop is independent of 
the imtial velocity and depends only upon the magnetic field The 
period IB given by the circui^erence of the mrele divided by the velocity, 

T = -j— g sec (6 64) 


In practical umts this is 

r-§55 
~ B 


micromicrosoconds 


( 665 ) 


The value of the penod can be obtamed from the nomogram of Fig 6 6 
by observing that the penod m microseconds is the same as the radius m 
centimeters when the potential is 11 22 mv 

For particles with a mass mp and having n tunes the charge of the 
electron the penod is 


r_355m, 
nB m, 


micromicroseconds 


(6 66 ) 


The fact that the period is independent of the velocity is significant 
and useful If a number of electrons of different velocities be injected 
into a uniform magnetic field, they wiU trace out axoles of different size 
but they will all return to the starting point at the aa.Trift tnmA Use is 
made of this property lu magnetic focusing of electron beams. 
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If an electron enters a magnetic field at an angle 0 with the field, 
than there is a component of velocity parallel to the field, v cos 0, that is 
unaffected by the magnetic field The other component of velocity, 
that normal to the field, v sin 0, produces a circular motion which com- 
bmes with the parallel motion to give a helical path The radius of the 
hehx IS given by 


R = 


3 37 X 10“® v/F sm 0 
B 


meters 


(6 07) 


where F is m volts and B is m umts of webers per square meter (10^ 
gausses) The pitch of the helix is given by the product of the parallel 
component of velocity and the period as determmed from Eq (6 66) 


V = 


21 2 X 10-* VF cos 0 
B 


meters 


(6 68 ) 


It wiU be observed that for small angles the pitch does not vary much 
with the angle Hence, if a magnetic field is placed parallel to a beam of 
electrons m a cathode-ray tube, the electrons will return to positions cor- 
re^ondmg to their original relative position in a distance p along the 
beam This is the prmciple of magnetic focusmg, which is used to keep 
electron beams from spreadmg All the electrons trace out helical paths 
of different radu but of the same pitch Magnetic focusmg cannot do 
more than reproduce the ongmal beam diameter, and the field must be 
adjusted to produce this effect at the pomt desired 

6.7. Behavior of Electrons m Nonumform Magnetic Fields. The 
paths followed by electrons m nonumform magnetic fields are extremely 
complex Little can be said about them except in certam simple lnnit.ing 
cases In aU cases the magmtude of the velocUy vntt be unchanged because 
no energy is added to or taken from the electron when subjected to the influence 
of a magnetic held dlone In contrast, the direction of the velocity can 
expenence some very mvolved changes The general form of the force 
equation depends upon the components of field and velocity An x 
component of force results from a y component of field and a z component 
of velocity and also from a z component of field and a y component of 
velocity Upon wntmg the components of force in terms of components 
of acceleration the general differential equations for three-dimensional 
rectangular components are 


edt^-^Ut ^*dtj 
m^ _ da: „ cfo( 
edt^ ~^‘W~^^di} 
‘mdfz _ -D dy „ da: \ 


(6 69) 
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When the components of field vary from pomt to pomt, these equa- 
tions are practically insoluble 

In electron-optics work, circular cylindrical coordmates r, 9, and z 
are used where the coordmates specify radial distance, angle, and axial 
distance, respectively Here the equations have the same general form 

as Eqs (6 69) but are quite different m their specific appearance They 
d;r0 



where the terms m the brackets on the left-hand side of the equations are 
the components of acceleration in the r, 9, and z directions, respectively 

ExampU It is a knovm property that low-velocity electrons m a strong 
magnetic field will describe a tightly coiled spiral path which wraps itself around 
one of the flux fines and will thus follow the magnetic field This property will 

be proved m the case of the magnetic field around a long, straight wire carrying 
current ^ 

In this case there is only a 9 component of field of magnitude ^ where I is 

, ^ 27r7* 

the wire current The r and » components of field aie zero For this condition 
neglecting constants, Eqs (6 70) become ’ 


dh' _ (dB\^ _ 

r dt\ dt / 


1^ 

r dt 

0 


dh _ __1 dr 
dt^ r dt 


(6 71) 
(6 72) 
(6 73) 


These equations cannot be solved exactly but the nature of the path can be 
closely determined by some judicious approximations and observations Inte- 
grating Eq (6 73) with respect to time, 

( 674 ) 

where tq is a constant of integration Integratmg Eq (6 72) 

id9 „ 

= (6 75) 
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where Ce is a constant of integration Substituting Eqs (6 74) and (6 75) into 
Eq (6 71), 

^ = ^r-Jln(l)]+^ (676) 

dt^ r L \tJ A 

This expression would be difiBicult to integrate exactly, but the form of the vana- 
tion in r can be determined It is seen that there is a value of r for which the 
acceleration is zero and that for values of r slightly less than this the acceleration 
IS positive, while for values of r slightly greater than this the acceleration is 
negative This means that, if the imtial r component of velocity is small, the 

electron will oscillate about the value of r for 
which the acceleration is zero Hence the 
expression for the r component of position is of 
^ the form 

r = n — a sin kt (6 77) 

With this variation of r the z component of 
velocity IS also seen to be penodic of small varia- 
tion from Eq (6 74), and hence z oscillates 
^ about its original value Similarly the B com- 

ponent of velocity is periodic and of small vana- 

of is a 

constant with a superimposed periodic variation 
The net result of these component displace- 
ments IS that the electron will spiral around a 
flux Ime in some fashion, keeping a constant 
average value of r and 2 , and progress in the 6 
direction with a constant average velocity as 
Fig 6 7 —The motion of a low- s^own in Fig 6 7 Use of this property is made 
velocity electron about a mag- ^ television pickup tubes of the Orthicon type ^ 
netic flux line In the absence 0,8, Combined Electric and Magnetic 
of strong electric fields, low- Pields When an electron is subjected to 
velocity electron will spiral combined action of both electnc and 

about maguetio ux nes magnetic fields, the paths tend to become 

qiute complex Some simple cases can be studied, however 

When an electron starts from rest under the influence of parallel 
electnc and magnetic fields, the electron moves m the direction of the 
electnc field and is unaffected by the magnetic field The path m this 
case is a straight Ime, and the electron behaves as though the magnetic 
field did not exist 

If an electron with a given velocity is injected into a region containing 
electnc and magnetic fields at nght angles to each other and each at right 
1 Rose, A , and H Iams, Telension Pickup Tubes Using Low-velocity Electron 
Beam Scanning, Proc I RE ,yo\ 27, pp 547-555, September, 1939 
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angles to the initial velocity, then there is a certain ratio of electric- to 
magnetic-field strength for which the electron is not deflected in its path 
This occurs when the force due to the electric field is equal and opposite 
to that produced by the magnetic field For this condition 



^ = 5 93 X 10® VFo = meters per sec (6 78) 


where v is the original velocity and To the potential that produced it 
As long as the above relation holds, the electron moves in a straight hne 
If any of the quantities involved is changed, the electron will be deflected 
from the straight-line path 

If an electron starts from rest in the presence of uniform electric and 
magnetic fields that are mutually perpendicular, it first expenences a 
force m the direction of the electric field and is unaffected by the magnetic 
field because of the low velocity As it acquires velocity, it is deflected 
sidewise by the magnetic field This action turns it around and bnngs 
it to rest at a point corresponding to its original position but displaced 
to one side If the electron is then free to move, the action is repeated 
and the resulting path is a cycloid The cycloidal nature of the path can 
be seen by considering that, if the magnetic field were moving m a direc- 
tion mutually perpendicular to the electric field and to itself at a velocity 
given by Eq (6 78), then to an observer moving with the magnetic field 
the effects of the two fields would cancel as far as foices parallel to the 
electric field were concerned To this same observer the electron would 
behave as though it were injected into a magnetic field alone with a 
velocity given by Eq (6 78) in a direction opposite to that of the observ- 
er’s motion, and the resulting path would bo a circle to this observer To 
someone standing still relative to the fields the motion would be a circular 
motion combined with a translational motion, which in this case because 
of the equality of the velocity components gives rise to a cycloidal path 

For the relative position of the fields shown in Fig 6 8, where B is in 
the negative z direction, the differential equations of motion are 


_ _e ^ 

dt^ m dy m dt 

and 

d^x _ Be dy 
dt‘^ ~ m dt 

These equations are more simply written in the form 

j? = (a — (i3x) 

A = (oy 


(6 79) 

(6 80) 

(6 81) 
(6 82) 
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where the dots indicate derivatives with respect to tune «.nH a = — ^ 

m dy 

conditions are that, when t is zero, y, x, y, and 

with respect to tune, 

X = ay (6 83) 



Fig 6 8 — ^The cydoidal path resultmg irhen an dectcon is 
Lberated at zero velocity m crossed uniform electric and mag- 
netic fields The electron progresses m the positive x direction 
when the gradient of the electno field is m the positive y direc- 
tion and the magnetic field is m the negative z direction 

Since, when i equals zero, z and y are also zero When this value of x is 
substituted m Eq (6 81), there results 

y = a - wV (6 84) 

This can be solved either by standard methods or by the operational 
calculus to give 

y = (1 “ cos 0)0 (6 85) 

and the correspondmg expression for z is from an mtegration of Eq (6 83), 

x = -sm at) (6 86) 

The last two equations above give the motion of the electron para- 
metrically m terms of t The motion is seen to consist of a uniform trans- 
lation m the z direction with a superimposed circular motion 


and CO = — The. imtial 
m 

X are also zero 

Integratmg Eq (6 82) 
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The maximum displacement m the y direction is 

dV 


Vm 


= ^ = 1138X10-1^-^ 
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(6 87) 


The displacement m the x direction correspondmg to one cycle of the 
motion IS fou^ by substituting the value of time that restores the value 
of y to zero This occurs for cat equal to 2v so that 


= nm (6 88 ) 

which IS also to be expected from the ratio of the circumference to the 
radius of the generating circle that produces the cycloidal motion 

When an electron is injected into a region with uniform electric and 
magnetic fields at right angles to each other but with a fimte initial 
velocity normal to the magnetic field, it will follow a trochoidal path m a 
plane normal to the magnetic field Geometrically the trochoidal path is 
generated by a point on the rim of a wheel that is rollmg along a straight 
Ime on a smaller diameter hub The cycloid is the special case of the 

trochoid for which the diameters of the rolling and tracmg circles are 
the same 

The (hfferential equations for the case of an initial velocity are the 
sanne as for the cycloidal case [Eqs (6 81) and (6 82)], but in this case 
the initial conditions are different, and the form of the solution is hence 
different When t is zero, y and x are zero, but y = v^, x = vo* Hence 
the first integration of Eq (6 83) for the configuration of Fig 6 8 gives 


X = aiy - (6 gg) 

When this substitution is made m Eq (6 81) and this expression inte- 
grated twice to obtain the value for y, there results 


y = 


(a — co2;oa.)(l — cos o^t) . z;o« 

7^2 sm (at 

0 )^ 0 ) 


(6 90 ) 


Substituting this in Eq (6 89) and mtegrating to get the corresponding 
expression for x, 


* “ S + ^ sm con (6 91) 

The two equations (6 90) and (6 91) determine completely the nature 
of the trochoidal path The correspondmg expressions for the com- 
ponents of velocity are 


y — vo]i cos cot — — — giji 


a; = - -f- sin co< — cos 


cos cot 


CO 


(6 92) 
(6 93) 
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From tlie velocity-component equations it is seen that there is a constant 
X component of velocity of magmtude — This corresponds to the 

CO 

translational velocity of the circles that generate the trochoidal motion 
To achieve this translational velocity the radius of the rolling circle must 

be smce the angular velocity of the velocity vectors is co The initial 
co^ 

conditions also require that the instantaneous velocity of rotation of a 
pomt on the tiacing circle be equal to the vector difference of the imtial 



Fig 6 9 — Trochoidal electron path resulting when an electron is 
injected with a finite velocity into a region of uniform crossed electric 
and magnetic fields The electron will progress m the positive x 
direction when the gradient of the electric potential is in the positive 
y direction and the magnetic field is in the negative z direction 

velocity and the translational velocity This relation is shown by the 
vector diagram of Fig 6 9 

If the scale of the velocity-vector diagram be taken the same as that 
of the diagram showing the generatmg circles and the resulting path, 
the electron path can be constructed graphically m quite a simple manner 
It will be observed that the terms m Eqs (6 90) and (6 91) givmg the 
mstantaneous displacements are the same as those m Eqs (6 92) and 
(6 93) for the component velocities except for the co factors The center 
of the generatmg circles in the mitial position is given by rotating the 
rotational vector Vrj 90 deg in a clockwise direction The radius of 
the tracing circle is then given by the length of the rotational vector 
Vry and the radius of the rolling circle is given by the length of the vector 
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vt, the translational velocity With the rolling and tracing circles anc 
their initial position given, the path is readily constructed geometncalls 
for any case This construction is also illustrated m Fig 6 9 

6.9. Approximate Numerical and Graphical Methods for Detenmnin* 
Electron Paths. The number of cases in which the motion of an electroi 
under the influence of apphed fields can be determined exactly is actually 
qmte small and restricted to very simple cases Hence the need exists 
for methods that wiU give an approximate answer when the fi el d s are 
more complex, as they usually are 

Method of Joined Circular Segments, When an electron is moving 
through a potential field, the mstantaneous radius of curvature of its 
path IS determmed by its velocity and by the sidewise force that is 
exerted on it by the field ^ The sidewise force exerted on the electron 
depends upon the component of the gradient of potential normal to the 
instantaneous direction This component of the gradient will be desig- 
nated by VnF The actual sidewise force is ev„F This force must 
equal the centrifugal force of the electron m its mstantaneous circular 

motion, and this is given by where B is the mstantaneous radius of 

curvature. Equatmg these two forces and substitutmg 2eV for ttw®, 


from which 


2eF 


F 



(6 94) 
(6.95) 


This IS the mstantaneous radius of curvature of the electron path at 
any pomt m the field, as shown m Fig 6 10, on the assumption that the 
electron started from rest at a pomt of zero potential It will be observed 
that the radius of curvature is mdependent of the mass and charge of the 
electron and also of the scale of potential, checking the conclusions drawn 
from the differential equations of the electron path 

By calculatmg the radius of curvature at a pomt in the field by Eq 
(6 96), drawmg a small segment of arc, and then applymg this process 
repeatedly a good approximation to the actual curve traced by the elec- 
tron IS obtained The potential at any pomt in the field is easily obtamed, 
and the normal component of gradient is the projection of the vector 
givmg the magmtude and direction of the greatest variation of potential 
upon a hne normal to the electron’s path The method is subject to 
cumulative error unless the average potential and average normal 

1 Salinqisr, H , Tracing Electron Paths m Electric Fields, Electronics, -rol 10, 
pp 60-54, October, 1937 
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gradient over each segment of arc is used If the segment of arc drawn 
at each step is kept a constant fraction of the radius of curvature, say 
one-twentieth, the error wiU not be great It is also possible to derive 
simple expressions for the position of the next step m terms of the dis- 
placement and change of angle when the radius of curvature is so large 
that the arc segment is not easily drawn, as is frequently the case 



Fig 6 10 — The instantaneous radius of cur- 
vature of an electron path m a region of 
varying potential The instantaneous radius 
of curvature is equal to twice the potential at 
the pomt in question divided by the compo- 
nent of the gradient of potential perpendic- 
ular to the path 

Several mgemous gadgets have been devised that make the applica- 
tion of the prmciple outhned above purely a mechanical one These 
make use of a double probe m a current-flow model that has been set up 
to give the electric field mvolved The double probe picks up a voltage 
proportional to the component of gradient in the direction of its align- 
ment, and the average potential of the probes gives the potential at the 
pomt The probe is connected to a small cart attached to a pantogiaph 
The cart is steered m such a way that the mstantaneous curvature of 
path which it is tracmg is determmed by the relation Eq (6 95) Adjust- 

^ Gabor, D , Mechanical Tracer for Electron Trajectories, Nature^ vol 139, p 373, 
February, 1937 

®Lang]muib, D, Automatic Plotting of Electron Trajectories, Nature j vol 139, 
pp 1066-1067, June 19, 1937, 
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ments on the steering are made as continuously as possible from the 
information picked up by the double probe as it traces out the path 
These devices are capable of considerable accuracy 

Use of Elastic-membrane Model of Potential to Determine Electron 
Paths In a previous chapter it was pointed out that the elevation of the 
surface of a stretched elastic membrane approximated closely the solu- 
tion of Laplace's equation when the deformations were small Actually 
such a model of potential fields is of more use in determmmg electron 
paths than in solvmg potential problems This is because it is found 
that the laws governing the motion of a small sphere rolling on the mem- 
brane are strictly analogous to the laws governing the motion of an elec- 
tron in an electric field, and hence the path of such a sphere is a good 

approximation of the path of an electron in the corresponding electric 
field 

Except for frictional effects the kinetic energy picked up by a small 
sphere, say a ball bearing, is equal to the potential energy it has 

lost owing to its change m elevation This is exactly what happens to 
the electron In the case of the mechanical model, however, the kinetic 
energy is divided between translational and rotational components As 
long as the sphere rolls with a given circle of contact, the proportionality 
between these two components of the kmetic energy is constant and the 
path of the sphere will be similar to that of the electron Although it is 
difficult to prove mathematically, it can readily be shown by experiments 
with a large sphere on a hard, curved surface that the sphere will turn 
relatively sharp corners and finish with the same rolling circle of contact 
as it had initially The sphere can actually change its direction by about 
300 deg without losing its original circle of rolling contact If the angle 
IS more than 300 deg, the turn introduces a spinmng action that spoils 
the energy relations indicated above Actually, it is the radius of curva- 
ture of the path rather than the angle that matters Roughly, the 
limiting radius of the path is five times the radius of the sphere 

Application of the Principle of Least Action In many electron- 
trajectory problems use can be made of the principle of least action 
This principle states that in a potential field of the type encountered m 
vacuum-tube problems a particle will move between two points by such 
a path that the action, defined as the integral of momentum with distance, 
will have a minimum value This means that, if the paths are known and 
conditions are such that only one electron goes through each pomt, con- 
tours of constant action calculated from the defining integral wiU be 
everywhere perpendicular to the electron paths Hence, if the electron 
paths aie known, contours of constant action can be found that give the 
path of all electrons If the electron paths are not known, as is generally 
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the case, it is still possible to calculate the contours of constant action by 
methods mvolvmg successive approximation 

This is done by assuming a path of the electrons that is known to be 
close to the true path and then calculatmg the action along the assumed 
path The process is easy, for the square root of potential can be sub- 
stituted for velocity so that action is given by 

^ = jmv ds = 2em j \/V ds (6 96 ) 

When the action along the assumed paths has been calculated, a first 
approximation to the action function has been obtained and correspond- 
mg contours of constant action can be drawn If now curves be drawn 
normal to these contours of constant action, these will give a more accurate 
representation of the electron paths than those onginally assumed The 
second approximation to the action function can then be calculated along 
the improved paths and the process repeated to give any desired degree 
of accxiracy This is seen to be a perturbation process between action 
and potential 

In actual application m cases where the electron deflections are shght 
the first step of the process gives results that are sujQBLciently accurate 
The errors involved compensate because of the fact that, when the 
assumed path is shorter than the actual path, the potentials involved are 
smaller In the detennmation of electron paths m tubes the assumption 
of straight-bne paths initially is usually sufficiently good for cases in 
which the electron defiections are slight The method is not accurate in 
the vicmity of any Ime of symmetry 

1 Lanqe, H , Current Division m Tnodes and Its Significance in the Determination 
of Contact Potential, Zeii fUr Hochfreq^ienz , vol 31, pp 106-109, 133r-140, 191-196, 
1928 

* Spangbnbebg, Kabl, Current Division in Plane-electrode Tnodes, Proc IRE, 
vol 28, pp 226-236, May, 1940 
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ELECTROSTATIC FIELD OF A TRIODE 

7.1. Method of Solution The electrostatic fields within tubes are 
most readily obtamed by means of the conformal transformations given 
in a previous chapter These transformations give potential configura- 
tions that represent closely the fields encountered m tubes, whose elec- 
trode configuration is somewhat idealized The cathode is assumed to be 
a plane or cylindrical surface, which it rarely is in practice The elec- 
trodes are assumed to be infinite m length and breadth so that tube con- 
stants per umt area evaluated on this assumption do not include end 
effects 

It should be pointed out that, smce the solutions obtamed are not 
mathematically exact, various degrees of approximation are possible 
In general, the more accurate the solution, the more complex and cum- 
bersome the expressions obtamed Where extreme accuracy is desired, 
the method of conformal transformations is used as a starting pomt for 
senes representations Imaging or series procedures may also be used, 
but these have not proved of great value as a general method 

In spite of the above-mentioned departures from exactness the for- 
mulas obtained by the application of the method of conformal trans- 
formations meet the accuracy requirements of modern engmeermg 

7 2. Electrostatic Field of a Plane-electrode Low-mu Tnode The 
field of a low-mu tnode may be determined by a method outlined by 
Maxwell ^ Vacuum tubes had not yet been invented in MaxwelPs time, 
but his analysis of the electrostatic field about a shielding screen of parallel 
wires is readily applied to the problem of the tnode field 

The field analysis is based upon the Z-plane configuration shown m 
Fig 7 la This consists of two line charges located within a large cylm- 
der One line charge is located at the origin and has a Imear-charge 
density of +ffc The other is located at the point (1,0) and has a hnear- 
charge density of -^-qg The field at great distances from these lines is 
nearly circular and may be fitted to that of a circular electrode whose 
radius is large compared with the distance between the line charges It 
may be seen that the Z-plane representation represents a simple tube 

^Maxwell, J Clerk, “Electricity and Magnetism, 3d ed, Vol I, Sec 203, 
Cambridge, London, 1904 
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with a cathode wire at the ongm and a single gnd wire at the point (1,0) 
surrounded by a circular plate This simple tube has electrical charac- 
teristics the same as those of the plane-electrode and cyhndncal-electrode 
structures that may be derived from it 

To obtain the field withm the plane-electrode tube it is necessary 
to obtain an expression for the field m the Z plane of Fig 7 la and then 
transform this expression by the logarithmic transformation to fit that 
of the electrode configuration of Fig 7 15, which closely represents 
the structure of a practical tube The potential at any point m the Z 



Z PLANE W PLANE 

Fig 7 1 — ^Elementary tnode and equivalent plane-electrode tnode 

plane is given by the sum of the potentials resultmg from each of the Ime 
charges Polar coordinates will be used m the Z-plane relations 
The potential at any pomt (p,^) is given by 

where pi is the distaace from the pomt m question to the gnd-wire charge 
at the pomt (1,0) and C is a constant that adjusts the level of potential, 
and In will be used hereafter to denote the natural logarithm Makmg 
use of the law of cosmes, 

y. = - In (p* + 1 - 2p cos 9) - In p* + C (7 2) 

4irBo 4irco 

The logarithmic transformation with a suitable coefSicient wiU be 
used The coefficient is selected so that m the plane-^ectrode structure 
of Fig 7 K the gnd wires are spaced a distance a 
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TF = #-lnZ 


(7 3) 


The component parts of this equation are 


u = ^lnp 
aS 


or 


or 


^TTU 

P = €“ 

Tnrv 

a 


(7 4) 
(7 5) 


m which u and v are the real and imaginary parts of TF, respectively, and p 
and Q are the polar coordinates in the Z plane Making the above sub- 
stitutions m Eq (7 2), 

n / 9 ^i\ /V ^ 


The above expression gives very closely the potential inside of a plane 
triode Examination of its form will show that the eqmpotential Imes m 
the vicinity of the origin and the pomts (0,±na) are circles, one set of 
which may be fitted to the grid wires For large positive and negative 
values of u the equipotentials are almost planes that may be fitted to the 
plate and cathode planes, respectively The general potential expression 
of Eq (7 6) gives potential m terms of the charges qc, and the constant 
C For application it is also necessary to evaluate these constants in 
terms of the electrode potentials 

To evaluate the constants of Eq (7 6) let the plate plane be located 
at == -\-da>p where ^ a When this relation between dgp and a 
holds, the second and third terms of the argument of the first logarithm 
will be less than 1 per cent of the first term and may thus be neglected 
Making the substitution u = +dgp into Eq (7 6), 


- 


d'OpQ.g 

dtQ 


I Q 

OEo 


(7 7) 


Let the cathode plane be located at —deg, where deg ^ a In this 
case the first and third terms of the first logarithm argument will be small 
compared with 1 so that the first term is substantially zero Making 
the substitution t6 = —deg into Eq (7 6), 

v, = 0 + ^ + C (7 8) 

OZq 

Let the grid wires be located at the points (0, ±na) and be of radius 
Tg and potential Vg If Vg ^ the potentials at points {0,rg) and (r^,0) 
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differ by only a few per cent Into Eq (7 6) substitute the values u = 0, 

V — rg 




(7 9) 


If the cathode potential is set at a reference level of potential of 
zero, then 

^ dcgQe 

CltQ 

from which Eqs (7 7) and (7 9) become 


and 


neo 


2nrtQ 



(7.10) 

“b dgp^Qe 

CttQ 

(7 11) 

^ 

CLto 

(712) 


It IS already possible to obtain the amplification factor of the tube 
from Eqs (7 11) and (7 12) The amplification factor of a tube is the 
ratio of the plate voltage to the negative of grid voltage for a condition 
of cutoff 1 In terms of the electric field within the tube, cutoff exists 
when the gradient of potential at the cathode is zero, which in turn 
occurs when the cathode charge is zero If Qc is made zero m the above 
two equations and the ratio taken as mdicated, 


M = 



(7 13) 


If Eqs (7 11) and (7 12) are solved for Qo and qg m terms of Vp and Vg 
and the expressions simphfied by use of Eq (7 13), 


toaiVy + 

{dgp + dog + ixdog) 

and 


(7 14a) 


_ ^oQM[(d(7p ’t" dpg^y’g dogV p)] 

dgp{dgp + deg + fldcg) 


(7 146) 


The expression for ^ of Eq (7 13) given above is the simplest expres- 
sion that adequately gives the amplification factor of a plane-electrode 
tnode. Exammation of this expression shows that the amplification 
factor mcreases as the gnd-plate distance mcreases This is m accord 

^ t or a more general definition of the amplification factor see the chapter on 
Tnode Characteristics 
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with physical reasoning since the more remote the plate is the more 
influence the grid has Amplification factor is also increased if the gnd- 
wire spacing is decreased since this makes the grid more effective m 
controlhng the off-cathode gradient of potential Amphfication is also 
mcreased if the grid-wire radius is increased, as would be expected It 
will be observed that according to Eq (7 13) the amplification factor is 
mdependent of the cathode-gnd distance This is approximately true 
as long as the approximations made m deriving the expression are not 
exceeded, ^ e , as long as the cathode-gnd distance is not less than the 
gnd-wire spacing This may be imderstood by considenng that the 
cathode charge is zero at cutoff Thus for a cutoff condition all the flux 
lines originating on the grid termmate on the plate, and though some of 
them start toward the cathode they turn and end on the plate so that 
as long as the cathode is not too close to the grid the field pattern is not 
disturbed and the amplification factor is independent of cathode-gnd 
distance This mterpretation will be discussed further m connection 
with equipotential contours and potential-profile plots 

ContojJLT Representahon of Poterdtal F%eld The form of the potential 
field resulting from the equations developed above may be best studied 
by exanoimng the plots of the equipotential lines A group of these 
equipotential contour plots of a typical plane triode are shown m Fig 
7 2 for various potentials The contours of Fig 7 2a show the field 
configuration for the case of the gnd biased beyond cutoff It will be 
observed that the gradient of potential at the cathode is negative In 
the Ime of the grids the potential is increasingly negative m moving from 
cathode to grid Along this same Ime the potential is increasingly posi- 
tive in moving from grid to plate Along the line from cathode to plate 
midway between gnd wires the potential is at first negative and then 
positive The dotted lines shoivn represent the boundary between the 
various types of equipotential lines In the area within the dotted Imes 
including the grid wires the equipotential lines are closed curves about 
the grid wires In the other areas the equipotential Imes run contmu- 
ously from one section of the triode to adjoining sections, always on one 
side of the grid plane 

The other equipotential plots may be interpreted in a similar fashion 
It Will be observed that all the plots have some features in common 
The equipotential lines close to the gnd Wires are nearly circular m all 
cases The equipotential Imes close to the plate and cathode are nearly 
straight lines The equipotential lines may be divided into two groups, 
those which completely enclose the gnd and those which run along from 
section to section It will be observed that in some cases the equipo- 
tential lines of the second type listed above cross the gnd plane between 
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gnd wires but always pass the gnd wires on the same side in moving 
from section to section This behavior is observed in. the case of the 
10 per cent contour for Vg = Q In all the cases shown the equipotentials 
are bowed toward the cathode through the grid plane Only if the gnd 
IS more positive than the potential that gives a uniform positive potential 
gradient from plate to gnd wiU the contours 
that cross the grid plane be bowed toward — PLATE 
the plate The equip otential plots shown in 
Fig 7 2 were obtained with an electrolytic- 
trough model of potential The equipoten- 
tials calculated from Eq (7 6) would be 
almost the same in shape For comparison 
a contour plot calculated by Eq (7 6) is 
shown in Fig 7 3 This plot represents an 
extreme condition of potential and dimen- 
sions The grid-wire radius is of the 
gnd-wire spacing It will be observed that 
the grid-wire contour is not quite circular 
It is of proper width in the plane of the grid 
wires but is longer in the direction at right 
angles to this Because of this distortion 
of shape, which increases as the ratio of grid- 

wire diameter to grid-wire spacing increases, I sD 

the formula for the amplification factor of — 

Eq (7 13) becomes inaccurate when the — — 

above ratio, known as the screening fraction, ZZI ^ 

becomes greater than Ho the following .. 

section a more accurate formula is given, 

which IS good up to screening fractions of ~ ZZ 

Profile Representation of Potential Field ^ 

The potential fields of a low-mu triode may ^ CATHODE 
also be studied by reference to profile repre- ” quipotentia con- 

sentations of potential These curves show 
how the potential varies along certain lines potentials 
withm the tube The most common profile 

icprcsentations are shown along lines running from cathode to plate 
In particulai , two profiles are particularly informative These are the 
profiles through the giid wire in a line running from cathode to plate at 
light angles to each of the latter, and in a hne midway between gnd 
wires Such profiles are shown in Fig 7 4 

In Fig 7 4a are shown the profiles for a condition of a tube biased 
beyond cutoff Here it is seen that the gradient of potential at the 


CATHODE 

Fig 7 3 — ^Equipoteutial con- 
tours m a plane-clectrode tnode 
with equal positive grid and 
plate potentials 
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cathode is negative, thus making it impossible for electrons to leave the 
cathode This is true because most electrons that do succeed in getting 
away because of some imtial velocity are dnven back by the negative 
gradient of potential In the Ime of the grids the potential goes strongly 
negative until it reaches the negative grid potential Beyond the grid 
the gradient is positive In the hne between the grid wires the potential 
IS pulled negative at first by the presence of the negative grid, and it 



Pig 7 4a — Potential profiles of a plane-electrode triode, with 
grid at twice the cutoff value of potential 


then becomes positive It will be observed that the potential profiles 
are straight hnes near the cathode and also near the plate Further, it 
IS only m the vicimty of the gnd that there is a great vanation m the 
value of potential m movmg parallel to the cathode and plate planes. 

In Fig 7 4b are shown the potential profiles for the case of the gnd 
biased to approiomately cutoff Here it is seen that the gradient at the 
cathode is zero In the Ime of the gnd wures the potential first goes 
negative to the value of gnd potential and then positive In the line 
between the gnd wires the potential becomes mcreasingly positive in 
movmg from cathode to plate In this representation the amplification 
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factor of the tube is given by the ratio of positive plate to negative grid 
potential It is evident from these profiles why the amphfication factor 
IS independent of the cathode-grid distance provided that this is not too 
small Up to a distance of about half the cathode-grid spacmg the poten- 
tial on both profiles is substantially zero for the particular dimensions 
shown Hence m this particular case a cathode at zero potential 



Fig 7 46 — Potential profiles of a plane-electrode tnode, with 
grid at the cutoff value of potential 


could be put at any distance greater than half the cathode-grid distance 
shown without changing the shape or position of the potential profiles 
to the right of the profiles The curves of Fig 7 46 show the potential 
conditions that will just allow current to flow 

In Fig 7 4c are shown profiles for a negative grid potential greater 
than that which gives the cutoff condition Here the gradient of poten- 
tial at the cathode is positive even though the grid is negative The 
curves shown represent the potentials that would exist m the absence 
of current, say in a cold tube Although this condition of potential 
would permit current to flow, the actual flow would depress the profiles 
in the vicinity of the cathode, as will be described in a later chapter 
In Fig 7 4d the grid is at zero potential, and it is now possible for elec- 
trons to reach the grid, which has not previously been possible for nega- 
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-40 -20 

Distance from grid, mils 

Fig 7 4c — Potential profiles in a plano-olectrodo tnoclo, with grid 
negative at half the cutoff value of potential, which is th(‘ usual 
Class A operating condition 


|60 -g 



-40 -20 

Disfance from grid, mils 

Fig 7 4d — Potential profiles m a plane-electrode triode, with 
grid at zero potential 
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tive gnd potentials In Fig 7 4e is shown an extreme condition of 
positive gnd potential Here the grid is as positive as the plate This 
condition may be reached at the peak of the cycle m Class C power 
amplifiers 

In aU cases the proaes are straight Imes m the vicimty of the cathode 
and plate For a condition of gnd potential more negative than that 



Fig 7 — Potential profiles m a plane-electrode triode, with, 
grid and plate at the same positive potential This condition 
may exist at the peak of the current pulse m a Class C amplifier 


of cutoff the slope of the straight-hne portion at the cathode is negative 
Above cutoff it is positive The general form of the profiles corresponds 
to that which one would expect from a deformed elastic membrane 
In each case the grid pushes a hole in what would otherwise be a straight- 
Ime profile from cathode to plate Curvature requirements are met here 
It will be observed that when one profile is concave upward the other is 
concave downward 

7 3 Electrostatic Field of a Low-mu Cylmdncal-electrode Tnode 
The same fundamental tube configuration as was used for the plane- 
electrode triode in Fig 7 la can be used to develop the cylindrical-electrode 
tnode In this case, however, the transformation equation takes the 
form 

W = (7 15) 

to give the electrode arrangement of a cylindrical triode with N grid 
wires as shown in Fig 7 56 Let the coordinates m the Z plane be p 
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and e and in the W plane s and <#>, let Sg be the radius of the gnd-wire 
circle Then the components of the transformation equation m polar 
coordinates are 

-(iT 


and 



Z PLANE W PLANE 

(a) (b) 

Fig 7 5 — ^Elementary tiiode and equivalent cylindrical-electrode triode 


As before, the equation for the potential at any point in the Z plane 
is 

F, = - ^In (p* + 1 - 2p cos 0) - In p* + C (7 2) 


Substitution of the component transformation equations gives 


7„= - ;f?'-ln 

4ir£o 


2N 

f) +1-2(J) cosiV0 


-|j-ln 
4:7r£o 


+ C (7 18) 

u \'-y/ 

This gives the equation of a potential field m which the contours are 
circles close to the ongm and at great distances from the ori gin The 

contours are also circles about the pomts = Sg,<j> = where k 

assumes integral values from zero to N 

The three sets of circles can be fitted to the cathode, plate, and grid 
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wixes, respectively To fit the cathode to one of the circles close to 
and about the origm let s = Sc <5C Sa Then 


’'•-'>-^'>‘(1;) + '^ PIS) 

To fit the large circles centered at the ongin to the plate electrode 
let s ~ Sp'^ Sg Then Eq (7 18) becomes 


To fit one of the small circles about the point (Sf7,0) to one of the 

R 

gnd wires let s = s, and <f> = —, where Rg is the gnd-wire radius Then 


_ _ 23, 


+ 0 PSD 


The three equations (7 19), (7 20), and (7 21) express the elec- 
trode potentials in terms of the cathode and gnd-wire charges For 
the TF-plane representation the charges are those of one pie-shaped 

section of angle ^ 

As before, the amphfication factor may be found by settmg the 
cathode charge and potential zero and taking the ratio of plate to nega- 
tive grid potential From this operation 


At = — 




(7 22) 


The way m vhich the amplification factor of a cylindrical tnode vanes 
with the various electrode dimensions can be seen by mspection of Eq 
(7 22) As the number of grid wires is increased, the amphfication factor 
increases since N appears as a linear factor m the numerator and as a 
logarithmic factor m the denommator This is to be expected from 
physical reasonmg since an mcrease m the number of grid wires mcreases 
the effectiveness of the grid in controUmg the off-cathode gradient and 
hence m controUmg the current The amplification factor mcreases as 
the plate radius is mcreased, also to be expected since this makes the 
plate less effective in controlling the current The amphfication factor 
increases as the radius of the grid-wire cylinder decreases since the factor 
in the numerator is more effective than that m the denommator The 
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amplification factor also mcreases as the gnd-wire radius is increased 
Because of the way m which the factors combine, high amplification 
factors may be obtamed more readily with cylindrical-electrode structures 
with plane-electrode structures 



Fig 7 6 — ^Eqmpotential contours m the cylindrical-electrode triode 
(a) grid beyond cutoff potential, (6) gnd at cutoff potential, (c) 
grid negative but above cutoff potential, (d) grid at zero potential, 
(e) grid at “natural” potential, (/) grid at positive plate potential 


As in the case of the parallel-electrode tube it is desirable to express 
the charges m terms of the electrode potentials This is done by setting 
the cathode potential equal to zero and solving for Qc and Qq 


27r£o 



N 




27r£o 

y.ln(j) + 7,ln( 



N 





(7 23 ) 


(7 2 ^ 1 ) 



ELECTROSTATIC FIELD OF A TRIODE 139 

Potential Contours of a Cylindrical Tnode Contour representations 
of potential are shown m Fig 7 6 for various relative electrode potentials 
The contours of the cylindrical tnode exhibit the same general charac- 
tenstics as those of the plane-electrode tnode In each case the con- 
tours near any electrode have the same shape as the electrode This 
means that the contours about the cathode and just inside the plate are 



with grid at twice the cutoff value of potential 

circles concentric about the center of the tube There are also circles 
about each of the grid wires The circles inside the plate have a non- 
linear spacing in the case of the cylindncal tnode This is better under- 
stood by reference to the potential profiles 

Potential Profiles of a Cylindncal Tnode Reference to the potential 
profiles of Fig 7 7 reveals several striking differences between the plane- 
electrode and cylmdncal-electrode cases Although the profiles have the 
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same general trend, they are characterized by different curvature char- 
acteristics In the plane-electrode case the profiles through and between 
the gnd wires comcided near the cathode and plate and were nearly 
straight lines there In the case of the cylmdncal tnode they do again 
comcide but are curved instead of straight The coincident profiles 
near the plate tend to be logarithmic in shape, as would be the case m a 



Roidioil oil stance, mi Is 


Fig 7 76 — ^Potential profiles m a cyhndncal tnode, 
with gnd at the cutoff value of potential 

cylindrical diode The same is true for the profiles near the cathode, 
though in the particular case of the relatively high-mu tube shown, the 
region m which the profiles comcide near the cathode is small because of 
the short cathode-gnd distance 

Below cutoff m Fig 7 7a the cathode gradient of potential is negative 
At cutoff as m Fig 7 7b it is zero, and it can agam be seen that this 
condition of zero cathode gradient is mdependent of the grid-cathode 
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distance provided that the distance is not too small In the particular 
figure shown any larger cathode-grid distance would not change the 
amplification factor of the tube The remaining figures show the profiles 
for a grid negative, but above cutoff in Fig 7 7c, for a gnd at zero poten- 
tial m Fig 7 7d, and for an extreme condition of positive grid potential 
m Fig 7 7e 



with grid at half the cutoff value of potential 

The curvature conditions that were noted in the case of the plane- 
electrode triode are no longer valid in the case of the cylmdncal tnode 
It IS no longer true that if one profile is concave upward the other is 
concave downward This follows from the fact that the Laplace equa- 
tion for polar coordinates can no longer be interpreted so simply m 
terms of curvatures If the coordinates were changed so that the profiles 
were plotted against the logarithm of r, then the curvature conditions 
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tliat held for the plane-electrode case would be fulfilled This follows 
because with this change of variables the Laplace equation becomes iden- 
tical with that for Cartesian coordinates In Fig 7 8 are shown the 
potential profiles of Fig 7 7a plotted with a loganthmic scale of radius 
It is seen that the profiles become straight hnes in the vicinity of the 



Fio 7 Id — ^Potential profiles ux a cylindrical tnode, 
with gnd at zero potential 


cathode and plate and thus resemble the plane-tnode profiles m this type 
of plot 

7.4 Analysis of the Bhgh-mu Txiode Potential Contour e and Profiles. 
The method of Maxwell discussed in the previous sections has some 
limitations that make the results inaccurate when the attempt is made 
to apply them to a high-mu tnode In the previous analysis it was 
assumed that the equipotentials about the grid line charge m the fundar- 
mental tube of the Z-plane representation were circles concentric about 
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the hne This is very nearly true provided that the circles are not too 
large But if we examine the shape the grid wire m the Z plane must 
have as determined by circles m Fig 7 16 transformed back to the Z 
plane, it is found that departures from small circles centered about the 
point (1,0) are soon encountered as the grid- wire radius is increased 
Consider the gnd wires of Fig 7 16, and let the gnd-wire radius be 
increased from a small value to a fairly large value without changing the 
other dimensions This is equivalent to increasing the screemng frac- 



PiG 7 7e — Potential profiles in a cylindrical tnode, 
with grid and plate at equal positive potentials 


tion and increases the mu of the tube As the gnd-wire radii are increased, 
the corresponding contours in the Z plane, which are at first small 
circles with centers at the point (1,0), become larger curves that are nearly 
circular in shape but that are shifted in position so that their centers are 
not at the point (1,0) but to the right of this pomt This applies as the 
screemng fraction is increased from 0 1 to 0 2 The progressive changes 
in shape encountered are shown in Fig 7 9 In the analysis indicated in 
this section another line charge is mtroduced to take account of the shift 
in position of the circular gnd-potential contour As the screening frac- 
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tion IS increased beyond 0 3, the transformed contour of the gnd wire 
loses its circular shape, becommg dented on one side, and the improved 
analysis is no longer vahd The accuracy of the formulas developed can 
be extended, however, so that they may be used for tubes havmg screen- 



dncal tnode plotted with a loganthmic 
scale of radius On. such a plot the 
profiles are straight lines in the viomity 
of the cathode and plate Also shown 
18 the graphical construction for deter- 
mining the equivalent diode radius 



Fig 7 9 — ^The shape of large transformed 
gnd wires m the Z-plane representation 
of Fig 7 1 The transformed gnd wires 
are nearly circular for screening fractions 
as large as 0 2 Beyond this value, the 
gnd contour is nonoircular and cannot 
be represented by two Ime charges 


mg fractious as low as H mstead of merely Ko resultmg expres- 

sions are considered the most accurate simple expressions available 
As before, use the plane-electrode transformation equations, 

= + ^ (73) 

^ VoDGBS, F B , and F R Eldeb, Formulas for the Amphfication Constant for 
Three-element Tubes, Phya Reo , vol 24, pp 683-689, December, 1924 

* Dow, W G , “Engineenng Electromcs,” pp 24-53, Wiley, New York, 1937 
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which have the component transformation equations given by Eqs. 
(7 4) and (7 5), p bemg 2-plane radius Then the pomts a and b m Fig. 
7 106 which have the coordmates (r^O) and (— rp,0) respectively, trans- 
form into the pomts a and p, which m Fig 7 10a have the coordmates 

SiltTg ^ ZirTg 

(e “ ,0) and (e ® ,0) If the screening fraction is less than 0 16, the 
transformed grid wire is nearly a circle through these two pomts The 




fa) (b) 

Fig 7 10 — TF- and Z-plane representations of a high-mu plane-electrode triode 
This IS the basis of the analysis of Vodges and Elder 

radius of the grid wire in the Z plane is half the difference of the p com- 
ponents of a and ^ and is given by 

R = smh — ' (7 25) 

a 

The location of the center of the gnd-wire circle is given by the average 
of the values of a and /3 and is given by 

p, = cosh ^ (7 26) 

0 / 

It IS now necessary to locate Ime charges so that this circle will be an 
equipotential contour for all combinations of cathode, gnd, and plate 
potential 

In the analysis given for the low-mu triodes a single line charge was 
placed withm the circle at its center When the analysis is extended so 
that the circle is no longer small, this is not adequate A Ime charge at 


146 


VACUUM TUBES 


the center of the cjrde -will still give an equipotential contour that will 
fit the circle if this charge is the only one present, which is not the case 
However, it is also possible to find another position within the circle such 
that a line charge placed there together with a line charge at the origin 
with an equal charge of opposite sign will give an equipotential contour on 
the transformed gnd-wire circle ‘ This follows from the well-known con- 
figuration of potentials about a two-wire transmission line, which is 
equivalent to these two hue charges Here the equipotential contours 
are all circles, enclosing the charges, but with their centers successively 
displaced 

If a Ime charge with a linear-charge density — is placed at a point 
(6,0) within the cucle havmg its center at (p,,0), then the potential at any 
pomt C on the circle due to it and to a linear charge with density qc 
located at the ongm is given by 


Qc , pe^ -f -b 2pE cos ^ 

■^0 L(p» — — 2(p — b)R cos if- 


(7 27) 


where 4' is the angle between the Ime joining C and (j>g,0) and the axis 
It IS required that this expression be mdependent of the angle 4/ It is 

easily shown by substitution that if 6 has the value — this condition is 
I Po 

fulfilled The two Ime charges with the above positions take care of the 
charge on the cathode and part of the charge on the gnd If now a 
charge of magnitude — gj,be placed at the center of the transformed gnd- 
wire cucle, it will be the source of flux hnes that will extend m aU directions, 
becoming radial at great distances and terminating on a large plate circle 
Smce any value of either g* or g, gives nse to an equipotential circle of 
radius R with center at p„ this circle can be made the gnd-wire circle 
for any combmation of charges and hence of potentials With this 
location of Ime charges it is easy to wnte the potential at any pomt in 
the tube 

At any pomt (p,fl) withm the tube the potential is given by 

^ ^ ^ - I 

— g. In (p® -1- p,® — 2pp, cos 0) -|- cj (7 28) 

m which the constant C is mtroduced to adjust the level of the potential 
In most tubes the cathode can be fitted to a small cucle about the ongm 


1 This attack on the problem was first successfully applied by W G Dow 
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Let p = Pc 0 = 0, then 

” 47re^ ~~ 


If the cathode potential be taken as zero and the value of C then obtained 
from Eq (7 29) be substituted into Eq (7 28), the expression for the 
potential along the axis through the gnd wire simphfies to 



(7 30) 


This has been obtamed by settmg d equal to zero and gives the potential 
along the axis through the grid wire and also thiough the grid wires m 
the plane- and cylindrical-electrode tubes, which may be derived from the 
simple fundamental tube To get the potential between the grid wires, 
6 is set equal to tt, and the resulting expression is hke Eq (7 30) except 
that the negative signs within the brackets become positive 

To find the potential of the grid wire let p = — i? Then makmg 

use of the fact that p^^ = 1 -f from the hyperbolic relations, and that 
Pc IS much smaller than pg or its reciprocal, 


y. 



In (iZpc)^ ■+ gp In 



(7 31) 


Similarly, to find the plate potential let p = pp, and make use of the fact 
that pc IS much less than 1, which in turn is much less than pp Then 





In (pcPa)^ + Qp In 



(7 32) 


Equations (7 31) and (7 32) give the gnd and plate potential m terms 
of cathode and grid charges In order to calculate potential profiles it is 
desirable to know the charges m terms of the potentials The above 
equations are readily rearranged to give this form 


qo = 2t£o 


7, In 


- 7pln - 
pj \Pe. 


In (Bpc) In - In In (poP») 

Vp In (Rpf) — Vg In (pcpg) 

In (Rpc) In - In In (p.p,) 


(7 33) 
(7 34) 


qp — 2t£o 
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Amphficahon Factor of a High-mu Plane-electrode Tnode Again the 
amphfication factor is given by the ratio of plate to negative gnd potential 
for zero cathode charge It will be noticed that the cathode charge is a 
linear function of plate and grid potentials In multielectrode tubes the 
cathode charge is a linear function of all the electrode potentials In 
the case of a pentode, for instance, the cathode charge can be wntten 


y, + Z! + I.+I.. 


gc — 


Ml 


M2 


M3 


D 


(7 35) 


in which the various /i's indicate the relative effectiveness of the control 
grid and the electrode in question in controlling the off-cathode potential 
gradient In the case of the tnode considered here, the amphfication 
factor IS 


M = 



(7 36) 


Substitution of values from Eqs (7 3), (7 25), and (7 26) gives the amph- 
fication factor of a plane-electrode tnode as 



(7 37) 


Makmg use of the defimtion of the screemng fraction as the percentage 
of the area m the gnd-wire plane occupied by the grid wires, numencally 
2r 

equal to and denotmg the screening fraction by S, the expression for 
the amphfication factor can also be written 


/ 27 !^\ _ 

-XU 


cosh ToS 


la coth -TTiS 


(7 38) 


From this it is seea that the oiapliflcaitioii factor depends upon, only two 
factors, the screemng fraction and the ratio of gnd-plate distance to 
gnd-wire spacmg The way m which the amphfication factor vanes 
with these two factors is shown m Fig 7 11 It is seen that the amphfica- 
tion factor mcreases with the screemng fraction and mcreases as the ratio 
of gnd-plate to gnd-wire spacmg mcreases The upper solid curve 
represents the limit of accuracy of the formula given by Eq (7 38) 
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creening fraction is small, then Eqs (7 37) and (7 38) reduce 
i expression that results from Eq (7 13) so that these two dif- 



Chart givmg the amplification factor of a plane-electrode triode The 
were obtained from Eq (7 38), which is accurate up to screenmg frac- 
► Dotted curves were obtamed from Eq (7 71), which is accurate up to 
actions of 0 4 

ressions give substantially the same numerical result when the 
fraction is less than Ho 

dcation Factor of a High-mu Cylindrical Tnode When the 
ation relations of Eqs (7 16) and (7 17) are apphedto Eq (7 36), 
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the expression for the amplification factor of a cylindrical tnode is 
obtamed This development requires some intermediate justification 
because for the cylmdncal tnode the transformation is that of Eq 
(7 15) instead of Eq (7 3) It is readily shown, however, that expres- 
sions similar to Eqs (7 26) and (7 26) are obtamed 

In the notation of Figs 7 10a and 7 Bb the pomts a and /3 are given by 

^1 + and ^1 — Usually the factor ^ is much smaller than 

1 so that senes expansions for these expressions can be used to simplify the 
development Great care must be used m approximatmg these expres- 
sions by terms of the senes expansions, for the difference between the 
expressions is desired, and two terms of title senes are not sufficient The 

expressions for a and /3 are given very closely by exp and exp 

^ ^ ^ The senes expansions for these exponential terms are idA 'n tfic al 
With those for the bmomials given above for the first two terms and differ 
only by a factor of 1 — ^ third term Usmg the difference of the 

exponential terms to get the radius of the transformed gnd wire, 


S = HinTi 


NR, 


and, usmg the average to get the location of the gnd-wure center. 


,NR, 

Pe = cosh ■' 


(739) 


(7 40) 


o»unten.arte of 

If now Eqs (7 39), (7 40), and (7 16) axe substituted mto Eq (7 36) 
the expression for the amphfication factor of the cylmdncal tnode results 


J^lo(^)-hoooh(S) 

In coth 


(7 41) 


Since the screenmg fraction for the cylmdncal tnode is S = the 

TSa ' 



Amplification factor 
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above expression may be written 


fe)- 


In cosh ttS 


In coth TiS 


(7 42) 


The amplification factor is seen to depend upon three factors, the 
screening fraction, the ratio of plate to grid-wire circle radii, and the 



number of grid wires This is much more difl&cult to plot but may be 
done by using a number of axes each corresponding to a different number 
of grid wires Such a plot of the amplification factor of the cylindrical 
triode IS shown in Fig 7 12 It is seen that the amplification factor 
increases with the screemng fraction, with the number of grid wires, and 

with the ratio — The upper solid curve represents the hmit of an 
^0 

accuracy of about 2 per cent The formulas of Vodges and Elder given 
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m Eqs (7 38) and (7 42) are considered the best practical formulas avail- 
able for the amplification factor of tnodes from the standpomt of sim- 
plicity and accuracy 

7 6 The Equivalent Electrostatic Circmt of a Tnode. Examination 
of Eqs (7 33) and (7 34) shows that these expressions have the form of 
equations for a delta of capacities A delta of capacities 
such as could be used to represent a tnode is shown m 
Fig 7 13 If the cathode is considered to be at zero 
potential, then the relations between the potentials and 
charges are 

= (7 43) 

and 

iv = (Yv - y,)C,v + y,>Cc, (7 44) 
which can be arranged mto the sunpler form 

= - y,Cop + yp{C,p -b Cep) (7 45) 

Equations (7 43) and (7 46) are the exact coimter- 
parts of Eqs (7 33) and (7 34) Equation (7 43) can 
be rearranged to give 



of tnode mter- 
electrode capac- 
ities 



(7 46) 


from which, by companion with Eq (7 36), it is evident that the ampli- 
fication factor IS given by the ratio of the gnd-cathode to plate-cathode 
capacity 


M = 



(7 47) 


This IS physically reasonable smee the ratio of these two capacities is a 
measure of the extent to which the cathode is electrostatically shielded 
from the plate by the gnd. The capacities mvolved can be evaluated by 
reference to Eqs (7 33) and (7 34) if it is desired to know them m terms 
of the geometry of the tube The capacities m the above expressions are 
m farads per unit length (meter) per gnd-wire section of the elementary 
tube m the Z plane of Fig 7 10 When the dimensions are transformed to 
other planes, the capacities of the corresponding tubes result 

Reference to any tube manual will show that the numencal ratio of 
the gnd-cathode to gnd-plate capacities listed there differs considerably 
from the amphfication factor of the tube This is because the capacities 
listed m the manual mclude the capacities of the leads and supports as 
well as those of the parts of the tube m which the electrons are effective 
In most tnodes the capacities between the leads and supports may be as 
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large as those of the active portions of the tube or larger, the apparent 
discrepancy being thus accounted for 

7.6. Equivalent-diode Spacing of a Tnode. In the case of the plane- 
electrode tnode, examination of "tlie potential profiles showed that the 
profiles were straight lines m the vicmity of the cathode for all conditions 
of potential This means that tlie potential distribution m a tnode as 
seen from the cathode is the same as that m a diode The cathode has 
no data by which it can tell whether it is part of a diode or tnode It 
was further shown in Eq (7 14o) that the off-cathode gradient of potential 

depended upon an equivalent voltage, -!- — • It would be expected, 

therefore, that for every tnode tliere would exist an equivalent diode 
which would have the same off-cathode gradient when the equivalent- 
triode voltage is applied to its plate To find such an equivalent diode 
it IS necessary only to find the equivalent-diode spacing 

The equivalent-diode spacing of any tnode may be found graphically 
by extending the straight-lme portion of the potential profile in the vicm- 
ity of the cathode until it reaches a potential equal to the equivalent- 

tnode potential, Vg + ^ The distance from the cathode at which this 

potential is reached is the eqmvalent-diode spacmg This construction is 
shown in Fig 7 4c Once this equivalent-diode spacmg is found it can 
be used for all combinations of plate and grid potential 

The concept of the equivalent diode and the equivalent-diode spac- 
ing is useful m the study of the current characteristics of tnodes Smce 
the current law for space-charge-limited diodes is known, the currentlaw 
for a tnode can be approximated from the equivalent diode Tnodes 
with equal equivalent-diode spacings and equal amplification factors 
have approximately the same mutual conductance and plate resistance 
Actually, the tnode and its equivalent diode are truly equivalent only 
for a condition of no current flow, which means cutoff or beyond for the 
tnode smce the flow of current changes the potential distribution The 
concept IS, however, suflSiciently useful to justify its mclusion here 
The subject of current flow and mutual conductance will be discussed m 
the chapter on Space-charge EjEfects 

Diode Equivalent to a Plane-electrode Tnode An analytical expression 
for the equivalcnt-diode spacmg can be found from the expression for 
cathode charge in terms of the equivalent-tnode potential and the geome- 
try of the tube Since the cathode charge was taken as +qc per gnd-wire 
section, the off-cathode gradient of potential is given by 

tdv\ _ -3c r7 
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or 



m which all the symbols have the previous signihcauce and D is the 
denominator of Eq (7 33) or (7 36) when the eqmvalent-voltage factor is 
extracted 

For a plane-electrode diode the electrode spacing is the ratio of the 
potential difference to the gradient For the tnode the eqmvalent-diode 
spacmg IS the ratio of the equivalent-tnode potential to the off-cathode 
gradient Thus, from Eq (7 33) 



In (poPe) In 
In (ppp,) 


— In (poE) 


(7 50) 


where d, is the eqmvalent-diode spacmg m terms of the Z-plane dimen- 
sions It IS desirable to express d, m terms of the cathode-gnd distance, 
the gnd-plate distance, and the amplification factor If the expression 
for the amplification factor [Eq (7 36)] is used to ehmmate B, tTiftn 




(7 61) 


If now the plane-electrode transformation is apphed to insert the tnode 
dunensions. 


d» — do* -l — — ^ coEihir/S (7 62) 


For tubes m which the screemng fraction is less than Ho> the last term of 
Eq (7 62) IB neghgible so that the expression reduces to 


( 753 ) 

Examination of Eq (7 63) shows that the plate of the eqmvalent diode 
always hes beyond the actual gnd of the tnode The distance beyond is 
relatively less if the amphfication factor and cathode-gnd distance are 
large and relatively more if the gnd-plate distance is large The mutual 
conductance of a tube is an mverse function of the eqmvalent-diode 
spacmg so that the influence of the vanous tube dimensions is readily 
detenmned from Eq (7 63) 

Dtode EquwaUnt to a Cyhndrvxdndectode Tnode The procedure that 
was used to find the eqmvalent-diode spacmg of a plane-electrode tnode 
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IS quite general and may be apphed to cylindncal-tnodes as well, though 
the form of the resultmg expressions is qmte different, as may be expected 
from the fact that the potential profile for the plane-electrode diode is a 
straight line, while for the cylmdncal diode it is a logarithmic curve 
For a cyEndncal diode the relation between cathode and plate radius, 
potential difference, and electrode charge per umt length of outer elec- 
trode IS 


Inm =%!£r 


(7 54) 


For the cylindrical tnode the equivalent-diode radius is given by 




(7 56) 


where s« is the equivalent-diode radius and is the cathode charge per 
unit length for each of N gnd-wire sections Substitution of the value of 
qe from Eq (7 33) and using Eq (7 36) gives 


= — 
V 


In (pcpg) 


-b In (pcE) 


Eliminating 7? by means of Eq (7 39) and making the substitutions of 
Eqs (7 16), (7 40), and Eq (7 42), 


©■[;{> 


-57 In cosh TfS 
N ) 


_ ^1 + -b 1 In cosh (7 57) 


For tubes with acreemng fractions less than bfo tlie terms mvolvmg the 
hyperbolic cosine can be neglected so that the expression takes the form 


= lnfc) 1-bi-bi^-^; 

\sj M /s, 

VSc 


The same remarks that apphed to the diode spacing for plane electrodes 
apply here The equivalent-diode plate lies outside of the grid-wire 
circle The equivalent-diode radius for the cylmdncal tnode is readily 
obtamed by graphical construction If the profiles of Fig 7 7 are plotted 
against a logarithmic abscissa as in Fig 7 8, then the profiles are straight 
lines in the vicinity of the cathode and plate The equivalent-diode 
radius can be found by projecting the straight-lme portion of the potential 
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profile at the cathode until it reaches a potential equal to the equivalent- 
gnd potential 

7.7 Application of Amplification-factor Formulas to Actual Tnodes. 
The amplification-factor formulas previously developed have been denved 
for simple idealized structures not always encountered m actual tubes 
It is, however, possible m most cases to interpret these formulas so that 
they wiU apply to tubes whose structure departs somewhat from that for 
which the formulas were denved 

The formula for the amphfication factor of the cylmdncal tnode 
[Eq (7 42)] was given for a gnd m which the wires had a squirrel- 
cage structure of evenly spaced wires parallel to the axis of the tube 
In this expression the quantity N is the number of gnd wires and 
is also the active length of gnd wire per umt axial length of the tube 
The expression may therefore be generahzed by lettmg 

N (7 59) 

where Lg is the active length of gnd wire per umt axial length of the 
tube ^ 

In case the gnd structure differs from that postulated m the denva- 
tion of the amplification-factor formula, the screenmg fraction S may 
always be mterpreted as the ratio of the actual area of the gnd structure 
to the total area of the surface contaimng the gnd 

If the cylmdncal gnd consists of a square mesh of fine wires, then 

L, = 4x ^ (7 60) 

where d is the spacing of the square mesh and Sg is the radius of the gnd- 
wire circle If the diameter of the wires m the square mesh is appreciable, 
then 

= (761) 

where r, is the radius of the gnd wires as shown in Fig 7 14a For a 

cylmdncal gnd of parallel nngs havmg supports parallel to the axis, 

L, = ^ + JV, - (7 62) 

where Na is the number of supports and r. is the radius of the support 
wires and s is the spacmg of the gnd wires as shown m Fig 7 146 
If the grid is a helix of diameter Sg and of pitch d as m Fig 7 14c, 

1 Ktisunosh, Y , Design of Tnodes, Proc I PE yvol 17, pp 1706-1749, October, 
1929 



ELECTROSTATIC FIELD OF A TRIODE 


157 


The screening fractions for the cases listed above are readily evaluated 
In general if all the wires have the same radius, 

tS = L„^ (764) 

Sg 

For parallel gnd nngs with supports, 
wS = 

2Sg 

in which the symbols have the same significance as m Eq (7 62) Equa- 



raJ (b) (c) 

square mesh Supported parallel Helical grid 

grid rings 


Fio 7 14 — Practical grid structures (a) square mesh, (b) grid rings with 
supports parallel to the axis , (c) helical grid 


tion (7 64) also holds for a helical gnd Equation (7 65) reduces to 
Eq (7 64) for r„ = r. 

The generalized amplification-factor formula for the cylmdncal- 
electrode tnode is 


I/B In — — In cosh vS 

s„ 

In coth ttS 


(7 66) 


The generalized amplification-factor formula for the plane-electrode 
tnode IS 

_ %rdgpLg — In cosh vS 
~ In coth 


(7 67) 
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The relation of this to Eq (7 38) is evident L/ is the length of gnd wire 

per unit area of the gnd plane For parallel gnd wires, Lq = — 

In many tubes the structure is neither plane nor cylmdncal but some- 
thing mtennediate In such cases it has been found empmcally that a 
combination of the plane and cylmdncal amplification-factor formulas 
gives very nearly the amplification factor of the tube ^ The combination 
formula is 

ju = /Bp — X(/Bp — /«») (7 68) 

where iif is the amplification factor as calculated by the plane-electrode 
formula, ite is the amplification factor as calculated by the cyhndncal- 
electrode formula, JC is a constant dependmg upon the tube structure, 
and n IS the amplification factor of the actual tube The constant K 
for a number of tube types rangmg progressively from a plane to a cyhn- 
dncal structure is given by the following table 

TABLE IV 

CONSTANT OF EQ (7 68) FOR THE CALCULATION OF THE AMPLIFI- 
CATION FACTOR OF TUBES OF NONIDEAL FORM 
Tube Type K 



0 00 plane electrode 

2A3 

0 11 


0 22 


0 33 

26 

0 44 

76 

0 55 

76 

0 66 

6K5 

0 77 

6B5 

0 83 

lOOTL 

1 00 cylindnoal electrode 


The results of Table IV are shown graphically m Fig 7 15 The 
empincal constant K given here mcludes the effect of the gnd supports 
7.8 More Accurate Amplification-factor Formulas. The amphfica- 
tion-factor formula of Vodges and Elder given m Eq (7 38) is accurate 
only for certain ranges of electrode dimensions Specifically, the formula 
breaks down if 

(o) de, < o 

(6) 5 > 0 16 

(c) dc, < a 

In general, the formula breaks down if any of the electrodes are too 
(dose together Smce many modem tubes are built with very close- 
1 Juans, E R , Amplification Factor Chart, Slecbrontca, vol 12, p 45, June, 1989 



ELECTROSTATIC FIELD OF A TRIODE 


159 


spaced electrodes, it is desirable to extend the range of the above rela- 
tions Various formulas have been worked out that extend the range of 
any of the three limitations listed above, but as yet no formula has 
appeared that is valid over the complete range of all variables 

Formula for Small Grid-plate Spacings When the gnd-plate spacing is 
small, an improved amplification-factor formula may be worked out by 



T ube type 


Fio 7 15 — Value of the constant K of Eq (7 68) for calculating the amplifi- 
( ation factor of tubes with geometries that are mtermediate between plane 
anti cylindrical geometries 


placing an image set of grids outside of the plate position and then fitting 
tho plate to the cquipotential curve midway between ^ The resultmg 
expression is 


In cosh irS — 2ir ^ 

Ui 


M - 


In tanh irS 


'ln[ 


1 — cosh^ ttS exp 




(7 69) 


This expression is valid for gnd-plate spacings as 

the spacing between grid wires but still assumes that the cathode gnd 
spacing and the screening fraction are large 

1 Sambbkg, BEBNiiEi), Formulas for the Amphfication Factor of Tnodes, Proc 
IRE, vol 30, pp 134-138, March, 1942 
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Formulas for Small Screening Fraction Perhaps the most serious 
limitation to the amphfication formula of Vodges and Elder is that it 
begins to be in error for a screemng fraction of and is 10 per cent low 
for a screemng fraction of Many modem tubes are built with very 



factor of a plane-electrode tnode as a function of screening 
fraction as indicated by various formulas The extension 
of the region of vahdity by the successive refinements m 
formulas is evident (See discussion on page 161 ) 

large screemng fractions, and it therefore is desirable to have a formula 
valid m this range 

Such a formula has been evaluated^’^ by an analysis based upon the 
1 Ollbndorf, Fean’z, Berechnung des Durchgnffes durch enge Steggitter, Elek- 
irotech u MaschtnenbaUj vol 52, pp 585-591, Dec 16, 1934 

® See also Herne, H , Valve Amphfication Factors, Wireless Engr , vol 21, pp 
59-64, February, 1944 
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expression TF = In sin Z, which gives the potential due to a row of evenly 
spaced line charges positioned along a straight line Derivatives of this 
expression give the potential fields due to a row of dipoles, quadripoles, 
and so on By combining in series form such a succession of fields and 
fitting the resultant field to the circular grid wires, some highly accurate 
formulas for amplification factor are obtamed 

The first approximation usmg the expression for the row of hne charges 
alone gives a formula which is virtually the same as that of Eq (7 13) 
based upon Maxwell's grating theory The second a'pproximahon is 
obtamed by usmg the field due to a row of line charges and a row of dipole 
line charges This gives 


a 


g 1 + 


- In {irS) + 


1 + 


(7 70) 


A third approximation may be obtamed by includmg the field corre- 
sponding to the next derivative of the field of a row of Ime charges This 
yields 


%rd 


'OP 




a 1 + 


1 . os , y 288 (.rsy 

~ + 1 + yi2brsy 1 + 


(7 71) 


Equations (7 70) and (7 71) apply to plane-electrode tnodes The 
corresponding expressions for cylindrical electrodes may be obtained by 


subatitutmg Sg In for dgp provided that the gnd-wire radius is small 

compared with the radius of the grid-wire circle 

A comparison of the values of amplification factor given by the various 
formulas presented is shown in Fig 7 16 In this figure the notation is as 


follows 


m, Eq (7 13), Maxwell 

M 2 , Eq (7 38), Vodges and Elder 

Hi, Eq (7 70), Ollendorf second approxunation 

Hi, Eq (7 71) Ollendorf third approximation 

From Fig 7 16 it is seen that the range of vahdity of the various formulas 
within a 2 per cent error is 


Ml, 


Eq (7 13), S less than 0 1 



162 


VACUUM TUBES 


In the chart of Fig 7 11 giving the amplification factor of a plane 
triode, the solid lines were obtained from the formula of Vodges and Elder, 
while the dotted Imes were obtained from the Ollendorf approximations 
Formula for Small Cathode-gnd Spacing s All the amplification-factor 
formulas previously given are restricted to electrode configurations m 
which the cathode-grid spacing is equal to or larger than the grid-wire 
spacing Many modern tubes have grid-cathode spacmgs that are less 
than the gnd-wire spacing When this is true, it is really no longer 
proper to speak of the amplification factor, for the gradient of potential is 
not constant along the cathode but varies with position relative to the 
gnd wires Such a tube exhibits no true cutoff condition smce as the grid 
IS made more and more negative the cathode gradient opposite the 
grid wires will become negative while the cathode gradient between the 
wires IS yet positive This gives rise to a condition, sometimes referred 
to as Insel Bildung, in which little island strips of the cathode are emitting 
while other parts are not Such a tube acts as a variable-mu tube in 
that every part of the cathode surface has a different amplification factor 
It IS possible to find the effective amplification factor of a tube with 
small cathode-grid spacing if this effective amplification factor is under- 
stood to be dependent upon position on the cathode When the cathode 
gradient is not uniform, as is the case with small cathode-grid spacmgs, 
the field's configuration can still be found if use is made of the theory of 
images The true field that exists is the same that would result from a 
line of gnd wires of one charge and an image line of wires located as 
though mirrored in the cathode but having charge of opposite sign The 
field can therefore be obtained by studying the potential within a fic- 
titious tube consisting of two parallel plates of opposite charge and 
potential, between which there are two sets of identical grids of opposite 
charge and potential, symmetrically disposed with respect to the center 
plane Under the conditions stated the mid-plane will be a surface of 
zero potential and can be identified as the cathode 

The potential due to a grid of equally charged parallel wires, equally 
spaced, a distance a along the y axis of the Z plane is 

^ ¥)] + ^ 

where q is the charge per unit length of each gnd wire This expression 
may be obtained by considenng the potential due to a Ime charge of 

density q located at the pomt (1,0) and one of density — ^ located at the 

1 Feemlin, J H , Calculation of Tnode Constants, Bhil Mag , vol 27, pp 709- 
741, June, 1939 Also published in Elec Commun , July, 1939 
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point (0,0) m the Z plane and then transforming this potential to the W 
plane by means of the transformation W = Z Equation (7 72) 

can also be shown to be the real part of the expression In 
A plot of Eq (7 72) is given in Fig 7 17 




Fig 717 — The potential field in the vicinity of a 
row of line charges as given by Eq (7 72) 

Upon using Eq (7 72) to obtain the field due to grids of opposite 
charge located a distance deg from the cathode and adding a linear com- 
ponent of field to account for the effect of the plate the expression for the 
potential within the tube is obtained It is 


r = +qln 


cosh ^ {x + dog) — cos ^ y 
cosh — (a; — deg) — cos — ?/ 

CL Cl 


+ By 


(7 73) 
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in which q and B are related to the electrode potentials by 



(7 74) 

(7 75) 


If — JJc(0,?/) IS the gradient of potential at the cathode — a quantity 
that vanes with y — ^then the effective amplification factor may be defined 
as 


dEe 

dVa 


(7 76) 


The resultant expression for amphfication factor is given by 



This expression is properly mdependent of grid and plate potential and 
reduces to the low-mu amplification-factor formula for large values of 

— and This formula is reasonably accurate for values of — as low 
a dcQ ^ 

as 0 4 Tor small values of the ratio — the reciprocal of the amplifica- 

0 / 

tion factor, sometimes referred to as the penetration factor or Durchgriff 
since it is a measure of the shieldmg effect of the grid, exhibits what is 
nearly a sinusoidal variation with distance parallel to the grid For the 
case m which the gnd-cathode distance is 0 4 of the grid-wire spacing, 
the relative amphfication factor may vary between 0 7 and 1 4 times the 
average value, the average value being very nearly equal to that given 
byEq (7 13) 

Expressions for the amplification factor of a plane tnode have now 
been given that cover nearly the entire range of practical electrode 
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/limpnsinns All the expressions given are limited, however, to some 
defimte range of electrode dimensions The expressions given m this 
subsection, for mstance, are limited to screemng fractions of 0 1 or less 
The region of validity of the various amphfication-factor formulas is 
shown m Tig 7 18 Here it is seen that formulas are good for either large 
screemng fractions or large ratio of gnd-wire spacmg to cathode-gnd 
distance but not both ^ 



Fig 7 18 — The region of validity of vamous amphfica^ 
tion-factor formulas 


7 9. Amplification Factor of Unconventional Tubes The methods 
that have been studied m this chapter may be applied to numerous struc- 
tures other than the idealized plane and cyhndncal structures so far 
treated Where simple geometries are mvolved, it is usually possible to 
find a correspondmgly simple arrangement of Ime charges that can be 
transformed into the desired structure In Fig 7 19 are shown some 
sample unconventional tube structures along with their elementary forms 
and the correspondmg amplification-factor formula 

1 See Fremucn, J H , R N Hall, and P A Shaffokd, Tnode Amplification 
Factors, ®ec Cowmun.vol 23, no 4, pp 426-435, 1946, for a semiempincal formula 
good for both small screening fraction and small cathode-gnd distance 
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In Fig 7 19a is shown the famous gammatron ^^gndless wonder ” 
This consists of a row of filament wires between grid and plate planes 
The tube has an inherently low amplification factor whose value is 


^ z Phne 



Pig 7 19a — The amplification factor of a tnode with a 
cathode m the form of a row of filament wires located 
between a grid and a plate plane 


d 

approximately equal to as may be seen from consideration of inter- 

Ueg 

electrode capacities The formula given is valid for screemng fractions 
of 0 1 or less and is based upon the same sort of analysis as was used to 
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Pig 7 19& — The amphfication factor of a plane-elec- 
trode tnode with a cathode consistmg of a row of 
filament wires spaced midway between the grid wires 
and having a single plate 


treat the low-mu tnode It is seen that the amplification factor has a 
second-order dependence upon the cathode radius 

In Figs 7 19b, c, and d are shown tubes in which filament wires are 
placed between the gnd wires The formulas are not greatly different 
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from those for tubes which have a grid between cathode and plate except 
that they exhibit a second-order dependence upon cathode radius 

The question arises as to what the effect of havmg a filamentary 



Fig 719c — The amplification factor of a cylindrical 
triode whose cathode is a group of wires located between 
the wires of a squirrel-cage grid 


emitter rather than a solid cathode would be In general, if the filament- 
giid spacing is large compared with the gnd-wire spacing, the amplifica- 
tion factor will be the same as for the case of a sohd cathode The 


WPlc^ne ZPIatne 



Fig 7 19d — The amplification factor of a plane- 
(‘loctrode triode whose grid and cathode wires are 
alternate and equally spaced in a plane between two 
equidistant plate planes 

equipotential lines around the filament will be circles very near to it but 
become nearly straight lines, the same as for the sohd cathode, between 
the filament and grid The current-voltage characteristics may, how- 
ever, be considerably different 



CHAPTER 8 




SPACE-CHARGE EFFECTS 

8.1. Effects of Current Flow In the previous chapter a study was 
made of the potential fields inside of tubes in the absence of current flow 
Such studies can give only a partial picture of the true condition within a 
vacuum tube, for ordinarily currents will flow, and the presence of the 
electrons constitutmg the current introduces a distribution of charge 
known as ''space charge,'^ which changes the tube behavior The 
previous studies are perfectly valid in determining such things as the 
amphfication factor of tubes, for they can be applied to a condition of 
cutoff at which no current flows and yet at which the relative influence 
of the various electrodes is the same as for current flow For studies of 
such subjects as the variation of current with potential and the determina- 
tion of mutual conductance it is necessary to take into account the effect 
of currents and the corresponding space charge 

The effect of space charge is most readily studied in the case of the 
diode, and the results obtained from this study can then be extended to 
give the relations existing m triodes and multielectrode tubes Actually, 
this extension can be made only approximately, but enough information 
can be obtained to answer most purposes The most striking effects 
of space charge m a diode are to limit the current to a value determined by 
the three-halves power of plate voltage and to cause the potential distribu- 
tion withm the tube to be nonlinear 

In the plane-electrode diode the potential distribution in the absence 
of space charge is a straight Ime from one electrode to the other as shown 
in Fig 8 la In this case all the flux lines emanating from positive 
charges on the positive plate terminate on negative charges on the other 
plate, as shown m the same figure 

If now one of the electrodes is a cathode capable of emitting a small 
number of electrons and the other electrode is positive With respect to 
this, there will be some electrons in the field between the two electrodes 
moving toward the plate and some of the flux lines will terminate on 
electrons m the field as shown m Fig 8 16 The drawing has been con- 
ventionahzed and the umt of flux density chosen so that there is only one 
flux Ime to each electron Because of the negative charge in the field, the 
potential at any pomt will be less than in the previous case Accordingly 
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the potential profile will be pulled down and will be a curve concave 
upward at every point below the straight line, with the same mitial and 
final values If instead of negative electrons there had been positive 
ions m the field, the profile would have been moved up and would have 
formed a continuous curve concave downward at every point above the 
straight-line charge-free potential 
profile 

If the cathode is capable of emit- 
ting an unlimited number of elec- 
trons, the current will limit itself to a 
definite value because of the mutual 
repulsion between the electrons and 
because of the fact that the potential 
contour can be depressed only until 
its slope at the cathode is zero 
There is an equilibrium here, for, as 
shown in Fig 8 Ic, if m some manner 
the slope could be made less than zero 
at the cathode, the electrons startmg 
out would be forced to return to the 
cathode, no current would flow, the 
space charge would be reduced, and 
the potential contour would lift until 
its slope was zero at the cathode, at 
which point an equilibrium would be 
reached If in some manner the 
slope were greater than zero at the 
cathode, more electrons would be 
encouraged to leave the vicinity of 
the cathode, the space charge would 
be increased, the potential-distribu- 
tion curve would be depressed, and 
this action would continue until the 
slope at the cathode again became 
zero The zero slope at the cathode indicates that the charge on the 
cathode is zero, which means that the flux lines emanating from charges 
on the positive plate all termmate on electrons m the field and that none 
of them get through to the cathode In the case of the current limited by 
space charge, the potential distribution is a four-thirds-power law, as will 
be shown presently In this case also, the current varies as the three- 
halves power of the potential on the plate 

The reason for the three-halves-power variation of current with poten- 


SMALL CURRENT 
(b) 



fc) 

Fig 8 1 — Electric flux lines and poten- 
tial distribution in a plane-electrode 
diode for various degrees of space charge 
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tial can be shown from simple theoretical considerations In Fig 8 Ic 
it IS seen that the space-charge-limited diode is roughly equivalent to a 
condenser As is the case in a condenser, charge on the plate and hence 
also m the interelectrode space is proportional to the potential The 
current density is the product of the space-charge density and the 
velocity of the electrons at that point The velocity of the electrons is 
proportional to the square root of potential so that the current density, 
which is the product of charge and velocity, is proportional to the thiee- 
halves power of potential Although the above is not a very rigorous 
demonstration of the validity of the three-halves-power law of current, 
it will at least make the relation seem reasonable A more rigoious 
demonstration will be undertaken in the next section 

8,2. Plane -electrode Space-charge Flow. The relations botwecni 
potential, distance, and current in the plane-electrode case can be 
obtained from Poisson^s equation, the energy equation, and the relation 
between current, charge, and velocity 

Poisson’s equation in the one-dimensional case reduces to 


dW _ p 

dx^ to 


(8 1 ) 


where V is potential, p is volumetric space-charge density, and to is the 
dielectric constant of free space in rationalized mks units 
The energy equation has the form 

= Ve (8 2) 


where m and e are the mass and charge of the electron and v is the velocity 
at any potential V Electrical quantities are in practical units, and 
physical quantities are m mks units This assumes that the electron has 
started from rest at a pomt of zero potential 

The relation between current density, charge, and velocity is 

J = pv (8 3) 

The three equations above suffice for a determination of all the rela- 
tions involved m a parallel-electrode space-charge flow If p is expressed 
m terms of J and V from Eqs (8 2) and (8 3) and the resulting expression 
substituted mto Eq (8 1), 


dx^ to \ 2e 


(8 4) 


where J is now the magmtude of the current density, actually electronic 
flow m the positive x direction is negative A first integration is achieved 

dV 

by multiplymg both sides of Eq (8 4) by 2 ^ and integrating, 
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/dV\ 4J 

Xs) 

The constant of integration is zero because the gradient is zero when the 
potential is zero 

A second integration gives 


47^4 


/ 4/ jm 
\zo yYe 


X C2 


(8 6 ) 


in which the constant is again zero because the potential is taken as zero 
when the distance is zero Solving for current density, 


J = 


4eo 


Im 

Numerically this is equal to 


amperes per unit area 


(8 7) 


J = 


2 335 X 10 - 67 ^ 


amperes per unit area 


(8 8 ) 


If X IS in centimeters, the current density is in amperes per square centi- 
meter 

From the above equations it is seen that the current vanes as the 
three-halves power of potential and inversely as the square of the distance 
The last two equations constitute the Child-Langmmr space-charge law. 
It has been verified experimentally If the equations be solved for 
potential, there results 

V = 5,680/%^ (8 9) 

showing that the potential varies as the four-thirds power of distance 
between cathode and plate 

Values of current density m terms of distance and potential are given 
in the curves of Fig 8 2 

It IS of interest to note how various other factors vary with distance 
The gradient of potential is given by the derivative of potential with 
distance- Hence 

E = (8 10) 


^ ChiLiD, D C , Discharge from Hot CaO, Phys Rev , vol 32, pp 492-511, May, 
1911 

2 Langmuir, I , The Effect of Space Charge and Residual Gases on Thermionic 
Currents in High Vacuum, Phys Rev , Ser4,2, vol 2, pp 450-486, December, 1913 

3 Langmuir, I , and K B Blodgett, Currents Limited by Space Charge between 
Coaxial Cylinders, Phys Rev , Ser 2, vol 22, pp 347-357, October, 1923 
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Velocity vanes as the square root of potential, and therefore 

V = (8 11 ) 

Space-charge density varies inversely as velocity, from Eq (8 3), since 
the current density is constant, thus 

P = (8 12) 

Curves showmg the variation of these vanous factors are shown m 
Figs 8 3a and b Here it is seen that the potential and gradient are zero 
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Fig 8 2 — Cuirent density in a plane-electrode diode as a fnno- 
tion of voltage and electrode spacing, Eq (8 8) 

at the ^thode Since the velocity was assumed zero at this point, the 
pace-charge density is theoretically infimte here Actually, the elec- 
teop start mth a smaU fimte velocity rather than with zero velocity so 
that the gradient is imtiaUy negative for a small distance, passes through a 
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naininiuni at a small negative potential, and then mcreases In spite of 
this difference, the Child-Langmuir law is quite accurate except for very 
low values of potential corresponding to the average velocity of emission, 
which IS of the order of a few volts 

8.3, Cylindncal-electrode Space-charge Flow When the electrode 
structure consists of two concentric cylinders the inner of which is capable 
of emitting electrons, the space-charge-limited current still varies with the 



Fig 8 3a — Curves of potential, gradient, space-charge den- 
sity, and velocity as a function of mterelectrode distance in 
a space-charge-saturated plane diode, linear scales 


three-halves power of the voltage but the effect of the electrode dimen- 
sions IS a little more complex 

The behavior of the cylindrical diode can be studied m ]ust the same 
way as the plane-electrode diode, but in this case it is necessary to use 
cylindrical coordinates Actually, this does not complicate the problem 
too much, for the conditions of symmetry are such that, at any fixed 
radial distance, conditions are the same regardless of angle The problem 
is thus still a one-dimensional one 

For this case Poisson’s equation reduces to 


1 ± 
r dr 



P 

eo 


(8 13) 


The same energy equation as for the plane-electrode case holds, 

= eV (8 2) 
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Current density at any radial distance r is given by 

J{t) = pv (8 14) 

Since the current density vanes with radial distance, it is more convenient 
to express the space-charge density in terms of total current per unit 
length of axis 

^ = %nJ{r) (8 15) 

= 2nrrpv (8 16) 

where I is the total current passing at nght angles through an imaginary 
cylinder of radius r and length I 



Fig 8 Zh — Same as Fig 8 3a, plotted with logarithmic scales 

Expressmg the nght side of Eq (8 13) in terms of I and V from Eqs 
(8 2) and (8 16), 
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which may also be wntten as 


^ , 1 ^^/ Fm 
dr* T dr to\2eY 


(818 


An approximate solution of Eq (8 18) can be obtained by observini 
that for large values of r the second term of the left member of the equfr 
tion IS negligible If this term is dropped, the resultmg equation is the 
same as Eq (8 4) for the plane-dectrode case so that the solution foi 
large values of r would be expected to be the same m both cases Thut 


2 335 X 10-«7H 
r* 


amperes per umt length of axis 


(819) 


or 

I _ 2r X 2 335 X 10-«y»* 

I r 


amperes per imit length of axis (8 20) 


These approximate equations hold withm 10 per cent for values of i 
greater than ten times the cathode radius 

A more exact solution is obtained by assunung that the expression foi 
current is of tlie form 


7 XFW 
I rj9* 


(8 21 ) 


where j8* is a function of the ratio of the radius at any pomt to the cathode 
radius ^ Substituting Eq (8 21) mto Eq (8 17) gives 


This can be simphfied shghtly by letting u = In 


a logical substitu- 


tion because the space-charge-free potential is expressible m this form 
With this dhange of variable, 


This may be solved by senes, the solution being 
- _ 2it* . 11«* 47«* I 

^ “ 5 120 3,300 


(8 23) 


(8 24) 


This expression is valid for either an mtemal or an external cathode. 
^LuraudiB, op at 



176 


VACUUM TUBES 


Values of i8® have been calculated by Langmuir by means of this senes 
and other equivalent expressions which are more convement for large 
values of «. In Table V are tabulated the values of and m Fig 8 4 

7 * T 

IS shown a curve of as a function of — It is seen that for ratios of — 

Tc n 

greater than 7 the value of differs from 1 by less than 10 per cent, thus 



substantiatmg the approximate form of the equation for current, previ- 
ously given In the chart of Fig 8 5 is given the current per umt length 
of axis for various voltages and various values of plate radius for the case 
m which has the value of 1 For other values of the current obtained 
from this chart must be divided by the value of 13^ as obtained from Fig 
84 

In practical umts the expression for current is 
I 14 66 X 

1 amperes per unit length of axis (8 25) 

Smce the current per unit length of axis is a constant, for a constant 
plate voltage, the variation of potential with radial distance r is given by 

y = (8 26) 

in which It must be recogmzed that is not a constant but a function of 
the radial distance r Velocity of the electron is given by the square 
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Fig 8 5 — Nomographic chart of hnear current density as a function of potential 
and plate radius in a cylindrical diode (jS* = 1) 

root of potential, and thus 

V = (8 27) 

From Eq (8 16), space-charge density is the reciprocal of the product of 
velocity and radial distance r, 

kz 


(8 28) 
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TABLE V 

VALUES OF AS A FUNCTION OF AS GIVEN BY EQ (8 24) 


(/S® applies where r > rc, applies where r < Tc) 


r re 
- or — 
re r 

/S* 

-/8* 

r re 

— or — 

Te r 


-/S’ 

1 00 

0 0000 

0 0000 

3 8 

0 

6420 

5 3795 

1 01 

0 00010 

0 00010 

4 0 

0 

6671 

6 0601 

1 02 

0 00039 

0 00040 

4 2 

0 

6902 

6 7705 

1 04 

0 00149 

0 00159 

4 4 

0 

7115 

7 5096 

1 06 

0 00324 

0 00356 

4 6 

0 

7313 

8 2763 

1 08 

0 00557 

0 00630 

4 8 

0 

7496 

9 0696 

1 10 

0 00842 

0 00980 

5 0 

0 

7666 

9 887 

1 15 

0 01747 

0 02186 

5 2 

0 

7825 

10 733 

1 20 

0 02815 

0 03849 

5 4 

0 

7973 

11 601 

1 30 

0 05589 

0 08504 

5 6 

0 

8111 

12 493 

1 40 

0 08672 

0 14856 

5 8 

0 

8241 

13 407 

1 50 

0 11934 

0 2282 

6 0 

0 

8362 

14 343 

1 60 

0 1525 

0 3233 

6 5 

0 

8635 

16 777 

1 70 

0 1854 

0 4332 

7 0 

0 

8870 

19 337 

1 80 

0 2177 

0 5572 

7 5 

0 

9074 

22 015 

1 90 

0 2491 

0 6947 

8 0 

0 

9253 

24 805 

2 0 

0 2793 

0 8454 

8 5 

0 

9410 

27 701 

2 1 

0 3083 

1 0086 

9 0 

0 

9548 

30 698 

2 2 

0 3361 

1 1840 

9 5 

0 

9672 

33 791 

2 3 

0 3626 

1 3712 

10 0 

0 

9782 

36 976 

2 4 

0 3879 

1 5697 

12 0 

1 

0122 

50 559 

2 5 

0 4121 

1 7792 

16 0 

1 

0513 

81 203 

2 6 

0 4351 

1 9995 

20 0 

1 

0715 

115 64 

2 7 

0 4571 

2 2301 

40 0 

1 

0946 

327 01 

2 8 

0 4780 

2 4708 

80 0 

1 

0845 

867 11 

2 9 

0 4980 

2 7214 

100 0 

1 

0782 

1174 9 

3 0 

0 5170 

2 9814 

200 0 

1 

0562 

2946 1 

3 2 

0 5526 

3 5293 

500 0 

1 

0307 

9502 2 

3 4 

0 5851 

4 1126 

00 

1 

000 

CO 

3 6 

0 6148 

4 7298 






For small u 

= uKl - 0 8u + 0 + ) 

dB^ 

^ = 2w - 24u* 4-1 374u» - 0 509w^ + 


where u » In — 
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Gradient of potential is given by the negative derivative of potential, 


E = 


dr 


(8 29) 


For radial distance r equal to Tc both the numerator and the denommator 
of the expression for E are zero However, the numerator is a zero of 



Fig 8 6a — Curves of potential, gradient, space-charge density, 
and velocity as a function of radial distance in a space-charge- 


saturated cyhndrical diode, 



higher order, as may be checked by referring to the senes for and there- 
fore the gradient is zero for r equal to Vc In plottmg a curve of the 
gradient the derivative of must be evaluated numencally from the 
table of values of Curves of 7, E, v, and p for a typical cylindrical 
tnode are shown m Fig 8 6 for two ratios of plate to cathode radii 
Curves for other radii have forms similar to those shown Although 
not evident from the appearance of the curves, the potential profile 
leaves the cathode with zero slope, having a considerable change of 
slope m a short distance This can also be seen from the senes expan- 
sion of the expression for potential near the cathode, the first term of 
which is 




( 830 ) 
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From this it can also be seen that the gradient has the value of zero at 
the cathode 

In all the foregoing it has been assumed that the cathode cylmder is 
gmaJIftr than the plate cylmder The formulas are also vahd if the 
cathode is the outer cylmder, though tubes are rarely built this way 
It imght be thought that if the cathode were the outer cylmder a greater 
current would flow for a given voltage than if it were the inner cyhnder 
because the same current would be distributed through a greater volume 
where its velocity is lowest Exammation of the numerical values shows 
that this IS not so, however When the cathode is the outer cylinder, the 



Distance from cathode center, r units 


Fig 8 &b — Same as Fig 8 6o, = 2 

functon /3® mcreases very rapidly as the ratio of plate to cathode radius 
decreases As a result, the current is actually less when the cathode is 
the outer cyhnder, for although the factor r m Eq (8 21) is decreased, 
the factor /S* has mcreased more than enough to offset this 

It IS of mterest to compare Eqs (8 8) and (8 25) for the plane and 
cyhnder case If Eq. (8 25) is divided by 27 rr, it then resembles Eq 
(8 8) except that x is replaced by rj3 When r is very large, /3 approaches 
umty and the expressions become identical When r is only shghtly 

larger than n, is approximately equal to In { - ) and hence to — > 

With the result that the factor r/S nearly equals r — Tc and the expres- 
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sums for current density again approach identity with x replaced by 

r — ffl This identity is expected for values of — near unity; for here 

the electrode spacmg is small compared with the radu, and a plane struc- 
ture IS approximated The fact that Ijq.s (8 8) and (8 25) are identical 

for liTwitiTig values of the ratio — does not mean that they are nearly 

Tc 

|> 

equal for all mtermediate values For values of — between 4 and 20 

the value of current density as calculated from the plane-electrode 
formula exceeds that obtamed from the cyhndncal-electrode formula 
by nearly 20 per cent This is the maximum discrepancy that can occur. 

8 4. Space-charge Flow for Other Geometries. Spkenedl Bledsrodes 
The equations for space-charge flow of current can also be derived for 
concentric sphencal electrodes ^ For this case it is found that the cur- 
rent vanes as the three-halves power of potential and is mversely pro- 
portional to a dimensionless function of the ratio of plate and cathode 
radius The total current is given by 

I = — ^ 5 — amperes (8 31) 


where V is the potential difference between the sphencal electrodes m 


volts and a is a function of u = In 



given by 


a = 1* - 0 3tt* + 0 075u* - 0 00143«‘ + 0 00216«» - (8 32) 


This expression for a is valid whether the cathode is external or mtemal 
Values of a for the sphencal case and of fi for the cyhndncal case are 

equal withm 2 per cent for values of — between 0 65 and 1 35 For 

Tc 

values of - less than 1 a differs not more than 10 per cent from the larger 

To 

value of iS * For values of - very nearly equal to 1 the current density 

Tc 

approaches that for plane electrodes 

The Oeneral Case The observation that the current vanes with the 
three-halves power of potential for plane, cylmdncal, and sphencal 
electrodes leads one to believe that this is the case for electrodes of any 
shape Actually this is so, but the conclusion must be exammed care- 
fully, for the three cases enumerated are special cases m which the elec- 
^ Langbcuib, I , and K T Compton, Eleotncal Discharges m Gases, Fart n, 
Rev Modem Phye , vol 13, pp 191-257, April, 1981 
^See Appendix Vll for values of 
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troDS move in straight Imes perpendicular to the equipotential surfaces 
For other geometnes this is not necessarily so For electrodes of other 
shapes the electrons voU in general cut across the lines of electric force 
and move m curved paths 

The validity of the three-halves-power law of potential can however 
be shown by a simple dimensional analysis of the basic equations from 
which the current laws were developed These are Poisson’s equations, 

^ (8 33) 

£o 

the energy equation 

= eV (8 34) 

and the current-density expression 

J = pv (8 35) 

In previous cases the quantities in the last equation above have been 
treated as scalar quantities, but in the general case current density and 
velocity must be treated as vector quantities because they do not neces- 
sarily have the direction of the gradient of potential 

Consider now what happens if the potential is increased by a factor A* 

If the electrons move m a curved path, their centripetal force 

where R is the instantaneous radius of curvature, must equal the force 
due to the component of the gradient of potential normal to the path, 
eV„F From Eq (8 34) the centnpetal force will have mcreased by a 
factor It, and likewise the gradient will have mcreased by the same factor, 
so that the shape of the electron paths will be unchanged This is the 
same conclusion that was reached in the case of the space-charge-free 
fields Once this is estabhshed, the final conclusion follows immediately 
From Eq (8 33) the space-charge density is mcreased by a factor jt, 
and from Eq (8 34) the velocity is mcreased by a factor Hence, by 
Eq (8 35), the current density is mcreased by a factor k^, and the gen- 
eral validity of the three-halves-power law of potential for electrons 
startmg from rest is estabhshed. 

It can also be shown by th^ same type of reasomng that, if an elec- 
trode structure is enlarged by a factor n mamtammg geometrical similarity 
and voltages are kept unchanged, then if the current is space-charge- 
hmited, the current is also unchanged From Eq (8 33) space-charge 
density is decreased by a factor n*, and hence current density is decreased 
by a factor of from Eq (8 35), velocity at correspondmg pomts m the 
ongmal and enlarged structure bemg the same However, since the total 
area over which the current density is summed is mcreased by a factor of 
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n®, it IS seen that the total current is unchanged if the voltages are 
unchanged 

8 5. Current Law for Plane Tnodes It is found experimentally m 
triodes that the total current released from the emitter is very nearly 

proportional to the three-halves power of the eqmvalent voltage, 7, -I-—- 

fj. 

This IS most readily shown by plotting curves of constant space current, 



Equivalent plate Volta 


Fig 8 7 — Current as a function of equivalent voltage m a 
210 triode 

z e , the sum of plate and grid current, agamst equivalent voltage on 
logarithmic paper All points and curves so plotted tend to fall on the 
same straight line, which has a slope of nearly % Slight departures from 
the slope of % are sometimes encountered because of initial electron 
velocity, the Schottky effect, and because of potential drop along the 
emitter The relation holds whether the grid is negative or positive even 
though the space current in the fii-st case is all plate current and m the 
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second case is the sum of gnd and plate current This is m accord with 
the reasoning presented m the previous section 

The correlation between the theory and experiment is sufficiently good 
so that m general it is a very good approximation to write 

/ = + = + (8 36) 

m which A: IB a constant to be determined later 

The equivalent voltage referred to here is the same as the equivalent 
voltage encountered m the study of the space-charge-free potential dis- 
tributions m tubes There it was found that the o£f-cathode gradient 



was a bnear function of the equivalent voltage just as the cathode gradi- 
ent of the space-charge-free diode is directly proportional to the plate 
potential Here the space current depends upon the three-halves power 
of the equivalent potential just as the saturated diode current is pro- 
portional to the three-halves power of the plate potential This is 
strictly true only when the space charge m the gnd-plate region is 
negligible A curve showing how the space current vanes with equivalent 
voltage m a tjrpical tnode is given m Fig 8 7 

The fact ihat the relative effectiveness of the plate and gnd m con- 
trolling current flow is the same for a great range of current is shown by 
plotting contours of constant space current against axes of gnd and plate 
voltage Such a set of curves is shown m Fig 8 8 It is seen that the 
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curves are substantially straight lines whose slope by definition is — 

A* 

The constancy of the slope of these straight-lme curves attests to the 
constancy of the amphfication factor It will be observed that for very 
small currents the slope decreases, mdicatmg a lower amplification factor 
This is explained by the fact that the amphfication factor of aU parts of 
the electrode structure is not the same, with the result that the parts 
with the highest ju cut off first, leaving current to pass through the parts 
of lower /! Vanations m the magnitude of the amphfication factor, 
which actually is an equivalent amplification factor of a number of areas 
with shghtly different factors connected m parallel, also account for 
shght departures of the current 
law from a stnct three-halves 
power law 

Current Law in Terms of Elec- 
trode Dimensions The coefficient 
of the current law given m Eq 
(8 36) can be evaluated by fittmg 
the tnode electrode potentials to 
the diode law for a particular com- 
bination of potentials and then 
assuming that the relation which 
holds for this particular case holds 
for all combmations by virtue of 
the experimental observations *■ 

Consider a plane-electrode tn- 
ode, and imagine first that the 
gnd IS not present and that there 
is a space-charge-hmited current 
flow from cathode to plate Then 
if the gnd were inserted at a positive potential correspondmg to that 
which existed at its location before its msertion, its presence would not 
disturb the existing potential distnbution and would not change the 
magnitude of the plate current Smce the equivalent voltage can now 
be determmed for a given current, the constant of Eq (8 36) can be 
evaluated When this constant is known for one combmation of poten- 
tials, our experimental observations show that it is the same for all com- 
binations of potentials and thus the current law for tnodes is determmed 
in terms of the electrode dimensions 

The distribution of potentials referred to above is shown m Fig 8 9 
Here it is seen that the potential distnbution from cathode to plate is a 

^ Fbbmun, J H , Calculation of Tnode Constants, Elec Commun , July, 1939 



Fig 8 9 — ^Potential distnbution m. a posi- 
tive-gnd tnode with gnd at its natural 
potential 
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four-thirds-power-law curve as in the case of the diode On this basis, 
the relation between the current density, the diode plate potential Vp, 
and the cathode-plate distance is 

J = , ^ amperes per unit area (8 37) 

(top 

where is 2 336 X 10“* Let this be wntten m the form 

Vp = (8 38) 

The grid is inserted with the potential that would exist m the diode at 
the location of the gnd plane as shown in the figure The relation for 
current density, positive gnd potential, and cathode-gnd distance is 

= (8 39) 


But the experunental observation in keepmg with theoretical con- 
siderations IS that 


J = k 



(8 40) 


Substitutions from Eqs (8 36) and (8 37) give 

K yj-^aeg^ 

J 


so that 


or, numencally. 




k = 


k = 


K 

K 


2 335 X 10-« 


As a result, the expression for current is 


(8 41) 
(8 42) 


(8 43) 


J = 



amperes per 
umt area 


(8 44) 


This IS the expression that has been sought and that has been the object 
of the above development It is seen to be of the same form as the expres- 
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Sion for the diode current density of Eq (8 8) There is good eicpen- 
mental venfication of Eq (8 44) 

It may also be seen that the space-charge-saturated’equivalent-diode 
spacing of the tnode is 




(8 45) 


A nomograph givmg the space-charge-saturated equivalent-diode spacmg 
of a tnode m terms of the cathode-gnd distance, the cathode-plate dis- 



rated plane-electrode tnode 

tance, and the amplification factor is given m Fig 8 10 It should be 
noted that the space-charge-saturated equivalent-diode spacmg of a 
tnode given here is somewhat different from the space-charge-free 
equivalent-diode spacmg given m Eq (7 53) of the chapter on Electro- 
static Field of a Tnode Each is shghtly greater than the cathode- 
gnd distance For a m of 10 and a ratio of cathode-plate to cathode-gnd 
spacing of 5 the value of diode spacmg from Eq (8 45) is only 6 per cent 
greater than that from Eq (7 53) For large values of n the difference 
IS even less Vanous attempts have been made to devise expressions for 
the tnode current and mutual conductance m terms of the space-charge- 



188 


VACUUM TUBES 


free eqmvalent-daode spacing, but all these are subject to an inescapable 
error ^ 

8 6. Mutual Conductance of a Plane Triode. The mutual conduct- 
ance is easily obtained from the expression for current density of p]q. 
(8 44). By definition, 


_ al _ 



(8 4(;) 


Performing this operation on Eq (8 44), 



This can also be wntten in the form 


2 64 X 10-VW 


1 + 1 

L A 

\degj 

HI 


amperes per volt 
per umt area 


(8 47) 


amperes per volt . . 
per unit area ^ 


As, far as tube geometry is concerned, the mutual conductance of a 
tnode depends primarily upon the cathode-grid spacing The smaller 
the cathode-gnd spacing, the larger the mutual conductance The 
mutual conductance also mcreases, though to a smaller extent, as the 
ratio of cathode-plate to cathode-gnd spacing is decreased and as 
the amphfication factor is mcreased 

It will be observed further that the mutual conductance increases as 
both the equivalent voltage and the current are increased A specifica- 
tion of mutual conductance is really meamngless unless the corresponding 
voltages are also mdicated The vanation of mutual conductance with 
the one-third power of current is a general law that holds well for all 
types of tubes, including pentodes as well as triodes 

8.7. Mutual Conductance of a Cylindneal Tnode The current law 
and mutual conductance of cylmdneal triodes are readily evaluated by 
an analysis similar to that used for the plane-electrode tnode The 
current is given by 


I 

I 


14 66 X 10-» (v, + 



amperes per 
umt length 


(8 49) 


1 Walker, G B , Theory of the Equivalent Diode, Wireless Engr , vol 24, pp 
5-7, January, 1947 
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where r, and rj, are gnd and plate radu and the combination subscripts 
indicate that is to be determined by the ratio of the radu of the elec- 
trodes mdicated by the subscnpts 
The mutual conductance is 


22 0 X io-« 

r 1 /r a 

J 


amperes per volt 
per umt length 


(8 50) 


8 8 Effect of Filamentary Emitters. When tubes have filaments 
instead of solid cathodes, a number of effects contribute to makmg the 



behavior different from that of tubes with sohd cathodes Foremost 
among these is the voltage drop along the filament, which may cause 
considerable divergence from the simple three-halves power of current 
with voltage If the plate current is returned to the negative filament 
lead, the current is at all times less than that for a unipotential cathode 
but becomes nearly equal to that value for large values of the ratio of 
plate to filament voltage The ratio of the current without to that with a 

unipotential filament is shown in Fig 8 11 This is essentially a cor- 
rection factor for the fact that the filament potential is not uniform 
The ratio of currents is 0 4 for a plate- to filament-voltage ratio of 1, 
dropping linearly to 0 with this ratio for plate voltages less than the 
filament voltage When the plate voltage exceeds the filament voltage 
by more than a factor of 15, the current ratio is withm 5 per cent of unity 
The above results are arrived at by mtegratmg the emission effect 
along the filament, taking into account the different potential differences 
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to the plate at each point Every element of length of the filament 
contributes a current 


dl 


14 66 X 10-^[V(x)]^ dx 
rp/32 


(8 51) 


which may be written more simply as 

dl = G[V(x)]^^ dx (8 52) 

m which G is the so-called ''perveance” of the tube The perveance 
IS simply the coefficient of the voltage factor m the Child-Langmuir law. 
It contams the geometrical factors of the tube and has dimensions of 
current per unit length per volt^. 

It IS necessary to mtroduce the potential difference between the fiila- 
ment and plate as a function of distance along the filament This is 


7(rc) = V,-^Vf 


(8 53) 


where Vp is the plate potential relative to the negative filament lead, x 
13 the distance from the negative end of the filament, I is the length of 
the filament, and F/ is the potential drop along the filament With this 
substitution, Eq (8 52) must be integrated from 0 to Z The results of 
this operation fall mto two parts 
Case I Vp < Vf leads to 

(8 54) 

Case II Vp > Vf leads to 

/ = (F^_ 7,)«] (8 55) 

For purposes of computation Eq (8 55) is best put m the form of the 
senes 


All the above equations for current can be put into the form 

I = GIVp’^f(^^ (8 57) 

m which F '•'^6 current ratio plotted m Fig 811. 

Some difficulty is occasionally encountered m calculating currents 
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’m tubes ■with filaments and plane electrodes Neither the plane- nor 
the cylmdncal-eleetrode formulas -will fit directly here Experimentally 
it IS foimd that there is an equivalent filament area which may be 
apphed This equivalent area is obtamed by projectmg the filament onto 
the filament plane and surroimdmg it by a band twice as ■wide as the dis- 
tance from the filament to the nearest electrode This equivalent area 
may be used either to obtam current m diodes or to obtam current or 
mutual conductance m tnodes The same concept may be apphed to 
hehcal filaments m cyhndncal-electrode tubes 

8.9 Effect of Initial Electron Velocity. In all the foregomg analyses 
it has been assumed that the electrons start ■with zero velocity from a 
pomt of zero potential This is not 
qmte correct because of the mecha- 
nism of electron emission Actually, 
electrons havmg zero velocity would 
never get started from a cathode m 
the presence of space-charge satura- 
tion The electrons come off from 
the emitter with a Maxwellian distri- 
bution of velocities rangmg from zero 
to infinit y The distribution is such 
that 90 per cent of the electrons have 
velocities below volt at usual 
cathode temperatures, and fewer and 
fewer have successively higher 
velocities 

A good idea of what the actual 
potential distribution is when the 
ini t,ifl.1 velocities are considered may 
be qbtamed by assuming that aU 
electrons leave the cathode ■with the same normal velocity Because of 
the ini tial velocity, the gradient at the cathode may and does become 
negative, and the potential curve moves down until it has a TTumTnum 
somewhere close to the cathode at which the potential is negative and 
corresponds to the velocity of emission For this condition the electrons 
are slowed down until they all come to rest at the potential mimmum 
From this pomt, which acts like an ideal cathode and which is called a 
“virtual” cathode, the electrons may start m either direction, eithei 
bemg returned to the cathode or gomg to the plate 

For a condition of space-charge saturation the potential distnbutior 
on either side of the ■virtual cathode will follow the four-thirds-power law 
The location of the potential minimum will be determmed by the fractior 



Fig 8 12 — ^Potential distribution in 
a plane-electrode diode for the case of 
uniform mitial velocity of emission 
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of the current that goes on to the plate A typical potential distribution 
IS shown in Fig 8 12 

Let it be assumed that the fraction of the emitted current which 
continues on to the plate is given by P Then if the emitted current per 
umt area is J the current to the right of the potential mmumnn is PJ^ 
and that to the left is (2 — P) The current to the left of the mim- 
mum is made up of the emitted current Je going m one direction and the 
returning current (1 - P)/« gomg m the other As far as the space- 
charge effects are concerned, the directions of these current components 
are immaterial because the charge densities add regardless of sign 

The relation between current, potential, and distance to the right 
of the minimum is given by 


_ 2 335 Xl0-«(7 + 7«.)H 

' {X - 


amperes per 
umt area 


(8 68 ) 


where 7 is potential with cathode potential taken as zero, Vm is the 
magmtude of the negative potential at the nunimum, x is the distance 
measured from the cathode, and Xm is the distance from the cathode to 
the TYnTnmnTYi 

Similarly the relation to the left of the minimum is 


(2 - P)J, = 2 . 335 X 10 -«( 7 . + 7 )H amperes per 

{Xrn. — xY umt area ^ ^ 

where 7 and Vm are magmtudes of potential Equations (8 58) and 
(8 59) give the potential distribution if the magnitude and the location 
of the potential minimum and the fraction of the transmitted current are 
known 

To determme the factors m terms of which Eqs (8 58) and (8 59) 
are expressed let these two equations be evaluated at the plate and 
cathode, respectively Then 


and 


^ 2 335 X 10~^(7p - 7m)^^ amperes per 
(xcp “ a^m)^ umt area 

(2 — P) J = ^335 X 10~^(7n>)^'" amperes per 


umt area 

Takmg the ratio of these two expressions and solving for a^, 

*■‘-(*-^( 1 - 0 " 

from which the location of the potential minimum can he determined 


(8 60) 
(8 61) 

(8 62) 
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for any assumed fraction of transmitted current The magmtude of the 
potential at the minimum is known from the initial velocity 

The results of the above analysis are not exact because m the acjtual 
case there is a distnbution of velocities, with the result that the position 
and magmtude of the potential minimum and also the fraction of the 
transmitted current are umquely determined from the potential and 
cathode temperature An exact analysis considermg the velocity dis- 
tribution IS given by Langmuir ^ The exact expressions are quite 
mvolved, but some approximate expressions which are accurate to within 
about 2 per cent take the followmg form 

^ , _ 2 335 X f, 0 0247?^ ] ,, 

(x~-x-r L’- " (Fp 

where Je is emitted current per umt area 

PJe IS current per umt area passmg potential minimum 
Vp IS plate potential 

Vm IS magmtude of mimmum potential relative to cathode 
Xcp IS cathode-plate distance 
Xm IS cathode-potential-mmimum distance 
T IS cathode temperature, ®K 
The location of the potential mimmum is given by 

= 0 0156(1, 000/)-^^ (8 64) 

The corresponding magnitude of potential minimum is 

’"--(cSb) '»*■•(?) 

where P is the fraction of the emitted current transmitted to the plate 
The exact relations for space-charge-saturated flow with mitial 
electron velocity are given by Langmuir m the form of the umversal 
curve I of Fig 8 13 This curve gives potential as a function of distance 
with the origin arbitrarily taken at the potential mimmum For com- 
panson there are also shown the potential-distnbution curves of Eqs 
(8 63) and (8 8) as curves II and III, respectively It is seen that the 
actual potential distribution is considerably different from that of the 
Child-Langmuir law beyond the potential minimum and is totally differ^ 
ent from a four-thirds-power law to the left of the potential minimum 
except m its immediate vicinity 

A study of the approximate relations given above and of the universal 
potential-distribution curve reveals the followmg effects of mitial velocity 
1 Lanomuib and Compton, op cut , Part II, p 241 
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upon sp 8 )C 0 “cli 3 »rg 6 flow. Tli6 Isiigor tli6 oniittGcl currGnt odid. tliG c&’th.od.G 
temperature, the greater the magnitude of the potential minimum The 
lower the cathode temperature and. the larger the plate potential, the 
closer the potential TniTiiTmini approaches the cathode and the lower it 
becomes The plate current considermg mitial velocity is larger than 
that obtamed from the Child-Langmuir law because the potential differ- 
ence between the virtual cathode at the potential mimmum and the plate 



Fig 8 13 — ^Universal diode potential-distribution curve including effect of Max- 
wellian distribution of emission velocity (Langmuir) (See discussion on page 193 ) 


is greater than the actual plate potential, because the distance from the 
virtual cathode to the plate is less than the actual cathode-plate distance, 
and because the electrons leave the virtual cathode with an average 
velocity that is greater than zero 

The distance of the virtual cathode from the actual cathode may be 
appreciable For a cathode temperature of 1000°K and a transmitted 
current density of 1 ma per cm^, the distance from the cathode to the 
virtual cathode is approximately 0 006 in In modern close-spaced 
electrode tubes, this distance is by no means mappreciable 

When the fraction of the emitted current transmitted beyond the 
virtual cathode is not known, it is necessary to solve Eqs (8 63) to (8 65) 




SPACE-CHARGE EFFECTS 195 


by trial to determme the transmitted current for a given electrode 
spacmg, plate potential, and cathode temperature 

8.10 Effect of Space Charge upon Transit Time in Diodes. In 
general, the transit time m an electric field is given by the mtegral of the 
reciprocal of velocity vath respect to distance 


T = 



(8 66 ) 


For the plane-electrode diode the transit time with and without space 
charge is easily determined Without space charge the potential profile 
IS a straight line so that 

(8 67) 

(Ifcp 

where Y{x) is the potential at any distance x from the cathode, is 
the plate potential, and dcp is the cathode-plate distance The velocity 


at any point, assuming zero initial velocity ^ is then given by 






= (£) *'»> 

(8 68) 

so that the transit time is 

Vp jo 

(8 69) 

with the result that 

II 

(8 70) 


When space charge is present in the plane-electrode diode, then the 
potential follows a four-thirds-power law so that 


The velocity at any point is then given by 

■ (cT 


so that the transit time is 


Vf Jo 


dx 


(8 71) 


(8 72) 


(8 73) 


3do 


fQ 


With the result that 
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This IS seen to be of the same form as for the space-charge-free case, 
the only difference bemg that the time is 50 per cent greater 

For the cyhndncal-diode case in the absence of space charge the 
potential proffle is a logarithmic function 


V = 





(8 75) 


where r is the radial distance to any pomt and and Vp are cathode and 
plate radius, respectively The velocity at any pomt is 


V = 



(8 76) 


The transit time for this case is 


T - fc) [” * 

' V"” Ct) 

If the substitution 


(8 77) 


(8 78) 


be made, then the transit time is 


T = 



du 

y/u 


(8 79) 


This IS now m a form which can readily be evaluated by senes mtegration 
and m which it is apparent that the mtegral is not mfimte The results 
may be expressed m the form 


T = 



(8 80) 


where d is the distance between plate and cathode and B 
function of the ratio of plate to cathode radius given in Fig 



IS a 
It 
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IS seen that when the cathode is inside the transit time is less than that 
m the plane-electrode case for the same distance and potential 

When there is space charge present m the cylrndncal diode, the 
potential profile is given by 


V = 



(881) 


where r is the radius to any pomt and jS* is the function given m Fig 8 4, 
the subscnpts mdicatmg the distances determinmg the ratio for which 
the function is evaluated The velocity is 



The mtegral for the transit time is now 



If again the substitution of Eq (8 78) be made, 


(8 82) 


(8 83) 


(8 84) 


This IS readily evaluated numencally for small values of — 

Tc 

T 

values of - the form 

Te 



For large 


(8 85) 


IS more suitable for computation. The results of the computation can 
be put into the form^ 



(8 86 ) 


in which the function A 



IS that shown m Fig 8 14 


In this figure 


it IS seen that in the cylindrical diode with space charge and an mternal 
cathode the transit time is less than for the corresponding plane electrode 
but more than for the same case not space-charge-hmited In the 
^ Ferris, W H , Input Resistance of Vacuum Tubes as Ultra-high-frequency 
Amphfiers, Proc IRE, vol 24, pp 82-107, January, 1936 
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CTiives of Fig 8 14 are also included the values for cylindrical diodes 
with the cathode outside These are seen to have larger transit times 
t.Tifln the plane-electrode diode, which m turn has larger transit times 
the cylmdncal diode with the cathode mside 
8 11 Summary The primary effect of space charge in a tube is to 
the transmitted current follow a three-halves-power law of plate 
voltage In addition, it makes the plate current virtually independent 
of the filament voltage Modern tubes are designed so that the emission 
at rated voltages is more than sufl&cient to supply the cuirent lequired 



Fig 8 14 — ^Transit-time curves of a cylmfccal diode (Ferns) The parallel-plane 
case IS given by rp/ra = 1 


by the Child-Langmuir law Under these conditions the emission is 
said to be space-<harge4imited The nature of this saturation is shown 
m Fig 8 15 Here is shown the variation of the plate current m a diode 
with cathode heatmg power for different voltages If the cathode 
emission is not very great, a departure from the three-halves-power 
law of voltage occurs at relatively low voltage This occurs when the 
plate is coUectmg all the current emitted from the cathode and gives 
rise to what is known as temperature saturation This effect is shown 
m Fig 8 16 Here is shown the plate current m a diode as a function of 
plate voltage for various cathode powers For low voltages the curve 
follows the three-halves-power law, and then at some pomt determined 
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by the cathode emission the current becomes nearly independent of the 
plate voltage The nature of the saturation m this case depends upon 
the type of emitter With tungsten as an emitter, the emission is very 
nearly mdependent of plate voltage in the saturation range With 
thonated tungsten and even more so with oxide emitters the emission 
increases slowly with plate voltage m the saturation range This is 
because the emission depends upon the gradient at the cathode (Schottky 
effect) In the case of oxide emitters the mcreasmg gradient through the 



Fig 8 15 — Diode plate current as a function of cathode 
power 


emitter increases the liberation of emitting material in addition In a 
well-designed tube, temperature-saturation effects will not occur at 
rated voltages 

In addition to the three-halves-power law of voltage and the satura- 
tion effects mentioned above, space charge has the effect of reducmg the 
capacity between electrodes The capacity between the cathode and 
plate of a space-charge-saturated diode is three-fifths of that of the cold 
diode ^ Further, transit times are in general increased over the diode 

1 Llewellyn, F B , ^‘Electron Inertia Effects,” p 50, Cambridge, London, 1941 
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without space charge; being 50 per cent greater in the space-charge- 
saturated diode with plane electrodes 

Power relations are unchanged Although the voltage and gradient 
distribution are different in the presence of space charge and m its 
absence, the velocity of an electron is always the same relative to the 
potential, as is required by the energy equation (6 4) The power put 



Fig 8 16 — Diode plate current as a function of plate voltage 


into the tube, as evidenced by the product of the voltage across it and 
the current through it, appears m the form of heat at the plate The 
energy of impact of each electron is and the number of electrons 

striking the plate per umt area per second is — The product of these 

e 

is recognized as JV per unit area 
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TRIODE CHARACTERISTICS 

9 1 Control Action of the Grid. The triode m its commonest form 
consists of an emitter surrounded by a grid, which m turn is surrounded 
by a plate The gnd is usually a mesh of fine wires supported qmte close 
to the cathode The plate is spaced several times as far away The entire 
structure is supported m an evacuated glass or metal envelope with leads 
to the electrodes coming out through glass on the bottom of the tube 

The outstandmg feature of the triode is the ability of the gnd to 
control the flow of current to the plate without itself drawing any current 
As a result of this property, a small voltage on the gnd is capable of 
producing a large voltage drop in the plate circuit Because of the fact 
that the gnd draws no current, the triode, at all but very high frequencies, 
IS a voltage-operated device m that virtually no power is required to 
operate the tube The term electric valve” for a vacuum tube is 
particularly expressive because the grid has an electncal valve action 
Vacuum tubes do not really amplify power Actually, the gnd controls 
the flow of power from the plate power supply 

In the chapter on Electrostatic Field of a Tnode it was shown that 
both the plate and the gnd electrodes were able to control the gradient 
of potential m front of the cathode It was also shown that the gnd was 
much more effective in so controllmg the off-cathode gradient, m fact, 
fjL times as effective When a tube is conducting, the negative charge 
of the electrons passing through the tube produces a space charge that 
alters the potential distribution in the tube, particularly m the vicimty 
of the cathode, but the control property of the gnd is not impaired 
The potential distnbution between the cathode and gnd, for usual 
combinations of potentials, is now a curve that is concave upward 
(for plane electrodes) instead of being nearly a straight line The 
positive plate potential reaches through the gnd and causes the potential 
on the cathode side of the grid to be positive Electrons are drawn off 
the cathode into this region of positive potential and are drawn to the 
positive plate between the negative-grid wires from whose numedicite 
vicimty, however, they are strongly repelled The negative control 
gnd easily regulates the degree of positiveness of the potential before 
the cathode This the gnd is able to do pnmanly because of its greater 
proximity to the cathode 
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9 2. Current-voltage Characteristics of the Triode. The plate cur- 
rent m a tnode depends upon both the plate and the gnd voltage It 
also depends upon the filament voltage, but this is usually held at some 
suitable fixed value Hence it is usual to describe the current charac- 
teristics of a tnode in terms of grid and plate potential alone 



tnode 

Pl(ite-(yuTrent—GT%d--voltage Characteristics As mentioned in the previ- 
ous chapter, the space current in a tnode is given approximately by 



where 7, is space current 
7j, IS plate current 
lo IS gnd current 
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G is perveance 
Tp IS grid voltage 
Fp IS plate voltage 
fjL IS amplification factor 
a IS a constant, approximately % 

When the gnd voltage is negative, the entire space current goes to the 
plate Even when the gnd is positive, the fraction of the space current 
going to the grid is small so that Eq (9 1) is a reasonably good approxima- 
tion for plate current under all conditions except the combmation of 
very small plate voltage and rather large positive gnd voltage An actual 



Fig 9 2 — Plate-current-plate-Yoltage characteristics of a triode 

plot of plate current as a function of gnd voltage is shown m Fig 9 1 
The principal charactenstics are quite evident and consistent with 
expectations The plate current is seen to increase with both grid and 
plate voltage but more rapidly with grid voltage Considering the varia- 
tion with grid voltage alone, the current increases slowly at first and then 
more rapidly In the region of negative grid voltages the curves for the 
different plate voltages are seen to be of nearly the same shape but merely 
displaced horizontally This is consistent with the form of Eq (9 1)- 
For positive grid voltages the rate of increase of current with grid voltage 
shows a slight decrease This is due to two factors (1) The gnd is 
beginning to draw a fraction of the total, or space, current (2) There is 
a tendency for the current to saturate at large plate voltages^ 
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PlcUe-curreni-Plate-voltage Charactenstica A typical set of plato- 
curreat-plate-voltage charactenstics of a tnode is sho'tm in Fig 9 2 
The same general properties observed m the plate-current-gnd-voltage 
characteristics are observable here For negative grid voltages, however, 
the curves are not wmilwr m this representation This is because for 
large negative gnd voltages the tube is operating near cutoff and here 
the amplification factor of the tube is appreciably lower than for gnd 
voltages near zero The change m shape of the curves for positive gnd 
voltages from concave upward to concave downward is due to the diver- 
sion of part of the space current to the gnd The actual space current 



still has an upward curvature with plate voltage, but the fraction of 
space current taken by the plate decreases as the plate voltage mcreases 
Contours of Constant Plate Current In Fig 9 3 are shown contours 
of constant plate current plotted along axes of plate voltage and gnd 
voltage These curves show the combinations of gnd and plate potential 
for which the plate current is constant Over a large part of their range 
these contours are parallel strai^t hues The significance of thia is 
that the amplification factor of the tube is very nearly constant For 
small values of plate voltage and positive gnd voltages the curves are 
curved stron^y upward This is due to the diversion of part of the space 
current to the gnd If contours of constant space current are plotted 
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(one IS shown dashed m the figure), they are found to be nearly straight 
lines 

The Plate^current Surface Inasmuch as plate current is a function 
of two variables, it may be represented as a surface The height of this 
surface above a reference plane is given by the magmtude of the plate 
current Position on the reference plane and on the correspondmg 
pomt on the surface above is given by the plate and gnd voltage A 
sketch of the plate-current surface is shown in Fig 9 4 The relation 
of the surface to the three representations of plate current previously 
given IS evident from the figure The plate-current— grid-voltage curves 



are the intersections of planes parallel to the plate-current and gnd- 
voltage axes with the surface 

Only a part of the surface is shown, to avoid confusion due to too many 
lines The surface becomes a horizontal plateau for large values of 
current due to voltage saturation, t e , insufficient emission Smce there 
can be no plate current for negative plate voltages, the surface turns a 
corner as it approaches zero values of plate voltage 

9 3. Definition of Triode Constants Amplification Factor. Although 
the characteristics of a tnode are completely specified only by a set of 
voltage-current curves, an mdex of the tubers operation is ordmanly 
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gLVon in tGjnns of tho soKssJUcd tube ” II 16 B 6 so-esUod. con.” 

Btants Buffioe to desenbe the operation of a tube in the vicinity of a given 
set of electrode potentials The three so-called tube constants are the 
g.m plifina.t.ir>Ti faotor, the mutual conductance, and the plate resistance 

The g.m plifip.5i.tinTi factor is a function of the electrode geometry and 
has already been given in terms of the dimensions It has previously been 
given for a cold tube as the relative effectiveness of the plate and gnd 
potentials m controlling the off-cathode gradient of potential Another 
deffmtion and the one generally accepted is that ampltficahon fouior 
ta the rdaiwe effechvenese of the plaie and gnd potenhale in coniroUtng the 
plate current Mathematically this is given by 

dVp 

If a tube is conductmg current under a given condition of potentials and 
the plate voltage is then increased by a small amount, the plate current 
wiH mcrease by a small amount If then the gnd voltage is made more 
negative by the proper amount, the current will be restored to its original 
value The limit of the ratio of the change m plate voltage to the change 
m gnd voltage necessary to keep the plate current constant as these 
changes are made vanishmgly small is the amphhcation factor of the 
tube This is the significance of Eq (9 2) The amplification factor of a 
tube whether a tnode or multielectrode tube is always taken with respect 
to the control-gnd voltage unless otherwise specified In tnodes the 
amplification factor is a measure of the voltage-amphfymg capabihties 
of the tube In multielectrode tubes it has no great significance and is 
usually not even listed Amplification factor is a dimensionless constant 
Practical values of amphfication factor run from 2 5 to 200 m ordinary 
tnodes 

Mviual Conductance The mutual conductance (sometimes called 
the ''transconductance”) of a tnode has already been referred to m the 
chapter on Space-charge Effects The mviual covd/uctance of a tube ts 
the rate of change of plate current vnth control-gnd voUage Mathematically 
this IS given by 




An increase m the grid voltage of a tube effects an mcrease in the plate 
current The limit of the ratio of the changes as the change m gnd 
voltage IS made vanidun^y small is the mutual conductance It will 
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remembered that the mutual conductance of a tnode is directly 
oportional to the square root of the equivalent voltage of the tube 
IS also proportional to the cube root of the space current As the 
me implies, the dimensions of this constant are those of conductance 
utual conductance is usually expressed in units of nucromhos or micro- 
aperes per volt Practical values of mutual conductance are between 
0 and 10,000 imcromhos 

Plate Resistance Another tube constant that is commonly used is 
e plate resistance, also known as the “variational plate resistance’^ 
the “dynamic plate resistance” %The plate resistance of a tube is 
e reciprocal of the rate of change of plate current with plate voltage 
Athematically it is given by 



dV^ 


he plate resistance of a tube is the a-c resistance of the plate circuit 
» a small alternating voltage superimposed upon the direct voltage 
he dimensions of this constant are those of resistance, and the magm- 
ide IS usually expressed in ohms The plate resistance of a tnode may 
a,ry from 1,000 to 50,000 ohms A typical value is of the order of 
,000 ohms 

Relation between Tube Constants The three tube constants express 
Nations between the quantities that determme tnode operation, viz , 
late current, plate voltage, and grid voltage Smce the three constants 
re expressed in terms of only three variables, it is expected that there 
; a relation between them This is the case If plate and gnd voltage 
re changed by small amounts, the corresponding change in plate current 
} 

T 

dip = Gm dV a + ^ dV p 

f the change in plate current is held to zero, then 

GmRp = - ^ 

\a y g / Ip const 

Phis relation, mz , that the product of the mutual conductance and the 
)late resistance is equal to the amplification factor, holds exactly for any 
iube for any combination of electrode potentials 


(9 5) 
(9 6) 

(9 7) 
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Vanahon of Tvhe “Constants ” The rather paradoxical hfinHiup 
of this subsection is justified by the fact that the so-called tube constants 
are not constants at all except approximately so m the vicuuty of some 
operating condition Actually, the constants may vary considerably 
over the entire range of voltages and currents m a tube Of the so-called 
tube constants, the amphfication factor vanes the least This is because 
it IS basically dependent upon the geometncal structure of the tube If 
the tube were perfect m that there were no end effects and no asymmetnes 
and if no other electrode but the plate drew current, the amphfication 
factor would not vary at all g 



Fig 9 5 —Contours of constant amplification factor of a tnode 


]^om the defimtion of amphfication factor it is seen that it is given 
y t e neg^ive reciprocal of the slope of the contours of constant plate 
current m Fig 9 3 Inspection of the plate-current contours with this 
m mmd reveals that for the most part the amphfication factor is fairly 
constant It tends to be somewhat low m the vicimty of very low plate 
curaents and even more so m the vicmity of very low plate voltages 
better idea of the nature of the variation of the amphfication factor is 
&ven m Fig 9 5, m which there are shown contours of constant amphfica- 
tion factor ^penmposed upon the plate-current-gnd-voltage curves of 
a tnode The amplification factor is seen to be fairly constant over the 
entire workmg range of the tube Variations m magmtude do not exceed 

1 F E and A L Cook, Vanation m the Amphfication Factor of Tnodes, 

Proc 7 B E , vol 18, pp 1044-1047, June, 1930 
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15 per cent of the mean value The drop m amplification factor near 
cutoff IS due to end effects m the tube Because of stray electrostatic 
fields near the edges of the electrodes, these edges constitute a region 
of low amphfication factor Thus the actual tube consists of a large 
electrode area of constant mu m parallel with a small area of much smaller 
mu As cutoff IS approached, the low-mu portion of the tube cuts off 
last, giving the effect of a lower amplification factor The reason why 
the amplification factor is lower for low plate voltages m the positive- 
gnd region is that here the gnd takes a very large portion of the space 
current Smce, as will be shown later m this chapter, the fraction of the 



Plate milliamperes 


Fig 9 6 — ^Variation with plate current of Gm, Rp, 
and M of a Type 6F6 as triode 

space current going to the plate mcreases with plate voltage, a smaller 
increase m plate voltage relative to a decrease m gnd voltage is needed 
to mamtain the plate current constant when the gnd voltage is positive 
than when it is not This means that the amphfication factor is lower 
for the conditions stated above 

From the defimtion, mutual conductance is seen to be equal to 
the slope' of the plate-current-gnd-voltage curves Reference to these 
curves confirms that the mutual conductance is an increasing function 
of plate current m the region of negative gnd voltages 

The mutual conductance of a triode has been shown in the chapter 
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on Space-charge Effects to increase with the equivalent voltage and with 
the plate current The nature of the variation is shown in Fig 9 6 
The variation is quite in accord with expectations as may be shown by 
plottmg the variation of mutual conductance with plate current on 
logarithmic paper Such a plot is given in Fig 9 7 for the same tube 
Here it is seen that, smce the curve of mutual conductance as a function 
of plate current is nearly a straight hne "with a slope of one-third, the 



mutual conductance follows very closely a one-third-power law of vana- 
tion with plate current as was predicted in Eq (8 48) The correspond- 
ence between the predicted and actual behavior is best at high currents 
At low currents the vanation departs somewhat from the one-third- 
power law because of the reduction m amphfication factor 

Smce the product of the mutual conductance and the plate resistance 
is equal to the amphfication factor and smce the amphfication is almost 
constant, the plate resistance may be expected to vary with plate current 
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in a fashion reciprocal to that m which the mutual conductance does 
This IS seen to be the case in Fig 9 6 Examining the variation more 
critically, Fig 9 7 shows that the plate resistance vanes nearly as 
the negative one-third power of plate current The plate resistance 
IS the reciprocal of the slope of the plate-current—plate-voltage charac- 
tenstics of a tube Reference to Fig 9 2 shows that the plate resistance 
decreases with mcreasmg plate current m the negative-gnd region 



For positive grid voltage the plate resistance may mcrease again The 
plate resistance is lowest at high currents and low plate voltages 

The total range of all the tube constants within a single tube may be 
considerable The amplification factor may vary over a range of 20 
per cent The plate resistance and the mutual conductance may vary 
ov'er a range of three to one The range of values of the constants 
encountered from tnode to tnode is even more considerable In Fig 
9 8 are shown the tube constants for conditions of recommended opera- 
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tion of a number of tnodes The representation is such that the location 
of the point corresponding to each tube gives the three tube constants. 
High amphfication factors, of the order of 100 or so, may be obtained, 
but at the expense of a low mutual conductance and a correspondmgly 
high plate resistance 

9 4 Effective Tube Constants of Combinations of Tubes. It is of 
mterest to consider what the effective tube constants are when two or 
more tubes are connected m parallel Consider first the case of identical 
tubes connected m parallel The effect of this is to double the mutual 
conductance, halve the plate resistance, and leave the amphfication factor 
unchanged This is logical, for with two tubes contnbutmg current 
an mcrease m grid voltage produces twice as much of an mcrease m plate 
current as does a smgle tube This explams the doubhng of the mutual- 
conductance value Smce the variations m plate current for a given 
change in plate voltage are twice as great as for a smgle tube, the plate 
resistance is half as great The amphfication factor is unchanged because 
the product of mutual conductance and plate resistance is the same as 
for a single tube 

If tubes with different characteristics are connected m parallel, the 
combmation characteristics are still readily determmed The effective 
mutual conductance is simply the sum of the mdividual mutual con- 
ductances smce the plate currents add directly 

= Gmi + G*m2 + + G„n (9 8) 

Tte 6QUivaleiit plait6 resistsucs is obtsined by Adding tbe individu&l 
plate resistances as one adds resistances in parallel 


R 


. = _L + J_ + 

'P oquiT -Kpi Rp2 




(9 9) 


In other words, the equivalent plate conductance, reciprocal of plate 
resistance, is the sum of the mdividual plate conductances 

The eqmvalent amphfication factor is given by the product of the 
eqmvalent mutual conductance and the eqmvalent plate resistance as 
given by Eqs (9 8) and (9 9) For the special case of two tubes m 
parallel the eiqiression for the eqmvalent amplification factor reduces to 


/*eaiaT — 


Ml-Bp2 + At2fipl 
Rpi “i” Rp2 


(9 10) 


The eqmvalent amplification factor of tubes m parallel may be higVior 
or lower than one of the mdividual values but will he withm the eictreme 
v^ues. The eqmvalent amphfication factor will generally decrease as 
the gnd is made more negative This is because the hi^-mu tubes 
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Fig 9 9 — Comparison of plate-current-plate-voltage curves of 
the sharp- and remote-cutoff tnode of a 6AE6G 


Will cut off j&rst, leaving the low-mu tubes to carry current alone The 
action may be illustrated in the case of two tubes by studying the rate 
of change of the equivalent mu with respect to gnd voltage Holdmg 
the individual mu's constant in Eq (9 10), 
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SVa iR^i + Rp,y ^ ^ 

The nature of the rate of change of the eqmvalent mu with respect to 
gnd voltage is, assuming m > m, determined only by the sign of 

If, further, the mutual conductances of tubes are the 
R 

same, then the slope of ^ will be positive As a result, the equiva- 

£Cp2 

lent amplification factor will mcrease as gnd voltage is mcreased 

The above type of analysis may be extended to the case of more 
tubes m parallel It may also be extended to tubes m which the amphfi- 
cation factor is not constant along the cathode surface Tubes havmg 
gnds wound with a vanable pitch are often used to obtam an amplifica- 
tion factor that decreases with mcreasmg bias Such tubes are exten- 
sively used in r-f amplifiers for automatic volume control ^ Such tubes, 
also known as '^remote-cutoff tubes’^ or "supercontrol tubes, have the 
characteristics of a low-mu tube at low plate currents and of a high-mu 
tube at large currents 

Such tubes have a tremendous variation of mutual conductance as 
weU as the variation m amphfication factor This large variation results 
from the combmation of the normal mcrease m mutual conductance with 
current and the mcrease m amphfication factor with equivalent voltage 
In Fig 9 9 are compared the plate-current-plate-voltage characteristics 
of tnodes which are identical except for the fact that one has a constant- 
pitch gnd, whereas the other has a vanable-pitch gnd The reason for 
the designation "remote cutoff'^ as contrasted with "sharp cutoff'' 
is apparent 

9-6 Electron Paths. In the previous discussion, tube charactenstics 
have been studied without reference to the electron paths This has 
been possible because from space-charge considerations it is possible to 
determme the number of electrons transnutted past the virtual cathode 
m front of the actual cathode For negative gnd voltages, all the 
electrons leavmg the cathode will be transmitted to the plate For 
positive gnd voltages, however, part of the emitted current is mtercepted 
by the grid, and here the actual electron paths are of mterest Electron 
paths are also of mterest m multielectrode tubes, where they have a 
considerable part m detenmnmg the tube charactenstics ® 

1 Ballautine, Stuabt, and H A Snow, Reduction of Distortion and Cross-talk 

m Radio Receivers by Means of Vanable-mu Tetrodes, Proc JPP.vol 18 no 2102 - 

2127, December, 1930 ' 

* Thompson, A C , Electron Beams and Their Application m Low Voltage Devices 
Proc IRE, vol 24, pp 1276-1297, October, 1936 ' 
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In Fig 9 10 are shown electron paths in a triode operating with a 
negative gnd These curves were obtained by photographing the motion 



Fig 9 10 — Electron paths in a negative-grid triode (Kleynen) 


of small balls rolled upon a suitably deformed elastic membrane Such 
a model of potential takes no account of space-charge effects It may 
be expected that in this case the presence or absence of space charge will 
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make no great difference in the electron paths The space charge is 
most pronounced close to the cathode Here the gradient of potential 
IS normal to the cathode, and the electrons will move m straight lines 
away from it, it bemg assumed that it is plane Deflectmg components 
of field are not encotmtered by the electron until it approaches the gnd 
plane Here, however, the velocity of electrons passmg midway between 



the gnd wires will be considerable and the space-charge effects Svill be 
less In contrast, electrons approachmg a gnd wire directly and there 
turned back will be most affected by the space charge because the 
velocity will be low near the wires 

The successive parts of Fig 9 10 show the effect of makmg the grid 
more more negative until cutoff is reached The sidewise deflecting 
forces become greater as the gnd is made more negative until some of the 
electrons are turned back Up to that condition the electrons are passed 
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through the gnd wires in a bunch that is focused beyond the gnd plane. 
Coupled with the condition of more electrons bemg turned back as the 
gnd voltage becomes more negative is the fact that fewer electrons get 
by the virtual cathode Both factors contribute to the reduction in 
current, though the latter predommates greatly 

When the control gnd is positive, it may attract electrons. The 
normal interception of current by the gnd is roughly proportional to the 
projected area of the gnd, though there is a strong dependence upon 



the relative voltages of the grid and plate In Fig 9 11 are sho^ some 
electron paths for a positive-gnd triode ^ These paths were calculated 
by the use of the action function, as descnbed m the chapter on Laws ot 
E lectron Motion The sohd contours are equipotentials, the broken-dash 
contours are surfaces of constant action, and the electron paths are drawn 
I Langd, H Current Division in Triodes and Its Significance m the Determination 
of Contact Potential, Zeit Hochfregumz, vol 31, pp 106-109, 13^140, 191-196, 
1928 ^ 
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perpendicular to these When the grid is positive but less than its 
'^natural potential/' that which would give the diode potential 
distribution in the tube, the action of the potential field causes these 
electrons, which initially miss the gnds, to converge beyond, as was 
the case with the negative-grid tnode This situation is shown in part g 
of Fig 9 11 When the grid is more positive than its natural potential 
and also more positive than the plate, as m a and b of Fig 9 11, the 
potential field has a divergent action and the electrons are pulled mto 
the grid wires In a of Fig 9 11 is shown the case of a positive gnd 
with a plate at zero potential Electrons that missed the grid initially 
will ]ust barely graze the plate and then be pulled back toward the posi- 
tive grids Individual paths in this case will differ greatly, but in general 
the electrons will oscillate around the gnd wires a few tunes before finally 
falling into them This is the action encountered in a Barkhausen-Kurz 
oscillator 

9.6. Grid Ctirrent Voltage amplifiers are operated with negative 
grid voltages, which means that gnd current cannot flow Power 
amplifiers of the Class B and C type are operated with the grid positive 
over an appreciable portion of the cycle during which grid current does flow- 
The gnd current that does flow determines the power that is necessary 
to drive such amphfiers, and thus the matter of gnd current is one of 
considerable importance 

Gnd-current-Gnd'^oltage Characteristics Qualitatively, the current 
to the grid of a tnode is expected to increase as the grid voltage increases 
This occurs because a more positive grid attracts electrons more strongly 
Some typical grid-current-gnd-voltage curves are shown m Fig 9 12 
These have the expected shape The increase in grid current with grid 
voltage IS more rapid than is the case for plate current The curves for 
successively higher plate voltage fall below those for lower plate voltages 
Thus m contrast to the grid-voltage variation, the gnd current decreases 
with increasing plate voltage at a fixed grid voltage This is logical, 
however, for as the plate is made more positive, the electrons are pulled 
past the grid more rapidly They thus move m straighter hnes, and 
therefore fewer of them are pulled mto the grid The current charac- 
teristics m the presence of secondary emission may be greatly different 
and will be treated separately later 

Grid-current— Plate-voUage Characteristics Some typical grid-current— 
plate-voltage curves are shown m Fig 9 13 For positive plate voltage 
the pnmary grid current decreases with increasmg plate voltages as just 
noted Curves for high positive gnd voltage are shown above those 
for lower grid voltage Gnd current may flow when the plate voltage 
IS negative, though such an operating condition is rarely encountered 
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in practice For this condition all the emitted current is taken by the 
gnd The gnd current drops shghtly as the negative plate voltage is 
made more negative This is because the space current itself is reduced 
owmg to the reduction m the equivalent voltage m the tnode 

Cmstant-^rid^urrent Contours Contours of constant gnd current 
are shown along with contours of constant plate current m Fig 9 3 



PiQ 9 12 — Gnd-current-gnd-voltage characteristics of a 
type 35T tnode 


Gnd current flows only when tlj.e gnd is positive The positive-gnd- 
negative-plate quadrant is not shown because it is of httle practical 
value In the absence of secondary emission the contours present an 
orderly appearance The contours follow no simple law as do the plate- 
current contours m the negative-gnd region The mcrease in gnd 
current with gnd voltage is much more rapid than the decrease with plate 
voltage 
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The Gridrcurrerit Surface Just as it was possible to draw a surface 
for the plate current as a function of grid and plate voltage, so is it 
possible to draw one for gnd current A sketch of such a surface is 
shown in Fig 9 14 The previous representations of gnd current will 
be recognized as part of this picture The gnd-currentr-gnd-voltage 



actenstics of a type 826 tnode 

curves are the intersections of thd gnd-current surface with a plane 
parallel to the gnd-current and gnd-Voltage axes The gnd-current- 
plate-voltage curves are intersections of the surface with a plane parallel 
to the gnd-current and plate-voltage axes The constant-gnd-current 
contours are intersections of the gnd-current surface with planes parallel 
to the gnd-voltage and plate-voltage axes 

It is possible to define constants to descnbe the gnd-current action, 
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but this has no great value It is of interest to note a few relations, 
however The gnd-current-plate-voltage transconductance is negative 
The equivalent amphfication factor for the inverted tnode, ^ e , one whose 
gnd IS positive and whose plate is negative, is the reciprocal of the normal 
amplification factor of the tube 

Effect of Secondary Electrons Secondary electrons are created 
whenever an electrode is struck with primary electrons that have been 
accelerated through more than a few volts Tnode characteristics are 
not affected much by secondary electrons as long as the gnd is negative, 
for the secondary electrons that are formed at the plate are attracted 
back into the plate because there is no electrode more positive for them 
to go to When the grid is positive, however, the secondary electrons 
formed by pnmaries strikmg the gnd usually have a more positive plate 



to go to As a result, the net grid current becomes the difference between 
the primary- and secondary-electron current The magnitude of the 
secondary-electron current may be suflBicient to distort the pnmary- 
grid-current curves almost beyond recogmtion 

When both gnd and plate potentials are positive, secondary electrons 
are formed by primaries strikmg both WTien the plate is more positive 
than the grid, the secondary electrons from the grid will be attracted 
to the plate but those formed at the plate will be attracted back mto the 
plate When the gnd is more positive than the plate, the situation is 
reversed and secondanes from the plate will be attracted to the gnd 
but those created at the gnd will be attracted back mto the grid itself 
The result of this action upon the gnd-current-grid-voltage charac- 
tenstics is shown m Fig 9 16 In this figure is shown a typical gnd- 
current-gnd-voltage curve m the presence of secondary emission 
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compared with the priinary-gnd-c\irrent curve For email grid voltages 
very few secondaries are created, and hence the currents with and without 
secondary emission are almost equal As the gnd voltage is mcreased, 
more secondaries are created and attracted to the plate The gnd 
current is therefore reduced by the amount of the secondary current to 
the plate The gnd current may be reduced enough to become negative 
As the gnd becomes more positive, more secondanes are hkely to be 



Grid voltoige 


Fig 9 16 — ^Influence of secondary emission upon the gnd-cur- 
rentr-gnd-voltage characteristics of a tnode 

created but the gradient of potential dnvmg them to the plate becomes 
smaller, imtil finally it becomes negative when the gnd potential exceeds 
the plate potential As this occurs, the primary gnd current' exceeds 
the net gnd current by less and less until when the gnd potential and 
plate potential are equal the net gnd current is nearly equal to the primary 
current. As the gnd voltage is mcreased still further, the number of 
secondary electrons created at the gnd surface becomes still greater but 
these electrons are confronted by a negative gradient of potential on aU 
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sides and so are attracted back into the gnd Now, however, secondary- 
electrons liberated from the plate are confronted by a positive gradient 
of potential that attracts them to the gnd The gnd current is now 
greater than the primary gnd current 

An action similar to that descnbed above shows itself on the gnd- 
current-plate-voltage curves When the plate is less positive than the 
gnd, secondary electrons from the plate are attracted to the grid and 
hence the actual gnd current is greater than the primary gnd current. 



Tig 916 — Influence of secondary emission upon the gnd-current- 
plate-voltage characteristics of a tnode 


When the plate voltage is more positive than the gnd voltage, secondary 
electrons from the gnd are attracted to the plate and the grid current is 
less than the pnmary value This action is shown m Fig 9 16 Pomts 
of equal gnd and plate voltage are crossover pomts of net and primary 
gnd current These points are marked by circles 

The effect of secondary emission upon the contours of constant grid 
curient may also be considerable, especially if the secondary emission 
IS great enough to make the grid current negative In Fig 9 17 are shown 
some constant-gnd-current contours of a water-cooled tube with a high 
degree of secondary emission The effect of secondary emission is to 
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raise all the large positive-current contours It is as though a wedge of 
negative-current contours had been driven under the positive-current con- 
tours from the right Contours of constant plate current are also 
distorted by secondary emission, though to a lesser degree 

Grid 

.current 


oimDS 



0 2 4 6 8 10 12 14 16 18 20 Z2 24 26 28 


Plate volts , kv 

Fig 9 17 — Effect of secondary emission upon the constant-gnd-current contours of 
a tnode 

9 7 Pnmary-gnd-current Law. The comphcations introduced by- 
secondary emission make it very difficult to treat grid current analytically 
A considerable impression can, however, be made upon the subject 
of primary grid current The analytical treatment of primary gnd 
current is simplified by the observation ma<|f m Sec 6 6 that, for a given 
raito of plate to gnd voltage, the electron paths -withm the tube are not 
altered by a change in the magnitude of these voltages Smce the 
electron paths are not changed, the dmsion of current between the plate 
and gnd is not changed and hence the ratio of plate to gnd current should 
he a function, of the ratio of plate voltage to grid voltage alone and be mdependent 
of the magmtude of these voltages Were it not for secondary emission 
and some other effects such as the change m the position of the virtual 
cathode, this would be exactly true Actually, the correspondence with 
expectations is quite good, as is shown m Fig 9 18, m which there are 
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plotted curves of the ratio of currents as a function of the ratio of volt- 
ages The characteristics in this figure are for a small high-mu trans- 
mittmg triode with tantalum electrodes Such a tube is relatively free 
of secondary-emission effects It is seen that the curves for different 
potentials superimpose reasonably well If more curves were given, 
they would form a bundle withm the limits of the curves shown 



Fig 9 18 — Electrode-current ratio in a positive-grid tnode as a function 
of electrode-voltage ratio 


Examination of many tubes shows their pnmary-current-division 
characteristics to have the general form shown m Fig 9 18 On such 
a log-log plot the curves are nearly straight Imes with a slope of i above 
a voltage ratio of 0 8 and with a slope of 2 below a voltage ratio of 0 8 
Accordingly the primary current division may be expressed by 

forf;>08 (912) 

^ = 1 392S for ^ < 0 8 (9 13) 


and 
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where 5 is a constant known as the current-division factor^”^ and defined 
as the ratio of plate to gnd current for equal positive gnd and plate 
voltages 

Since tnodes are seldom operated with the plate less positive than 
the gnd the form of Eq (9 12) will be of more concern than that of Eq. 
(9 13) The reason for the change of slope, and hence of exponent, 
at the voltage ratio of 0 8 is that whereas all the electrons mitially 
missmg the gnd go to the plate when the plate is more positive than the 
gnd some of these will be returned to the gnd when the latter is the more 
positive This occurs because electrons that ]ust barely miss the grid 
imtially are strongly deflected and hence have not a sufliciently large 
component of velocity directed toward the plate to reach it, part of the 
electron energy now bemg in the form of a crosswise component of 
velocity Thus, in addition to the g!nd mterceptmg a greater fraction of 
the primary space current directly as the gnd voltage is made more 
positive relative to the plate, an mcreasmgly greater fraction of the 
current that mitially misses the gnd returns to it 

Current-division Factor A check upon the validity of the empirical 
Eq (9 12) IS given by an exammation of the constancy of the coefldcient 
of proportionahty a This factor b is logically called the ''current- 
division factor^’ smce it measures the ratio of plate to gnd current for 
equal positive gnd and plate voltage It is a convement reference 
point because it refers to a condition that is easy to measure To 
measure the current-division factor it is necessary only to put current 
meters in the gnd and plate leads of a triode and then connect the leads 
to a common voltage source and determme the ratio of currents The 
current-division factor is also a good reference figure because it cor- 
responds to the condition of peak current in typical Class C amplifier 
operation If the ratio of plate to gnd current in a triode is measured 
as a function of equal positive plate and gnd voltages, vanations of the 
sort shown in Eig 9 19 result For all the tnodes shown, the current 
ratio nses sharply with voltage and then assumes a nearly constant value 
The change m the current ratio with low voltages is caused primarily 
by the change in the position of the virtual cathode in front of the actual 
cathode At low voltages the virtual cathode is located a considerable 
distance out from the actual cathode As will be shown later, a small 

1 Tank, F , Zur Kentniss der Vorgange in Elektrodenrohren, Jahr draht Tel u 
Tel vol 20, p 80, 1922. 

* See also Lange, op cit 

® Evebitt, W L , and Kabl R Spangbnbebg, Gnd-current Flow as a Factor in 
the Design of Vacuum-tube Power Amphfiers, Proc I RE ^ vol 26, pp 612-639, 
May, 1938 
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cathode-gnd distance leads to a small current-division factor As 
the electrode voltages and correspondingly the current are increased, the 
virtual cathode moves back toward the actual cathode, causing the 
current ratio first to nse and then quickly to level off The important 
observation about Fig 9 19 is that the ratio of plate to gnd current for 
equal gnd and plate voltages is constant enough to make it eligible for a 
position as a fourth tube constant The current-division factor m a 
tube free of secondary emission is as constant as the mu of the tube 



Fig 9 19 — Plate-current-grid-current ratio as a function of equal plate and grid 
voltage 


Even when a triode has considerable secondary emission, the meas- 
ured current ratio for equal positive grid and plate voltages is nearly 
equal to the primary current ratio because the mterchange of secondary 
electrons between gnd and plate is small when their voltages are equal 
Approximate Prvmary-grid’-current Law Smce the total space 
current in a positive-grid triode is the sum of the gnd and plate current, 

L ^ Ip + I, (9 14) 

this can be written 



(9 15) 
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Then, substituting the relation of Eq (9 12), 



The ^ace current itself is given by 


(9 16) 


(9 17) 



Plate voltage, volts 


Fig 9 20 — Companson of actual aad theo- 
retical gnd current 


where G is the perveance and d is a constant, approximately % The 
resultmg expression for primary gnd current is given by 



(9 18) 


An idea of the accuracy of this approximation is given by Fig 9 20, 
m which actual and theoretical giid-current curves are compared 
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The expression for primary plate current for positive gnd voltages 
correspondmg to Eq (9 18) is 

g(v, 

1 + 


Current-division-factor Formula A formula for the current-division 
factor may be developed by solvmg for the pomt of ongm on the 
cathode of a limiting electron that grazes the gnd for a condition 
of equal gnd and plate voltages The distance between the pomts 
of origin on the cathode of the two limiting electrons that stnke a gnd wire 
gives what may be called the ''effective gnd diameter ” This is always 
larger than the actual gnd diameter by a matter of 5 to 50 per cent, m 
typical cases When the effective gnd diameter or radius is known, the 
current-division factor d is given by 




(9 20) 


where a is gnd-wire spacmg and rg^n is effective gnd radius 

The effective grid radius may be solved for m terms of the sidewise 
displacement of the electron grazing the edge of a grid wire The 
component of gradient acceleratmg the electron toward the gnd plane is 
virtually constant at the cathode value of 



(9 21 ) 


The component of gradient giving the electron its sidewise deflection is 

Qo sin f ^) 

r /o \ ^ /o \-| 22) 

2«®o[cosh(-^) - co8(^?^)] 

■where x and y are measured from a gnd-wire center as m Fig 7 17, qe 
is given by Eq (7 14a), and Qg is given by Eq (7 14b) The sidewise 
deflection of the grazing electron is very nearly that which is obtained 


1 Tellbobn, B D H , De Groote van der Roosterstroom m een Tnode, Physica, 
vol 6, pp 113-116, March, 1926 

* Spangbnbbrg, K R , Current Division in Plane Electrode Tnodes, Proc IRE , 
vol 28, pp 226-236, May, 1940 
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by assuming that the sidewise force on the grazing electron is the same 
as that which exists along a Ime starting on the cathode at a pomt 
opposite the edge of a gnd wire and passmg tangent to the grid wire 
This assumed force is correct at the point of contact on the gnd, at which 
pomt the force is greatest 

Malang the small-value approximation for x and takmg ^ as r,, m 
Eq (9 22) above, 


Ey 


27rtQ{X^ + Tg^) 


(9 23) 


(Note that this has the correct value when x — 0) 

Upon substitutmg the approximate values of Ex and Ey from the 
above mto the acceleration equations (6 41) and (6 42), elimmatmg time, 
and equatmg gnd and plate voltage, the expression for the sidewise 
displacement of the grazing electron is found to be 


2/0 


7r(jLt + 1) 24a \ / 


(9 24) 


The effective gnd radius is equal to yo + Vg When the expression for 
the effective grid radius is applied to Eq (9 20), it is found that the 
current-division factor is 


8 = 


ayi 


+ 1 ) 24 


In 


4€4f 


- 1 


(9 26) 


+ 2rg 


pi which a = distance between gnd wires 
= amphfication factor 
Tg = gnd-wire radius 
dco = cathode-gnd distance 

6 = Napienan base, 2 718 ^ 

The magnitude of the current-division factor is given by the nomographs 
bf Fig 9 21 and 9 22 In Fig 9 21 is a nomographic chart from which 
the effective grid radius is given m terms of the gnd-wire spacing, the 
cathode-gnd distance, and the amplification factor This chart is read 
by means of two perpendicular hues ruled upon a transparent sheet 
The construction cross shown on the chart gives the effective radius of a 
type 210 tube The nomograph of Fig 9 22 is a graphical representation 
of Eq (9 20) and gives the current-division factor from the effective 
gnd-wire radius and grid-wire spacing Examination of Figs 9 21 
and 9 22 shows that the current-division factor increases with both 
gnd-wire spacing and grid-cathode spacing The current-division factor 
also mcreases with amplification factor, but only slightly Typical 
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values of the effective gnd-wire radius will be 105 to 150 per cent of the 
actual grid-wire radius 

Currml-dmsion Law vn, ike Presence of Secondary Emission When 
the analysis that led to the current-division factor is generahzed by 



allowing the gnd and plate voltage to assume general values, the sidewise 
deflection of the electron grazing the gnd is found to be 

aii,\{dcs + dgjf)Y g dcgVi^ r^ , / 4 edciA /q 25') 

~ 2,rd„p(7, 4- Vg) 2dcg \ rg J 

Equation (9 26) has been arrived at by solving for the sidewise displace- 
ment of the electrons grazing the gnd as a function of electrode-voltage 
ratio The corresponding current ratio is then readily determmed The 
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electrode-current ratio is 

Ip ^ 

T, ~ 2(yi + r») 



5 


(9 27) 




Fig 9 22 — NomograpH of current-divisioii factor 

Upon substituting the value of y\ from Eq (9 26), the current ratio is 



(9 28a) 


* A somewhat more accurate formula has since been developed by J H L Jonker 
and B D H Tellegen, Current to a Positive Gnd in Electron Tubes, Philips Research 
Reprints, vol 1, pp 13-32, October, 1945 
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h _ LV, + MVp 
lo PV, + QVp 


where L = vadgpn — anidgp + dcg)D — 
M = radgp — 27rdgprg + adegDu 

P = a{dgp + dcg)vi + 2irdgprgix 

Q — ctdcgDu — 2m‘dgprg 


D = 


rg , 4^ 

2dcg rg 


^irdgj^ g/X 


(9 286) 



A plot of Eq (9 28a) m a typical case shows the curve to be concave 
upward as m the dotted curve of Fig 9 23 In such a plot, the slope 
of the true current ratio is between and ^ so that the assumption of a 
one-half-power law when this curve is slightly modified by space-charge 
and secondary-emission effects is a reasonable one 
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To check the correctness of the above equation m actual tubes it is 
necessary to correct measured curves for the effect of secondary emis- 
sion, which is always present to a degree This is done by an extension 
of methods developed for screen-gnd tubes ^ 

The curves from which the deduction of the true primary distribution 
are made are taken as follows Filament emission is first reduced to the 
pomt where the current is temperature-limited rather than space-charge- 



FtG 9 24 — Effect of secondary emission on current division 


hmited The grid voltage is then set at some value, and the ratio of 
plate to gnd current is observed as a function of the ratio of plate to grid 
voltage by varying the plate voltage only The gnd voltage is then set 
at another positive value, and another similar run is made The two 
sohd curves of Fig 9 23 were made by this method 

Because of the vanous factors that have been held constant and 

’■Db la. Sabloniebe, C J L, Die Sekundaremission in Schnragitterrohren, 
Hoehfreg u Avdto , vol 41, pp 195-202, June, 1933 
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relations between the various current components a number of relations 
exist that must be borne in mind Before summanzmg these relations 
the notation to be used must be mdicated m detail Let Jj, and 7, be 
total plate and grid current, respectively, mcludmg secondaries Let 
7j,i and Igx be those parts of the plate and gnd currents which are due to 
pnmary electrons, le , the primary plate and gnd currents Let 
and I gi be the currents correspondmg to all the secondary electrons that 
are knocked out of the plate and grid, respectively This includes not 
only those secondary electrons which succeed in get ting from one elec- 
trode to another but also those which are knocked out of one electrode 
and fall back into that same electrode Let Igp be that fraction of 7„2 
which does succeed m gettmg from gnd to plate Similarly, let Ipg be 
that fraction of Ipi which is able to get from plate to gnd Obviously, 
if the plate is much more positive than the grid, Igp will be a large fraction 
of Igi, while Ipg will not exist as a component of Ip^ because all the 
secondary electrons knocked from the plate will be drawn back mto the 
strongly positive plate 


Leta = Ip- 

Igl 


The quantity 5 is a secondary-emission factor measunng 


the ratio of the number of secondary to primary electrons Physical 
studies have shown that 5 depends only upon the velocity of the stnkmg 
primary electrons for any given surface Hence, along any curve such 
as those in Fig 9 24, s will be constant smce each curve is taken with a 
constant value of grid voltage 


Let v = ^P 


This gives the division of primary current that from 


theoretical considerations is a function of the ratio of plate to gnd 

V 

voltage alone Hence, for any particular value of p is a constant 

y a 


Let d = 


This IS the ratio of plate to grid current, includmg the 


secondary-emission effects The curves of Fig 9 24 are curves of d 

against ^ 
y 0 

Let t = ^ This IS a kind of transmission factor for secondary 

electrons It measures the fraction of secondaries liberated that succeeds 
in getting to the plate Some secondary electrons from the gnd have 
such a low velocity that they are unable to climb the small potential 
hill between the gnd and the plate De la Sablomere has assumed that 


V 

for any value of the abscissa the value of t is constant That is, for 

y a 
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any value of the same fraction of the secondary electrons knocked 

'a 

from the gnd succeeds in getting to the plate This is perhaps the only 
assumption vrludh is questionable The matter is comphcated by the 
velocity distribution (tf the secondstry electrons, which changes as the 
stnkmg voltage of the primary electrons changes For the assumption 
to be stnctly true the velomty-distnbution curve of the secondary 
electrons must expand uniformly as the striking potential of the primary 
electrons mcreases This is not stnctly true but for small ranges of 
pnmaiy-electron velocity is approximately so In the curves of Fig 
d 24 the primary-electron vdomties are 10 and 50 volts It was not 
found possible to get a good check for velocities of 10 and 200 volts, 
this bmng too great a range of primary velocities 

It will be noted further that the space current for each of the expen- 
mentaJly detenmned curves is approximatdy constant 
Consider the ratio 


Ip _ Ipi *t~ Igp 


hi - 1 


at 


(9 29) 


Dividing both numerator and denommator by J,i there results 



■^Pl 1 

Jp _ Igl Igl 

(9 30) 




Igl 


But 

Igp _ Igp Igt _ . 

Igl^ Igt Igl 

(9 31) 

80 that the above ratio of net cuirents can be written as 



1 — 

(9 32) 

Solving this for it, 

d-1- 1 

(9 33) 


Letthe vanous curves of d against ^ be numbered 1, 2, and so on, 

asdiownin Fig 9 24 Letthe vanous values of ^ have letters correspond- 

’ 0 

mg to them Thus the abscissa of ^ = 2 mi^t be lettered o, that 

* 3 might be lettered h, and so on If we consider the four pomts 
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formed by the mtersection of the upper two curves of Fig 9 24 and any 
two abscissas denoted by a and h, then it is possible to write four equa- 
tions of the form of that last given These will be 


and 




dal — Pa 
dal + 1 


(9 34) 


do2 Pa 
dai -f- 1 


(9 35) 


for the mtersections of the curves 1 and 2 with the abscissa a and 




= 


dll ~ Vh 
dll + 1 
di2 — 'pi 
di2 + 1 


(9 36) 
(9 37) 


for the other intersections Since t and p are presumed constant for 
V 

any particular value of they are given only a lettered subscript 
Dividmg the two pairs of equations and equatmg them gives 


dal Pa _ dll ~ Pi 

da2 Pa dl2 — 


(9 38) 


which is the relation that has been sought This may be solved for 
pi to give 


Ph == 



(9 39) 


From this last equation it may be seen that if one pomt, pa, on the true 
primary distribution curve is known, then pomts at any other abscissa 
b may be found from a pair of curves giving the net current division m 
the presence of secondary emission The above treatment has been given 
for the case of Vp greater than but a similar treatment can be applied 
when this is not so In this particular instance the primary-current 
distribution that was taken as known was that correspondmg to the 
condition of the gnd bemg at its natural potential” relative to the 
plate For this case, the electrons move m substantially parallel straight 
Imes from filament to grid and plate, and the ratio of plate to gnd current 
IS detenmned by the ratio of mtergnd to gnd area For the 45 tube 
this ratio of currents is 14 3 when the ratio of voltages is 2 81 
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TETRODES 

10.1. Types of Tetrode. A tetrode, as its name implies, is a four- 
electrode tube The four electrodes are mvanably, in the order of their 
arrangement, the cathode, the control grid, the screen gnd, and the plate 
There are two types of tetrode These are the so-called ^^screen-grid 
tube’' and the ^'beam-power tube " 

The screen-gnd tube was the successor to the tnode and the prede- 
cessor of the pentode, though, as mdicated m the chapter on Basic Tube 
Typfes, it IS now virtually obsolete and seldom used because of unfavorable 
current-voltage characteristics The ordmary screen-gnd tube has a 
fine control gnd surrounding the emitter, which in turn is surrounded 
by a coarser screen gnd a considerably greater distance out The screen 
gnd IS m turn surrounded by a plate The intended function of the screen 

gnd was to shield the control grid electrostatically from the plate and 
so reduce the tendency toward oscillation that existed in r-f amphfiers 
The screen gnd performed this function, but it also introduced some other 
charactenstics that were not desirable Specifically, it introduced 
secondary emission, which distorts the current-voltage characteristics 
The beam-power tube is a special tetrode with aligned control and 
screen grids It was the historical successor to the pentode The 
pentode was developed to eliminate the secondary-emission action that 
appears in the screen-grid tube The beam-power tube was later found 
capable of domg the same thing without an extra grid if proper attention 
were paid to grid ahgnment and to dimensiomng 

10 2 Current-voltage Charactenstics of the Screen-grid Tube The 
screen-gnd tube is usually operated with its screen at a fixed direct 
potential and by-passed with a large condenser to ground so that no 
altematmg components of potential appear on it The screen grid acts 
as a shield between the plate and control grid Electrostatic hnes from 
the plate temnnate for the most part on the screen grid This electro- 
static behavior does not interfere with electromc action An electron 
stream of varying mtensity can still pass between the screen-gnd wires 
The current-voltage characteristics of the screen-gnd tube are deter- 
mmed by two prmcipal effects that are at work (1) The relative screen- 
gnd and plate potentials determine how the space current will divide 
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between these two electrodes (2) The relative positiveness of plate and 
screen gnd determines how secondary electrons will be mterchanged 
between these two electrodes In general, the behavior with regard to 
both factors is similar to that which exists m the positive-gnd triode 
As far as space-current effects are concerned, the control grid and 
screen gnd have the principal mfluence With respect to first-order 
effects, it may be said that the screen grid plays the same role m the 
screen-gnd tube as the plate does m the triode The plate has only a 
very small mfluence m modifying space current m the screen-grid tube 
because of the shielding effect of the screen grid The space current is 
given by 

/. = (?(fi + ^ + Z?Y (101) 

\ IJLp/ ^ ^ 


where Fiis control-grid potential 
72 IS screen-gnd potential 

G IS perveance '5 

Vp IS plate potential 

^lag IS eqmvalent amplification factor of the screen grid, 


jjLp IS plate amplification factor. 




I p const 


a IS a constant, nearly 

In this expression, nag is considerably smaller than ^ip The equivalent 
screen-grid amplification factor may be calculated quite accurately from 
the triode mu formulas by treatmg the screen grid as though it were the 
plate The accuracy of this approximation decreases as the shielding 
effect of the screen grid decreases The plate amplification factor may 
be calculated from some special formulas, which will be developed subse- 
quently It may be determined approximately by calculatmg a tnode 
amplification factor, considering the control grid as the cathode, the 
screen gnd as the control grid, and the plate as the plate, and then 
multiplying this amplification factor by the screen-grid amplification 
factor This relation holds because the fictitious amplification factor 
cited first above measures the screening effect of the screen grid upon the 
control-grid plane just as the screen-grid amplification factor measures 
the screening effect of the control grid upon the cathode The product 
of these two amplification factors, which are reciprocal screemng factors, 
gives the over-all amplification factor Thus, if the screen-gnd amphfica- 
tion factor were 20 and the triode amplification factor obtained by 
considering the control grid as the cathode were 10, the plate amplification 
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factor would be approximately 200 If the cold cathode were at zero 
potential and all the other electrodes were at the same positive potential, 
then one-twentieth of the electrostatic flux hnes from the cathode would 
penetrate the control grid into the space beyond (actually, the ratio would 
be 1 m 21) Of the lines that passed through the control grid, one-tenth 
would pass on to the plate, and the rest would terminate on the screen 
gnd The over-all screening effect would be such that only 1 line would 
reach the plate for every 200 that reached the control grid The resulting 
plate amplification factor is 200 



The plate-current-control-grid characteristics of the screen-grid 
tube are almost the same as the triode characteristics that result if the 
screen gnd and plate are connected together The only difference is 
that a small part of the space current is taken by the screen grid Some 
typical plate-current and space-current characteristics as a function of 
control-grid voltage are shown in Fig 10 1 Because of the usually high 
value of the plate amphfication factor the plate potential has only a 
small effect upon the plate and space current compared with the screen- 
gnd potential This in turn has much less mfluence than the control-grid 

nATii-nT.icil ® 
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Plate-cunent-Plate-voUage Charactenshcs of the Screen-grid Tube 
With a negative control-gnd voltage and a positive screen-gnd voltage, 
the plate-current-plate-voltage charactenstics of a screen-grid tube have 
the form shown m Fig 10 2 The shape of the plate-current curve 
departs considerably from the shape of the pnmary plate-current curve 
because of secondary emission The probable shape of the pnmary 
plate-current curve has been sketched for 7^, = 0 The pnmary plate 
current is not readily measured directly It is seen to be an increasmg 
fraction of the approximately constant space current The division 
of space current between screen grid and plate follows approximately 



Fig 10 2 — Plate-current-plate-voltage characteristics of a screen-grid tube 


the same law as does the division of the space current between gnd and 
plate m a triode When the plate voltage is zero, the plate gets none 
of the space current As the plate is made positive, it rapidly acquires 
a major portion of the space current When the plate is as positive as 
the screen gnd, it gets a slightly smaller fraction of the total space current 
than the ratio of the area between the screen-grid wires to the total area 
of the screen-grid plane As the plate potential is made still more posi- 
tive, the plate acquires still more of the space current until at very large 
voltages the plate is getting nearly all the space current 

The difference between the pnmary plate-current curves and the 
actual plate-current curves is obviously due to secondary-emission 
effects The effects are the same as in the positive-grid triode When 
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the plate is less positive than the screen gnd, secondary electrons hberated 
at the plate surface are attracted to the screen gnd, thus reducing the 
plate current This accounts for the pronounced dip m the plate-current 
characteristic When the plate potential is equal to the screen-gnd 
potential, the interchange of secondary electrons between plate and 
screen grid nearly balances and the actual plate current is nearly equal 
to the primary plate current As the plate becomes more positive, it 
collects secondary electrons that are hberated from the screen gnd, and, 
as a result, the actual plate current exceeds the primary plate current 
The variation of plate current with control-grid voltage follows the 
high-mu-triode law 

Also shown m Fig 10 2 are curves of space current as a function of 
plate voltage If the plate amphfication factor of the tube were 
extremely high, the space current would be completely independent of 
plate voltage As it is, the space current tends to be fairly constant 
Departures from constancy are observed, however, at zero plate potential 
and at the plate potential equal to the screen potential The changes 
m the space current observed m these places are due to changes in the 
space-charge condition around the screen-gnd wires When the plate 
potential is negative, the electrons that mitially miss the screen gnd are 
reflected back from the plate and in general will oscillate around the 
wires a few times before bemg drawn m The presence of these oscillating 
electrons constitutes an addition to the space charge and depresses the 
potential before the screen gnd and even reaches back through the 
control grid to reduce the enntted current When the plate potential 
becomes shghtly positive, part of the electrons that imtially miss the 
screen gnd are received by the plate This means that the current 
reflected back toward the screen gnd is suddenly reduced, the space 
charge around the screen gnd is correspondingly reduced, as is also its 
depressmg effect upon the potential before the cathode, and as a result 
the emitted current suddenly increases The nature of the change in 
the potential distnbution mthm the screen-grid tube as the plate potential 
is changed from negative to positive is sketched in Fig 10 3 The dotted 
hnes m this figure show potential profiles for a negative plate potential, 
whde the sohd hnes show potential profiles for a positive plate potential 
The manner in which the plate potential controls the off-cathode gradient 
through the medium of the osciUatmg space charge about the screen 
grid may also be seen 

When the plate potential becomes more positive than the screen-grid 
potential, there is a change from a condition of partial reflection of 
electrons from the plate to one of no reflection, for all electrons reach 
the plate, no matter how strongly deflected by the screen grid Here the 
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space charge around the screen gnd is again suddenly reduced, and the 
space current increases Thus the space current is influenced most by 
the condition of current transmission to the plate and is hardly affected 
by secondary emission 




li 


o 

o r 

o 

o 

o 


J r\ 

o L 



Fig 10 3 — Potential distributions within a 
screen-gnd tube for negative and positive 
plate potentials 

Screen-current-Plate-voltage Characteristics of the Screen-gnd Tube 
The screen-grid current is the difference between the space current and 
the plate current m Fig 10 2 This difference is plotted as screen current 
in Fig 10 4 as a function of plate voltage The screen-current-plate- 
voltage curves are like the positive-gnd-current-plate-voltage curves 
of a tnode Exactly the same factors enter into its composition The 
primary distribution is such that the screen current decreases uniformly 
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with increasmg plate voltage exactly as is the case for the tnode gnd 
When the plate voltage is less positive than the screen-gnd voltage, 
the screen gnd acq[Uires current from the plate and hence rises above the 
primary-current value If the secondary emission is sufficient, the net 
screen-gnd current will nse with voltage until it falls as the plate potential 
becomes more positive than the screen potential When this happens, 
the screen loses secondary electrons to the plate and as a result the net 
screen-grid current drops below the primary value and may even go 
negative m some cases 

General Characteristics of Screen-gnd Tubes Because of the distor- 
tions in the plate-current curves caused by secondary emission, the screen- 
gnd tube has rather restncted ranges of potentials in which it operates 



Fig 10 4 — Screen-current— plate-voltage characteristics of a screen-grid tube 

satisfactorily For very high plate potentials relative to the screen-grid 
potential, the current characteristics are very unifonn The range of 
uniform current charactenstics is necessarily qmte limited The screen- 
gnd potential must be relatively high to draw sufficient current The 
plate potential must be at least this positive to avoid secondary-emission 
distortions and yet cannot be too much more positive because then the 
plate dissipation becomes excessive In this operatmg region the plate 
resistance of the tube is very high The amplification factor is also 
high, but the mutual conductance is of the same order as in a tnode 
Use 18 sometimes made of the negative plate-resistance characteristic 
that the screen-gnd tube displays at low plate potentials It will be 
recalled that the plate resistance of a tube is given by the reciprocal 
of the slope of the plate-current-plate-voltage charactenstic Hence 
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the plate resistance is negative whenever the slope of this characteristic 
IS negative The negative resistance that can be reahzed from a screen- 
grid tube has a limited amplitude of current and voltage to which it can 
be subjected It is further not very stable because secondary-emission 
characteristics are extremely variable The negative resistance that can 
be reahzed will be different from tube to tube and will even change m 
the same tube with time 

10 3. Beam-power Tubes The beam-powder tube is a special tetrode 
designed to ehminate the mterchange of secondary electrons between 
screen gnd and plate Historically, it was developed later than the 
pentode Its development followed the discovery that when the screen- 
gnd-plate distance m a tube was made rather long there was a maximum 
current which could be transmitted to the plate This led to a study 
of the space-charge effects mthin the tube, which m turn led to the 
development of the final form of the beam-power tube 

The mtemal electrode arrangement of the beam-power tube is showm 
in Fig 2 6 The distmctive features of the construction of this tube 
are the ahgned control and screen grids of the same pitch This is 
coupled with a flat cathode and side deflecting plates to keep the current 
sheets, which are formed by the aligned grids, from spreadmg The 
screen-grid-plate spacing is made rather large, and the successive 
electrodes are curved so that they are at right angles to the electron flow. 

The resulting plate-current-plate-voltage characteristics are shown 
m Fig 2 7 It IS seen that the dips in the current curves due to second- 
ary emission have been eliminated at all but the very lowest control-gnd 
voltages, and even here the dips are not very pronounced The reason 
for this improvement in behavior is found in the space-charge effects 
that occur m the screen-grid-anode region Before examuung this 
subject m detail it is desirable to mvestigate briefly the electrostatic 
field of a beam-power tube 

10.4. The Electrostatic Field of a Beam-power Tube. The same 
general methods that have been described m the chapter on Tnode 
Characteristics can be applied to multielectrode tubes m some cases 
For tube structures m which the grid wires have a regular pattern the 
method of conformal transformations is easily apphed This is the case 
for the tetrode with aligned grids, the structure of the beam-power tube, 
which will be treated here by an extension of the method employed 
with the tnode 

The line-charge configuration of Fig 10 5a gives nse to the configura- 
tion of Fig 10 56 upon application of the transformation W = In Z 
The relation between the parts m the two planes is apparent from the 
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previous study of tnodes The small circle about the ongm in the Z 
plane goes mto a cathode hne m the W plane The control-gnd-wire 
circle at (1,0) in the Z plane goes mto the senes of equally spaced control- 

gnd wires m the W plane The screen-gnd wire at (e ® , 0) in the 
Z plane goes mto the hne of screen-gnd wires m the W plane A large 
plate circle about the ongin m the Z plane goes mto the plate hne in the 
W plane 




(cl) 


(d> 


Fio 10 6 — (a) Transformed beam-power tube, (6) beam-power-tube elec- 
trode arrangement 


It IS necessary only to wnte an expression for the potential at any 
pomt P m the Z plane, transform it by the loganthmic transformation, 
and then evaluate the electrode potentials m terms of the charges and 
potentials This is the procedure that was used for the tnode, though 
the form of the resultmg expressions may be expected to be more com- 
phcated because of the mtroduction of another electrode In the 
treatment that follows the small-gnd-wire approximations will be made. 

The potential at any pomt P m the Z plane is given by 


-fiTCo iMTEo 




+ C 


(10 2 ) 
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(r')2 = (1 + r* - 2r cos 6) 


(10 3) 


JOTTUgt 

(r")^ = (« a +r^ -2e “ r cos 6) 


(10 4) 


Substitution of Eqs (10 3) and (10 4) into Eq (10 2) and application 
of the logarithmic-transformation coordinate equations gives 


T/ ^ 

^ 

fleo 




✓V / 2ir(w+c2fl*) _ 4?ru\ 

-&'“(•“ -2.^^c»^ + .-) + C (105) 

To determine the electrode potentials m terms of the charges and 
dimensions, let u = —deg, y = 0, where dcgy> a, and set the cathode 
potential equal to zero This gives an expression for the constant C 
that can be put into subsequent expressions 




(10 6 ) 


To find the control-grid potential let m = 0, y = Vg, where < — 

20 


F, = _ ^ ^ In ^ (10 7) 

atQ 2x^0 Cl ^ ^ 

To find the screen potential let u = d^,, v = r, where dg, > a Then 


V = — “‘g T* ^00 rt _ _ 2* i„ 

2c —7a 


g. . 27IT. 

27r£0 a 


(10 8 ) 


To find the plate potential let u = dgp, v = 0, where dgpy^ 2a Then 


Vp= - 


"b deg 


^gp ^ dgp dgs 

aeo oeo 


(10 9) 


The last three equations give three electrode potentials m terms of 
three charges The system can, of course, be solved for the charges m 
terms of the potentials Solvmg for the cathode charge. 


Aa*eo* { 27r ( a ’) ] ^" 


(10 10 ) 
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where A is the deternunaiit of the coefficients of the q’s in Eqs (10 7) , 
(10 8), and (10 9) From Eq 10 10 the gnd-plate amplification factoi 
is given by the ratio of the coefficients of Fj and Fp as 


ftp = 


^ , adgji 1 I s\ 

( « Y In fe') In (— ) 
\2TrJ \ a / \ a J 


(10 11 ) 


This expression is accurate to within a few per cent provided that tlie 
spacmgs between the various electrode planes are all greater than the 
gnd-wire spacing and provided that the screening fraction of the grids 
(ratio of grid-wire diameter to grid-wire spacing) is less than 0 1 

It should be pomted out that the amplification factor derived above 
gives the relative effectiveness of the control grid and plate m con- 
trolling the toted space cuTrent and not the plate current so that the above 
constant will not correspond exactly with that given m the tube manuals 
That given in the tube manuals gives the relative effectiveness of the 
control grid and plate m controlling the plate current, and this depends 
upon the factor of Eq (10 11) and also upon the way the space current 
divides between screen and plate However, smee the current-division 
function of a beam-power tube does not vary greatly with electrode 
potentials, the above expression for amplification factor is accurate 
enough for most purposes 

10.6. Space-charge Effects m the Screen-gnd-Anode Region of Beam- 
power Tubes In Sec 8 9 of the chapter on Space-charge Effects it was 
shown that the effect of imtial velocities m a diode was to create a 
virtual cathode between the actual cathode and the plate Similarly, 
m tetrodes of proper design it is possible to get a virtual cathode or 
potential mmimum between the screen grid and plate If a satisfactory 
potential mnnmiim can be achieved, it will suppress secondary electrons 
from the plate and do away with the need for a suppressor grid Such a 
tetrode is the beam-power tube It is m many respects superior to the 
conventional pentode 

In order that space-charge effects be appreciable, it is necessary that 
there be a very nearly parallel flow of electrons This is not the case in 
the ordinary tetrode, for the use of control and screen grids with different 
pitches breaks up the electron flow It is, however, possible to get w^hat 
IS nearly a parallel flow m a tetrode by makmg the control and screen 
grid have equal pitch and aligmng the gnd wires so that electrons which 
pass through the spaces of the control gnd will also pass through the 
spaces m the screen grid In Eig 10 6 are shown some typical electron 
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paths m a beam-power tube ^ The paths give a sufficiently close approxi- 
mation to a parallel flow m the screen-gnd-plate region so that observed 
tube characteristics correlate well with theoretical properties deduced 
from this assumption 

Assutnmg a parallel flow of electrons startmg at a high positive poten- 
tial at the screen, a number of different potential distributions are 
possible depending upon the plate potential and the magnitude of the 



Fig 10 6 — Electron paths m a beam-power tube 
(Jonker ) 


current injected into the screen-gnd— anode region Associated operatmg 
conditions are correspondmgly different The types of distributions 
encountered are shown m Fig 10 7 The characteristics associated with 
these various distributions are best listed m tabular form They are 
essentially determmed by the sign of the constant which appears after 
the first integration of Poisson's equation as m Eq (8 5) which may be 
written 

iFrom JoNKBB, J H L , Pentode and Tetrode Output VaJves, Wireless Engr, 
vol 26, [No 189], pik274r-286 


250 


VACUUM TUBES 


where J = and has the value 2 335 X lO"® amperes per volt^ 

The properties of the distributions as determined by the sign of the con- 
stant Cl are as follows 


Type 


Cl 

dx 

Current 
transmission 
to plate 

V 

A 

— 

+ 

- 

None 

1 

+, 0, (-) 



(Virtual cathode) 


B 

0 or + 

0 

1 0, + 1 

1 Partial 

+,o, + 



(Potential mmimum) 


C 

+ 

— 

0, + 

Complete 

+ 

D 

-f 

— 

+ 

Complete 

+ 


In types A and B there is a virtual cathode at the point of zero 
potential In type C there is a potential minimum but no virtual cathode 

at the pomt of zero gradient of potential It is seen that the current 
transmission is complete only when no virtual cathode exists The 
various types of distribution will be analyzed in some detail m the 
followmg paragraphs A number of extensive analyses of the space- 
charge effects m the grid-anode region of tubes have been pubhshed 
The treatment given here makes use of dimensionless parameters givmg 
nse to universal characteristics as proposed by Fay, Samuel, and 
Shockley 

Type A Distnhuhon This type of distribution corresponds to that 
of a temperature-limited diode and is encountered when the plate is 
negative The electrons injected mto the screen-grid-plate space 
encounter a retarding field and are thus slowed down until they finally 
reach a zero velocity at some pomt before the plate, reverse, and return 

1 Habribs, J H O , The Anode to Accelerating Electrode Space in Thermionic 
Valves, Wireless Engr , vol 13, pp 190-199, April, 1936 

2 Plato, G , W Kleen, and H Rothe, The Space Charge Equations for Electrons 
with Imtial Velocity, Part I, Zett furPhys , vol 101 [No 5], pp 509-520, 1936 

® Kleen, W , and H Rothe, The Space Charge Equations for Electrons with 
Imtial Velocity, Part II, /iZr P%s , vol 104 [Nos 11, 12], pp 711-723, 1937 

^ Salzberg, B , and A V Haeff, Effects of Space Charge in the Grid-anode 
Region of Vacuum Tubes, RCA Rev , vol 2, pp 336-374, January, 1938 Excellent 
discussion of dynamic characteristics 

® Fat, C E , a L Samuel, and W Shockley, On the Theory of Space Charge 
between Parallel Plane Electrodes, Bell Sys Tech Jour , vol 17, pp 49-79, January, 
1938 
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to the screen There is thus a virtual cathode at the point of zero 
potential The potential distribution from the virtual cathode to the 
negative plate is Imear 

The equations for the relations between potential, distance, and 



screen-grid-plate region of a beam-power tube 

current are obtained by letting the constant in Eq (10 12) assume the 
positive value of where m is related to the slope of the potential- 

distribution curve as will be shown and Fi is the screen potential The 
differential equation then has the form 


Y = 

\dx / 


16(2J) 

9a=* 


( 7^4 + 


(10 13) 


or 


dx 


-4 2^/^ 
3a 


(7H + 


(10 14) 
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Let the following changes m vanables be introduced 



X 

<r = — 
Xq 


(10 15) 
(10 16) 


where xo = 


a7iH 


IS the distance over which a potential V i will produce 



type A 

a current density J m a space-charge-saturated diode The Eq (10 14) 
becomes 

^ {^H + m^)ii (10 17) 


This may be written as 


d<l> 


-4 2>4 


da 


(10 18) 


(</.» + 3 

for convemence of integration Let d<j> = d{4>^), and then, upon 


mtegration, 


2m«)(<#.W + mH)M = 2>4<7 + C 2 (10 19) 



rKTBODICH 


253 


Hinri* ^ \ w hi'ii 0 ^ 

2’^tf - U 2m^n{\ \ ^ ^ (10.20) 

Thv factor 2 * lum \H*vt\ la’caiitM* tlu* rcvcrnal of current at the 

\>rtUfU ralliiHlr Unn ni|uiri‘ii timt J he repluml hv 2J in the above 
ilenMition CSirvi*^ *»f the \ uhtnuieil from Kq (10 20) are nhown 
in I ta to H If the Hhi|M* tif the cimeH In* I'Miluateil it in H<M*n that 

for 4 > Si) (U). 21 ) 


for<y - 0 (10.22) 

It wiW 1 «» reiiiamiWMl thjii the jioientinl diHtnhuthmH remiltinji; in 
llim cam' are the miine thum^ eneuimtered m the tein}M‘rHture-h!uited 
ilitale, the ofih iliflferefice Inuna that tin* curriuit iH flowing in oitual 
amounts \n h*ilh tune* ainl im mi thin ea^M* injecieO at a jumitive rather 
iliaii at a iuto pulentml 

Tui^ /iMtri/ifiOfiii 11 ii« ireura wlien the integration eoimtant 
Cl If* WTO anti im t un l»e ueeii from mm|tle phyHieal etniHuIerationH giiWH 
rmr hi rt (*/ii/</*ir /mi* i/M/nfiiiOeii on ntrh irn/r of it oiriimt rathodr ihnt vjtintH 
oi ihr /mini iif srra /Hilniiiaf Hot/ zrro gtoeltntl I#et it he aHHurneil that, of 
the injeiieil current, ii fraction t* ih IraiiHinitteil heyomi the virtual 
cathiHle 1 *hen the nel eiirreni on the Hcreen^gml niile of the virtual 
cathiHle. ai» far in* lU iqMiee i harge effectn are <*oneernetl, in (2 P)J. 
rhiliTw lai% then amnnnef* the form 

Ci ^ "’^V’ 



bill murr J - ^ ,* • Ihi'ii )tt trrtnn uf iIm* ^ iind g 

Jf 0 


Vi /•) 


(10.21) 


Hmrr ihr ni-liml (luiur i. * - 1 tthrmt w w-rtniml flu'P'dfmin! 

HilJi tiicri'iiftitiK Oti* iiHiHt l«' |Hit tiito lh«* form 


» t 


\ *'* 

Vi - /•)'» 


(10.25) 


in v.tiirh thi* mih*M ripl I. nnln’iiti'f* Jliiil tl»' ri’liOlnit holiln ti> thn li'f) 
i.f Ihi- uriiinl nillimli- (nr vnliir" ••( •)> l«>HM'i*n 0 itinl I nml a U mniHUml 
(mm |ln« pmnt nf nirri'iif iiijri'lniii 
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Let the following changes m vanables be introduced 



(10 15) 
(10 16) 


where ®o = ~jW 


IS the distance over which a potential V i will produce 



type A 


a current density / in a space-charge-saturated diode 
becomes 


d<t> _ -4 2H 
d<r 3 




TheEq (1014) 
(10 17) 


This may be written as 


d<j> 


-4 2« 


- 1 - 


da 


(10 18 ) 


for convemence of mtegration Let d<l> = 2<l>^ d(^^), and then, upon 
mtegration, 

= 2M<r + C» (10 19) 
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Since <#> = 1 when a- = 0, 

2^^cr = (1 - 2m^^)(l + - (<i>^ - 2m^)(0^ + (10 20) 

The factor 2^^ has been introduced because the reversal of current at the 
virtual cathode has required that J be replaced by 2J m the above 
derivation Curves of the type A obtained from Eq (10 20) are shown 
in Fig 10 8 If the slope of the curves be evaluated it is seen that 

^ = ~ 3 ^^ for <#. g 0 (10 21) 

and 

^ ^ (1 + for <7 = 0 (10 22) 

It Will be recognized that the potential distributions resulting m 
this case are the same as those encountered m the temperature-limited 
diode, the only difference being that the current is flowmg m equal 
amounts in both directions and is m this case mjected at a positive rather 
than at a zero potential 

Type B Dtstnbuhon This occurs when the integration constant 
Cl IS zero and as can be seen from simple physical considerations gives 
rise to a Child's law distribution on each side of a virtual cathode that exists 
at the point of zero potential and zero gradient Let it be assumed that, of 
the in 3 ected current, a fraction P is transmitted beyond the virtual 
cathode Then the net current on the screen-gnd side of the virtual 
cathode, as far as its space-charge effects are concerned, is (2 — P)J 
Child's law then assumes the form 

(2^P)J = ^ (10 23) 

X 


but since J = then in terms of the factors <l> and o* 


(2-P) 


(10 24) 


Since the actual potential factor is (j> = I when or is zero and the potential 
decreases with increasing a-, the relation must be put into the form 


1 - <i>y^ 

- (2 _ P)V4 


(10 25) 


in which the subscnpt L indicates that the relation holds to the left 
of the virtual cathode for values of <j> between 0 and 1 and v is measured 
from the point of current injection 
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To the right of the virtual cathode the current density is PJ so that 


PJ = 


a:* 


(10 26) 


where x is now measured from the virtual cathode Combimng this with 
the Child's law relation, 


P. 


(10 27) 


Actually, the potential factor is zero when <r has a value of 
as may be seen from Eq (10 25), so that the desired relation is 


(2 - P)^ 


1 

~ (2 — P)M pj5 

where the subscript 72 mdicates that the expression holds only to the 
right of the virtual cathode and v is agam measured from the point 
of current mjection Curves of the type B as determined from Eqs 
(10 25) and (10 26) are shown m Fig 10 9 It will be recogmzed that 
these are all three-halves-power-law curves drawn with different scales 
from both sides of the virtual cathode 

A curve of considerable importance m the family (Fig 10 9) is the 
limiting curve that gives the maximum value of 4 for a fixed value of <t 
to the right of the virtual cathode This is an envelope to the family of 
type B curves If the expression of Eq (10 28) be solved for 0 and 
maximized with respect to P, there results 


2 

(2 - P)« 

When this is substituted m Eq (10 28), there is obtained 

p__2^ 

1 + 


(10 29) 


(10 30) 


The factor P can be elmunated between Eqs (10 29) and (10 30) to give 
the relation between ^ and a 

<r = (1 + (^5<)«2-JS (10 31) 

This curve is shown dotted m Fig 10 9 Equation (10 30) tells what the 
m a ,x i m u iin transmitted current for any plate potential is If the attempt 
IS made to mcrease the transmitted current beyond this value, the 
distribution wiU jump from a type B to a type C or P distnbution 
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Type C DistrihvMon This type of distribution is characterized by 
the existence of a potential minimum that is not at zero potential The 
distnbutions are obtained by letting Ci = — m Eq (10 12) 



This gives a positive value of V, equal to oiV when ^ equals zero 
Integration of Eq (10 12) with the above value of the constant gives 

(T = ±(<^>^ + + C 2 (10 32) 


256 


VACUUM TUBES 


m which the negative sign goes with a negative slope at the screen and 
the positive sign gives a distribution of the type D Since 0 is unity 
when <r IS zero, 

+ (1 + 2ay^){l - (10 33) 

which holds to the left of the potential minimum with <t measured from 
the point of current injection The distance at which the potential 
mimmum exists is found by setting <j> = a 

a-min - (1 + 2ay)(l - (10 34) 

To the right of the potential mimmum the potential distribution is 
given by 

+ 2ay){<l>y - + (1 + 2a^0(l - (10 35) 

<r being measured from the screen grid The slope of the potential- 
distribution curves at the screen is given by 

^ = - I (1 - (10 36) 

Curves of the C type are shown in Figs 10 10a and h Various limiting 
curves are of mterest By letting equal a there is obtained the curve 
which passes through all the minima and of which the equation is 

cr = (1 -f- 2<^>^^)(l - (10 37) 

This curve is shown dotted m Fig 10 10a 

By setting a equal to zero, another limiting curve is obtained, 

aR=l + (10 38) 

which IS the boundary between the B and C type of curve This curve 
runs through the field of the type C curves because of the way in which 
the curves overlap The significance of the overlap curves of Fig 
10 106 IS that two potential distnbutions are possible for one set of 
electrode potentials 

By setting a equal to unity, 

<7 = + 2)(0’^^ — 1)J^ (10 39) 

which sets an upper limit to the type C curves 

Another limiting curve is obtamed by makmg o-r a maximum with 
respect to a and holdmg <t> constant This gives 

a= <t>{l + <#>>^-)’"' (10 40) 

and 

O ’ = (1 + (10 41 ( 4 ) 
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In these expressions <r and <l> are coordinates of a lower-lumt envelope 
that IS tangent to the type C curves The parameter a determmes which 
curve is tangent to the envelope at the point m question Type C dis- 



tributions cannot exist beyond this condition If current or voltage is 
changed beyond this boundary, the distribution jumps to a type B curve 
From Eq (10 41a) is obtained the expression that gives the maximum 
current that can be transmitted between electrodes at potentials 7i 
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and V 2 separated by a distance x The limiting current density is 
2 335 X + V2^^y 

VmBx = \ — amperes per umt area (10 416) 

X 



If the mjected current exceeds this amount, the potential distribution will 
jump from a type C to a type B distribution, with an attendant reduction 
in transmitted current 

Examination of the curves of Fig 10 10 and their equations shows 
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that the curves are all of the same form but differ only m scale and posi- 
tion Hence the upper limiting curve for which a equals 1 is a umversal 
curve showing how the potential vanes on either side of the potential 
mmimum The umversal form of this curve is obtamed by settmg a 
equal to 1 in Eq (10 35), giving the umversal form 

- 1)^ (10 42) 


which holds on either side of the minimum at which the potential value is 
now Vi and <r« is measured from the minimum Current is introduced 


into this expression by the relation J = 






and <r« = — 


Type D Distnbutions These include curves of the C type restncted 
to the region of the curve before the potential mimmum is reached 
They also include curves that start with a positive gradient and mcrease 
This latter type is given by usmg the positive sign in Eq (10 32) It is 
not of much practical importance Smce the curves of the D type are 
included in the other types previously discussed, they will not be dis- 


cussed m detail 

10.6. Dynamic Charactenstics of Beam-power Tubes. In the above 
discussion of the different types of potential distribution possible it has 
been mdicated that there are limiting conditions under which the separate 
types could exist It is also true that several potential distnbutions are 
possible for a given set of externally imposed conditions In actual tube 
operation this means that there may be discontinmties in the current- 
voltage characteristics, for as potential conditions are changed, the inter- 
nal distributions may jump from one form to another and these changes 
are sometimes accompanied by changes in the fraction of the current 
transmitted to the plate Furthermore, it sometimes happens that there 
may be hysteresis effects as a cycle of voltages is impressed upon a tube m 
that the current cycle produced does not retrace itself exactly 

The beam-power tube makes use of a potential minimum produced by 
a type C distribution to reduce the secondary emission from the plate 
As long as the potential minimum is 20 or more volts more negative than 
the plate, very effective suppression of secondary electrons is achieved 
This expedient dispenses with the need for a suppressor grid but may cause 
the dynamic charactenstics to be different from those of other tubes 
Two of the most important dynamic characteristics wiU be discussed 
in a qualitative fashion Quantitative analyses have been given,i but 
these are somewhat limited in value in that the ideal conditions of parallel 
electron flow cannot be reahzed exactly in any actual tube 

Injected Current Varied, Potentials Constant One case that is of 


1 Salzberg and Habff, loc at 
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considerable interest is that m which the screen and plate of a beam- 
power tube are maintained at the same potential and the current injected 
into the screen-gnd-anode region is increased from zero to a large value 
and then decreased The changes m the potential distribution encount- 
ered m the tube are shown in Fig 10 11 Initially, for no mjected cur- 
rent, the potential distribution from screen gnd to plate is a straight 
horizontal hne as shown at a As the mjected current is mcreased, the 
potential-distribution curve is depressed, assuming the form of the type C 
distnbutions as shown at 6, in this case symmetrical with respect to a 
potential mmimum at the center As the injected current is further 


a 



Fig 10 11 — Potential distributions in a 
beam-power tube as the injected current is 
varied 


increased, the potential-distribution curve is depressed still further, 
mamtaining its symmetry The physical reasons for the action are 
quite apparent As the current is mcreased, the space charge is mcreased, 
which reduces the potential, which decreases the electron velocity, which 
increases the space charge still further and thus depresses the potential 
still more Thus an increase m mjected current starts a cycle of action 
that IS very sensitive to changes m current, so much so that an equi- 
librium may not always be reached This occurs tn this case when the 
potential curve has been moved about three-quarters of the way down to a 
zero potential, as at o, at which point any further increase m current 
causes the potential curve to drop as far as it will go because of the 
instability m the sequence of actions described above The potential 
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curve can drop only to zero, at which point a virtual cathode is formed 
halfway between grid and plate When this occurs, part of the current, 
which has previously all been gomg to the plate, is turned back toward 
the gnd, thus increasmg the space charge or effective current to the left 
of the virtual cathode Child’s law demands that when the current is 
increased without a change m potential the distance must be decreased 
so that the virtual cathode moves toward the screen, finally commg to rest 
at some position, as shown at d Thus the distribution changes immedi- 
ately from that at c to that at d, with an abrupt reduction m current to 
the plate Any further mcrease m injected current mcreases the space 
charge and current on the screen side of the virtual cathode and causes 
it to move closer to the screen, with a further reduction m transmitted 


current 

If now the current is decreased, the sequence of operations will not be 
exactly the same, for the imtial conditions are different For a given set 
of voltages and current, two potential distributions may be possible but 
only one can exist at a time, of course, and the physical choice between 
the possible distributions is determmed by the order m which hmitmg 
conditions are established If the current is decreased, the vurtual 
cathode moves toward the plate, an increasmg fraction of the current 
going to the plate Fmally the virtual cathode reaches the nud-pomt, 
^11 the current gomg to the plate The virtual cathode is now satu- 
rated ” The potential field and electron paths for such a condition are 
shown m Fig 10 12 The type B distnbution cannot exist with any 
smaller injected current, and thus a further decrease causes the potential 
distribution to juinp to the type C distribution, jumping from the distn 
bution at e to that at f Any further decrease m current now mamtams 
the same type of symmetrical distribution, the potential immmum nsing 
until finally it is flat, with no current Because of the fact that there 
IS a maximum value of plate current for any set of screen and plate 
voltages m a beam-power tube, difficulties may sometimes be encountered 


with pulsed operation 

Although the above discussion has been given for equal screen and 
plate voltages, the same sort of behavior results if the 
are not the same In general, specific hmitmg conditions will be different 


The associated current behavior is shown m Fig 10 13, winch stows 
the relation between the plate current and the injected current ^ J^te 
injected current is increased, at first all the current is transmtted to 
the plate, giving the straight-lme characteristic shown When the 
pote^tial ’diLbu^^ jumps from o to d, the plate -rent sudde^y 
drops m value and then decreases uniformly, as shown, as the mjected 
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rtjrrcnt i« mcroiwrtl. When tlio injected current is then decreased, the 
Iransniitle*! current i» jiicreftHctl ttnifurmly until the distribution shown 
at r in Kis;. 10 1 1 «h reached, in this case tlie jump in distribution from e 
to / priKiuces mi chnn|i!(> m ctirrenl. ihmiKh it will be observed that the 
hiRlicHt current rc-nche«i <m llie retrace of tin* cycle is less than that 
uliliiineil iw the injected current was mcreawd. All tlie injected curient 
mm to the plate anuin; nml ns the injected current m decreased 
further, the plate current deereaws coiieKpondinKly, movin« down tho 
stniiaht-hne jiurlion of tlie eur\e of Kin 10.13 'I’he portion at the 
extri’ine riglit of the eiirrent eharuetermtic is wen to <*\hihit a negative 



tt it I urn Mt 

tfiiiiHt*oti*luriiiiU’i^ Hiiirr tlu’ iiijiM'ltul niimit tn a runtiauotiH fua(‘tina of 
the eontrol-Rrid loltagi' Om’dhiioij* ha\e been built ntilizing this 
pro|M'rty The eharaeteristn* shimn in I'tg Itt 13 can actually be 
obwrved on an ow’i!loseo|«* if ii benin'power tube is eonneeted so that the 
verliettl delleetion is proport mind to plate eiirrenl and the horizontal 
delleellon proporl loiiul to space current ns liie eonirol-grid voltage is 
varied simisoididlv, 

nintr hUtuluU Variitl, SrrriH fufinlnil tmt tiijfdnl ( unntl Conatant. 
Another eiisi' of u|H«riilmn which is of partienlar iinportiince is that which 
iH’i’iirs when the plate potential ahme is \arted. < onsuler the ease in 
ttlncli the iiijeeted current is ipiiie high, eorrespomiliig to a iiositive con- 
trol-grid voltage on n beam-power tube Htiirting with n negative plate 
potential, the iMib'fitnd dislnbnlmn is of the tyjM' A (temperature- 
hmiteil), fts shown iit n tn Tig H) « » VVhen the plate potential reaches 
a value of aero, a distribution of the tyjs* Ii (spiicc-chargc limited) exists 
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as shown at 6 Then, as the potential is further increased, a three- 
halves-power-law distribution holds on each side of the virtual cathode, 
which moves toward the plate Finally, a limiting type B curve is 
reached, and even though all the current is not bemg transmitted to the 
plate the distribution jumps from that at c to that at c', giving a type C 
(potential minimum) distribution with a complete instead of a partial 
transnussion of current As the potential is further increased, the poten- 
tial minimum moves toward the screen as the curve moves up Then, 
as the cycle is reversed and the potential is decreased, the curve moves 



Fig 10 14 — Potential distributions in Fig 10 15 — Plate current in an ideal 

a beam-power tube as plate voltage is beam-power tube as a function of plate 

varied. voltage 


down through the stages mdicated by e and / At p there is reached a 
linaiting curve of the type C, and the distribution jumps to that at 
givmg a partial transmission of current From this the virtual cathode 
moves toward the screen as the potential and plate current decrease to 
zero The curve a is obtained again as the plate voltage is made negative 
The corresponding current behavior is shown m Fig 10 15, in which 
IS shown the variation of plate current with plate potential Plate 
current begins to flow at h and continues to increase until c because of 
the partial transmission of current If the position of the virtual cathode 
remained fixed, the current would increase as the three-halves power of 
the plate potential in this region Smce it moves toward the plate, the 
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rurrrni inrri'nwH fiwtrr tlmn thr lliri'o-liftlvfs power, giving a very 
Btccp rlwiriifieriKiu' nii«l ui’i-nimtiiig for the Mharp Hiiouhior of the plato- 
I’urn'iit pliili'-\«tllngi' «'ur\en uf the iteum-power tube. At c the cunent 
t4ilhiit til i', III iviiieii the tiiinHtmwnin iHeompleteamitherurrent 
rtMOtuiiH eiiiii*tiinl b»r furlhei iiieieiiHeH m potential. Wiien the oyele is 
n'venM'ii, the I’lirreiii reniiutiH eoiiKtaiit as the potential is ileei eased until 
i»t reiiehed. til uhnh it diopx to the value on tlie eui ve between b and c 
It Mill Im' iioieil that the jump in eurrent on the retraee oeeuis at a lower 
value of polentml than when the potential is inereasing 

The t\|a< of beha\ior deseiila'd abtne oeeurs for other values of cur- 
rent. though the effeets are most pronoimeed when the eurrent is high 
At lower \ahies of eurient. potenliid mtniina may not be formed. Tho 
iin*n of the hysteresis loop is in all eases cpiite small and becomes smaller 
as the eiirn'iU is ileerensi'd In an iietiial lube such as the having 
the ehami leristies shown in Kig. 2 7, the distribution of initial voloeities 
ami mom partnularly the spreading of the lieam siieets euuse tlu» eurrent 
ehnraetenslie to defiart fiom the idealized heliavior imiieatod here.' 
Sometimes at high currents, iiisleati of llie jumps indieiiled, the curve will 
run through a small s gning use to a small legioti svlth a negative plato 
n'sistnnce The kinks are obsi'rxed only for higli currents. At lower 
currents there is a sharp shoulder, At very low currents, potential 
mininm are not formeil , iiml as a result seeoiidary electrons from the plate 
are not suppri'ssi'd, ami the eiiives liii\e the eliaraci eristic depressions 
associated with this elTeet It is also not true tlml tlie eurrent is oom- 
pletelv indrjiemlenl of the plate polenlinl when tiie eurrent transmission 
IS complete, for the callnsle region is not eompli'telv shielded from th(« 
plate 

• Hi imok I* II , iWiii t'liMi’r I'riM t H , viil lift, pp. 1H7 IKI, Kctiruary, 

t03M 
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PENTODES 


11 1 Electrode Arrangement m a Pentode. The pentode, as its 
name implies, is a five-electrode tube The five electrodes, m order, are 
cathode, control grid, screen gnd, suppressor grid, and plate The effects 
of all these electrodes except the suppressor gnd have been studied 

The suppressor gnd was added to the screen-gnd tube to eliminate 
the exchange of secondary electrons between screen gnd and plate 
It is invanably a coarse-mesh gnd placed between the screen grid and 
plate and operated at cathode potential At this potential it is able to 



suppress secondary electrons by causing 
a deep dip in the potential between 
screen grid and plate while at the same 
time its coarse mesh allows electrons to 
pass on through it to the plate The 
potential profiles of a pentode are 
shown m Fig 11 1 From these it is 
seen that both the plate and the gnd 
present negative gradients of potential 
to secondary electrons created at their 
surface This ehmmates the exchange 
of secondary electrons between screen 
gnd and plate and results m current- 
voltage charactenstics which are almost 
exactly those which would occur m a 
perfect screen-gnd tube having no sec- 


C Gj, G 2 4 p ^^<iary emission 

Fia 11 1-Poteatial proffles m a , *3Tes of vacuum 

pentode . pentode is probably the one 

in most extensive use For voltage 
amplification whether at audio or radio frequencies it is the mvanable 
choice It IS used at audio frequencies because a higher gam per stage 
can be realized than with a tnode It is used at radio frequencies 
because the extremely low control-gnd-to-plate capacity virtually elimi- 
nates the possibihty of regeneration Even as a power tube, it finds 
considerable use because its control-gnd current and hence the power 
necessary to drive it are lower than for the correspondmg tnode 
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11.2 Current-voltage Characteristics of the Pentode. As stated 
above, the suppression of secondary electrons in the pentode gives it 
the characteristics of a screen-gnd tube that is free of secondary emission 
The addition of the extra gnd increases the extent to which the control 
grid IS shielded from the plate and results in a somewhat higher amphfica- 
tion factor and a somewhat higher plate resistance 

Plate-current-Control-gnd Voltage Characteristics The plate-current- 
control-gnd charactenstics of a pentode are similar to those of a tetrode 
and not greatly different from those of a triode The plate current is 



Fig 11 2 — Plate-curren1>-control-grid voltage characteristics of a type 6J7 pentode 

most easily influenced by the control grid, less so by the screen gnd, and 
hardly at all by the plate Some typical plate-current-control-gnd 
voltage characteristics of a pentode are shown m Fig 11 2 Here there 
IS shown a group of curves for different screen-gnd voltages These 
curves are almost identical with the correspondmg curves m a tnode If 
a group of curves for different plate voltages were shown, they would be 
very closely grouped and, for the same screen-grid potential, would have 
the same cutoff potential 

Plate-current—Plate-voltage Characteristics of a Pentode The plate- 
current— plate-voltage charactenstics of a pentode are shown in Fig 
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11 3a In a well-designed pentode the plate current vanes only slightly 
with plate potential for all plate voltages greater than 50 per cent of the 
screen-grid voltage Below this value of voltage the current falls rapidly 
to zero The magitude of the space current in a pentode is determined 
almost entirely by the control-gnd and screen-gnd potentials The 
plate potential determmes only what fraction of the space current is 
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Fig 11 3a — ^Plate-current-plate-voltage characteristics 
of a type 6J7 pentode 


transmitted to the plate It does, of course, have a second-order influ- 
ence upon the plate current, with the result that the plate current rises 
slowly as the plate voltage is mcreased, but this nse is even slower than 
m the screen-gnd tube, where there is only one shieldmg grid between the 
plate and the control gnd As a result of the action of the plate voltage 
m deternmnng the fraction of the space current that is transmitted to 
the plate, aU the plate-current-plate-voltage curves are similai m 
shape and differ only m scale 
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Space^rrent-Plaie-voltage Charadenshcs of the Pentode Also shown 
m Fig 11 3a are the space-current-plate-voltage characteristics of a pen- 
tode The space current is even more constant with plate voltage than 
IS the plate current The only departure from near constancy occurs 
near zero plate potential Here the space current increases by about 
20 to 40 per cent as the plate potential is mcreased to about half of 
the screen-grid potential This increase m space current occurs because 
there is a change m the space-charge condition around the screen gnd as 
the condition of reflection of electrons from the plate changes to one of 
transmission The action is exactly the same as that which was encount- 
ered m screen-gnd tubes (see Fig 10 2) 



Pig 11 35 — Screen-ourront— plate-voltage charactenstios of 
a type 6J7 pentode 

Screen-gnd-current-Plate^voltcige Characteristics of a Pentode The 
screen-grid current m a pentode is the difference between the space cur- 
rent and the plate current, provided that the other grids m the tube are 
drawmg no current The nature of the screen-gnd-current variation 
with plate voltage is shown m Fig 11 3b The screen-grid current is 
seen to have a uniformly decreasing characteristic with plate voltage 
The screen current will generally he between one-fifth and one-third of 
the plate current at large plate voltages The effectiveness of the su^ 
pressor gnd m suppressing secondary electrons is so complete that the 
screen current rarely shows even a trace of distortion due to this cause 
Suppressor-gnd Effects With small pentodes such as are used for 
voltage amphfication the suppressor gnd is operated at cathode potential 
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and IS not used to influence the plate current In power-output pentodes, 
however, the suppressor gnd may be used as an active electrode It can 
be used to modulate the plate current in amplifiers or oscillators ^ Use is 
here made of the fact that the suppressor gnd is able to control the 
fraction of the current transmitted past the plane of the screen gnd that 
goes on to the plate When the suppressor gnd is at a low potential 
relative to plate and screen gnd, as it usually is, it can sort out the elec- 
trons havmg a large component of energy directed toward the plate 
from those which, because of deflection on passmg close to a screen-gnd 
wire, have a lower component of plate-directed energy Some typical 



Fig 11 4 — ^Plate-current-suppressor-gnd 
charaotenstics of a type 6J7 pentode 


curves showing the current transmitted to the plate as a ftmction of sup- 
pressor-gnd voltage are shown in Fig 11 4 It is seen that the plate 
current is moderately sensitive to suppressor-gnd voltage and that the 
suppressor gnd is readily capable of completely cuttmg off the plate 
current The action of the suppressor gnd m controlhng the plate cur- 
rent IS a combination of its action as a velocity sorter and a direct con- 
trol on the gradient of potential before the suppressor gnd At voltages 
near zero the first action predominates As the suppressor gnd is made 
more negative, the second action becomes predommant As the sup- 
pressor gnd approaches cutoff, there is a strong tendency for a virtual 
1 Gkbsen, C. B , Suppressor Gnd Modulation, Bell Lab Bee , vol 17, pp 41-44, 
October, 1938 
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cathode to form before the suppressor gnd owing to the space charge of 
the approaching electrons, which have been reduced to a very low 
velocity The suppressor grid then has an action very similar to that of 
the control gnd in front of an actual cathode, as m a triode 

An alternative representation of the effect of the suppressor gnd is 
shown in Fig 115 Here the control-gnd action of the suppressor gnd is 
evident at large negative values of suppressor-grid potential Power 



Fig 116 —Effect of suppressor-gnd voltage upon 
the plate and screen-gnd-current characteristics of 
a pentode 

pentodes are frequently operated with slightly positive suppressor gnds 
in order to get a sharper shoulder on the plate-current-plate-voltage 
characteristics Some typical power-pentode charactenstics are shown 
in Fig 11 6 The use of a positive suppressor-gnd potential is seen to 
give a considerable sharpness to the shoulder of the charactenstics. The 
reason why this is necessary in the power tubes is twofold (l)The 
current densities involved are greater, increasing the tendency for a 
virtual cathode to form in front of the suppressor grid and hence requir- 
ing a more positive value of suppressor-gnd voltage to pass the major 
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portion of the space current on to the plate (2) The screen-gnd pitch is 
made relatively large to reduce the total current and power taken by the 
screen As this is done, the deflection imparted to the electrons passmg 
through the screen gnd is increased and hence a smaller fraction of t.BAm 
have enough plate-directed velocity to pass through the positive potential 
spaces between the suppressor-gnd wires 
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Fig 11 6 Plate-current—plate-voltage characteristics of a power pentode for zero 
and positive suppressor-grid potentials 


11.3. Current Division m Pentodes. The pentode is invariably 
operated with a suppressor gnd at cathode potential and with screen 
grid and plate at the same positive potential With this arrangement of 
electrode potentials the screen grid will always mtercept an appreciable 
fraction of the space current Some of this current is mtercepted directly 
on the first passage of the electrons Some of the screen-grid current 
consists of electrons which were so strongly deflected by the screen-gnd 
wires that they did not have enough plate-directed velocity to pass 
between the suppressor-gnd wires All electrons that fail to penetrate 
the suppressor gnd upon their first attempt may be expected to return 
to the screen gnd 

The fraction of the total current transnutted to the plate is expected 
to be a function of the ratio of plate to screen-gnd voltages So also is 
the ratio of plate to screen-gnd current In Fig 117 are shown curves 
of these current ratios as a function of the electrode-voltage ratio Both 
current ratios are seen to vary rather slowly with the electrode-voltage 


PENTODES 


273 


ratio The ratio of plate to space current in the vicinity of equal plate 
and screen-grid voltages varies something hke the one-tenth power of the 
ratio of plate to screen-grid voltage The ratio of plate to screen cur- 
rent vanes approximately as the one-fifth power of the ratio of plate to 
screen-grid voltage No simple theoretical analysis is available to give 
the current-division law directly in either case 



Fig 117 — Pentode current ratios as a function of electrode-voltage ratios 


Just as it was possible to define a current-division factor for positive- 
gnd tnodes, so is it possible to define a current-divison factor for pen- 
todes Let 

Here so is a current-division factor that measures the ratio of plate to 
screen-grid current when the plate and screen grid have the same voltage, 
other gnds bemg presumed to draw no current This pentode current- 
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division factor may be determmed quite closely from the considerations 
that applied to the positive-grid triode 

Figure 11 11 shows the general nature of the potential field and elec- 
tron paths within a pentode The control grid has a slight focusmg 
action upon the electrons that pass between its wires The screen gnd 
mtercepts a fraction of the current that passes through its plane and has a 
dispersing action on the rest The suppressor grid will for the most part 
pass the electrons that approach it, with the exception of some electrons 
that fall into two groups (1) The electrons that are aimed directly at a 
suppressor wire These are naturally reflected and collected eventually 
by the screen grid In general, all the electrons that are aimed at a 
suppressor-grid wire within half a radius of the center of the wire will be 
deflected back mto the screen grid This group comprises the great 
majority of the electrons initially passed by the screen gnd that are 
returned to it (2) The electrons that just barely miss a screen-gnd wire 
and are so strongly deflected that they do not have enough plate-directed 
velocity to reach the suppressor-giid plane This group of electrons is 
distmqtly m the mmority and may not even exist m some tubes if the 
screen-gnd wires are large enough 

The same factors that determined the current division in a positive- 
gnd triode also determine the fraction of the space current transmitted 
and intercepted by the screen gnd of a pentode The followmg identifica- 
tion of the elements of a tnode gives approximately the conditions 
existmg in a pentode 

Tnode Pentode 

Cathode Control gnd 

Control gnd Screen grid 

Plate Suppressor gnd 

When this correspondence of the electrodes is used, then Eq (9 28) 
for current division m tnodes may be apphed directly provided that the 
mean suppressor-plane potential is used as the tnode plate voltage and 
the equivalent tnode cathode-plate distance is recognized as bemg some- 
what larger than the pentode control-gnd-screen-gnd distance When 
these considerations are apphed, a transmission factor for the screen 
gnd IS determined It is then necessary only to correct this for the 
additional electrons reflected from elastic collisions with the suppressor- 
gnd wires 

For the condition of equal plate and screen-gnd voltages prescribed 
for the pentode current-division factor, the mean suppressor-plane 
potential is a very small fraction of the plate and screen-gnd potential 
In terms of the equivalent-triode current division this means that mterest 
is centered on the region of very small voltage ratios, far to the left on the 



IMNToriKH 


275 


tnir |inf«im'-rurrrtii-4i\ tiirvr nf Kig 9 IH 'rhr vhIui* of t\w cur- 
ri’iif rniiM %ull in*i h gn n< *li nl Ii*hh thuH tho tritwU* <*urront-«UviHiun 
flir t urn ni ui»u» ih tntu'uvr ttpwuni Tho tru<‘ 

|iniujir\ » urM^ rn*hii Uuiu flu lui’u^un^ii liuiiliMliMHtuft Inw inuy 

In* r\|HM l<*i f** upfih ui flu I nf tin Inu^uttm* tluTi* in lio fUOfU- 

tli iifmij of flu* i U * Irinli rtirri HIh nin - 
Mtuiiir\ < ini^t»ion utui nfliHioii | 

of f rottf« ffiiiii flu* pliiU of n fiioiit* ii! I O | 

litu |Hil« Ilf niu\ tu* « itttHiili f iililo, j ^ 

ulirri'ii^ Ml II jHiifmli HHor giul of j ; 

flu* MMiu nu nil pofoifinl flu iIiiIioiih i^o ^ 

will f»ir flu’ piirf* Iw nlili !o |ti*iu - P 4!^ 

trnfr Ml flu npm * *• Im f UI I II flu* i\ tn » S ^ 

In oriii I to iipph flu iiImim nti ub m fl 
to f\iilu}«fi* flu tin nil >»up 
pri^M plfiiit^ juiliiifinl t’oiiHiflir flu* j 

I oiifigiiriifioii '»( * l« * * to*!*’** ^Iiou II III I ig I 

tlH 111 t1ii« »*oiMi u Im! |i|i nllil4*»l I oiifig i4« 

M.. ..tv. I. Kt..l .. r.pl I U .. , ^ 

Hiti.v Ih.' Mi|.|.rv....r Kn.| I. «n.l r-Ki.m 

tifitiftih of A iii« ^*li, flu* lu nl tippiitN-. 

imiitioii of (7 72' t«« ntillnii nth nittiriiti* If ii Imimhi potriifuil tnrin 
in in« IimIi*iI lo Ilf I iiiifil fi»r flu f*ffi*i I of flu* m tiuii grul iMul pint**, tlHM*\prMH'^ 
Moll f»»r jHilrlilUll lwiiiini*4k 


Vtjr.g) 




“:')l 


fir I r (11.2) 


uliurr f/ u* flir f Imrgr \m r MiMf luigfli of n ^iiigl** grul «m»*» x ih mi*iiMM**il 
in A tlin»<*fl<»n |*rr|iiMiillrulnr f<i flu* gittl plniu* niul lin#* n ni’ro \iihii* in flu* 
gri«l plniu*. ninl y i»i nu^iMiiml tn lliu grul plniu* rolnliM* fo n grul vvii*^ 
rnnfur mi « ilirfM*fion |H*rtA*iiflti'iilnr fo flu* uirm llu*!nHi*lvf'H rpot* 
mMiing flu* luiNnillnl *u|iiiil f«* I i nf flu* m r* i*n grul nf wliHi / f/n 
titiii y - ft. lliun fippro^lnintf h 


•f »/»« 
2t» Ml 


/W,, I C* 


(tts) 


t liiitt Mttuia Il»«' •»» iM t.. Hi lit.’ .upfinwor nt whifh 

/ II iMui y ri, filial iipproMMintf h 


In 2 <'Mi 

2#f 


(:;:)! 


( 0 . 4 ) 



276 


VACUUM TUBES 


Upon setting the plate potential also equal to 72 at a; = dtp, y = 0, 
there results, approximately, 

7, = _ X ^ + Bdtp + 0 (11 5) 

ZCo CLz 

The same approximations apply above as do m the case of the low-mu 
triode The expressions are valid only for screenmg fractions less than 
one-tenth and mterelectrode spacmgs greater than the distance between 
suppressor-grid wires 

The three equations above may be solved for the three unknowns 
g, B, and C and these values substituted m Eq (11 2) When this is 
done and the general expression for potential resulting is restricted to 

the point X == 0,y = ^7 there is obtamed an expression for the maximum 

potential between the suppressor-grid wires, 
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The mean value of the suppressor-grid-plane potential is just half this 
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When this mean value of the suppressor-plane potential is known, Eq 
(9 28a), which is repeated here, can be applied with the electrode cor- 
respondence previously mentioned to obtain the ratio of the current 
transnutted by the screen grid to the current intercepted on the imtial 
passage 
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Upon substitutmg equivalent factors to smt the pentode problem this 
expression becomes 
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where D = In 

2 di 2 r 2 

!r2 = ratio of current transmitted by screen grid upon imtial 
passage of electrons to cuiTent intercepted 
^23 = geometrical amplification factor of control gnd relative to 
‘ screen gnd 

It IS necessary only to modify the factor T2 by the transmission 
factor of the suppressor grid to obtain the screen current-division factor 3 ) 
The transmission through the suppressor plane will generally be so 
large that it will affect the over-all result by only a small fraction The 
transmission of the suppressor plane is given approximately by 
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rz 
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(119) 


since membrane-model studies show that only those electrons aimed at 
the center half of a suppressor-grid mre will strike it The over-all 
current ratio is then given by 


1 ^ 
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(11 10 ) 




Example Consider the 6 J7 pentode, which has the followmg dimensions 


for 


and 


da = 8 65 mils ai = 21 1 mils ri = 1 1 mils 

di 2 = 56 8 mils a 2 = 15 9 mils r 2 = 1 25 mils 

diz = 109 5 mils as = 50 mils rs = 2 25 mils 

dsj, = 110 mils 

.... 

= 012 fromEq (117) 

= 56 from Fig 7 11 


^28 _ 109 5 
oj " 15 9 


= 6 89 


S 


2rt 

a^ 


25 
15 9 


= 0 1572 



278 


VACUUM TUBES 




15 9 


. fl5 9 X 56[(56 8 + 109 5) - 56 8 X 0 12]0 0683 \ 

2 t 27r X 109 5(0 12 + 56) i 

4 3 from Eq (11 8) 


- 1 


Note that this value of current transmission is only slightly less than the 
8 factor of 4 63 calculated from Eq (9 25), considering the screen grid of the 
pentode as the control gnd of a triode 


© = ^ ^ ^ - = 3 57 


from Eq (11 9) 
fromEq (1110) 


This calculated value of SD agrees well with a measured value of 3 65 The 
agreement is, m fact, better than there is any reason to expect in view of the fact 
that the 6J7 does not have a plane-electrode structure at all but has a circular 
cathode and suppressor grid, elliptical control and screen grids, and a plane plate 

11.4. Amplification Factor of a Pentode. The design of a pentode 
presents a rather complex problem Relatively httle has been published 
on this important subject Most of the design equations exist in the 
private notebooks of a few workers m the field and are largely empirical 
modifications of simple theoretical relations In this and subsequent 
sections there is given a sketch of the factors involved in the determma- 
tion of pentode tube constants The results that are given can serve 
only as a rough guide to the fundamental relations and should not be 
taken as anything more than approximate design equations 

The amplification-factor formulas of a pentode may be expected to 
be considerably more complicated than those of a triode for two reasons 
(1) There are three gnds instead of one (2) The division of current 
between the various electrodes is a function of the relative electrode 
potentials If the amplification factor is calculated from electrostatic 
considerations as was done for the triode, there results an expression that 
gives the relative infiuence of the plate and control gnd m keeping the 
space current constant This is not the true amplification factor but what 
will be referred to as the '^electrostatic amplification factor’' since it 
gives the relative influence of the plate and control gnd m controllmg 
the off-cathode gradient of potential m a cold tube (or space current in a 
hot tube) The true amplification factor is a modification of this value 
that gives the relative infiuence of plate and control grid in controlling the 
plate current The subject will be treated by first studying the field in a 
pentode, deducing the electrostatic amplification factor from it, and then 
modifying this to obtam the true amplification factor 
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Electrostahc Field of a Pentode The method of conformal transforma- 
tions IS not readily applied to tubes having several grids of different 
pitches It IS, however, possible to construct the field from the expres- 
sion for the potential due to a single row of grid wires given m Eq (7 72), 

^ ^)] ^ 

where the wires are spaced a distance a apart upon the y axis and q is 
the charge per unit length of wire If three terms like the function in 
Eq (7 72) are combined properly with a linearly varying component of 
potential, the resultant expression is a satisfactory representation of the 
field of a pentode 

First consider some of the properties of Eq (7 72) In the first 
place the constant has the value 


where Vg is the potential of the isolated grid and Vg is the radius of the 
grid wires Near the grid wires the equipotential contours are circles con- 
centric with the grid wire In this vicimty the potential is given approxi- 
mately by 

At a considerable distance from the grid the equipotential contours are 
straight lines parallel to the grid-wire plane whose approximate potential 
IS given by 

+ cnis, 

where the upper sign is associated with potentials to the right of the grid 
plane and the lower with potentials to the left It is seen that the 
potential vanes linearly with distance from the grid-wire plane, just as 

it would from a plane with a surface-charge density of ^ The second 

term above gives the difference between the actual grid-wire potential and 
the equivalent potential of the grid plane, found by extending the straight- 
Ime portions of the potential profiles back to an intersection, as shown m 
Fig 119 The depth of the fillet about the grid wires is given by letting 
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ic = 0 and y = 5 m Eq (7 72) This substitution gives for the maxunum 

2 

deviation from gnd-wire potential in the grid plane 

It ifi therefore always true that the potential difference between the gnd 
wire and the equivalent potential of the gnd plane is 0 693 ( = In 2) of the 



Fig 11 9 — Potential profiles of a single row of gnd 
wires 


Tna yiTYn iTn difference of potential encountered m the grid plane Also 
shown m Fig 11 9 is the gradient of potential about a row of gnd wires 
Provided that the distance between electrodes is greater than the 
distance between gnd wires, which is a good approximation with the 
exception that the suppressor-gnd-plate distance is often less than 
the suppressor-gnd pitch, the field of a pentode is given by the sum of 
three expressions like the nght-hand side of Eq (7 72) plus a linear com- 
ponent of field plus a constant 
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= t - (^) ■ (*^) ] 1 

n- 1 

- 2^2 + C (11 15) 

EO 

m which the subscript n assumes the values 1,2,3 to correspond to each 
of the three grids, den is the distance from the cathode to the nth grid, 
bn gives the relative location of the grid wires along a reference Ime normal 
to the cathode, an is the pitch of the nth grid, qe is the cathode charge 
per umt area, and qn is the charge per unit length of grid wire on the nth 
grid 

Upon makmg the usual approximations for large values of x and small 
values of y, it is possible to write the equations relating the potential at 
each electrode to the electrode charges These equations are 
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The above expressions may be solved for the charges in terms of the 
electrode potentials and then applied to Eq (11 15) for the potential 
field This process is somewhat involved, however, for ordinary pur- 
poses a simpler procedure that yields results accurate enough for most 
purposes is recommended This simplified procedure consists m sketch- 
ing the potential profiles and then correcting the originally assumed 
values Ordinarily only one correction is necessary 

The simplified procedure for determining potential fields m pentodes 
IS applied as follows Ordinarily a complete plot of the potential field is 
not required, and potential profiles are sufficient The procedure first 
calls for a sketch of the potential profiles within the tube For conveni- 
ence the profiles will be drawn through a wire of each grid and midway 
between the grid wires and the segments of such profiles joined Actu- 
ally, there may be no actual straight line in the tube that goes through a 
wire of each grid, but this makes no difference Such a sketch is shown 



282 


VACUUM TUBES 


m Fi^ 11 10 The specified electrode potentials are marked, fillets of 
reasonable size are attached, and the fillets are then joined by strai^t 
liTiAH The nest step m the procedure is to draw a curve of the gradient 
of potential between electrodes as taken from the slope of the straight- 
hne portions of the profiles joimng the electrodes Such a curve of 
gradients is also shown m Fig 11 10 If the gradients are taken from 
the profiles m imits of volts per meter, then the gradients will have the 
values mdicated on the figure in terms of the charges From the four 

values of the gradient between the 





electrodes, the four electrode charges 
in units of coulombs per square 
meter can be calculated When the 
dectrode charges are known, 

then the factor — j 

applied to each gnd, as shown m Fig 
11 9, to see how good the onginal 
guess on the size of the fillet of poten- 
tial around the wires was Gener- 
ally, the ongmal guesses are not 
exact, and some values of electrode 
potentials different from those 
desired are found to fit the straight- 
Ime portions of the potential profiles 
Correctmg these values is a simple 
matter, and usually the fimst correc- 
tion will be close enough to the 
exact one for ordinary purposes 
A plot of the complete field 
withm a pentode is diown m Fig 
11 11 The figure diows some typi- 
cal electrode dimensions and elec- 
trode potentials and gradients in a pentode 

Eledrostaiic Amplification Factor of a Pentode ^ From work on the 
tnode it IS possible to find an expression givmg the potential of a gnd in 
terms of its charge and the charge to the left of it By combmmg such 
expressions for all the grids of a pentode there is obtamed an expression 
for the cathode charge in terms of the electrode potentials From this 
the relative effectiveness of the vanous electrodes m controUmg the off- 
iSee also Dow, W G, Equivalent Electrostatio Circuits for Vacuum Tubes, 


Fig 11 10 — ^Potentials and gradients 
m a pentode 


Proc / B JSf , vol 28, pp 648-666, December, 1940 
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Pig 11 11 — Electrostatic field and electron paths in a pentode 
{Schade ) 
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cathode gradient can be determined This gives the electrostatic ampli- 
fication factor 

If the component logarithmic-transformation equations are applied to 
Eq (7 31), there results 


V, - 


^ In smh ^ + 

27rco aeo 


^Insinh^ 
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— In cosh 
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(11 21 ) 


The last term m the above equation rarely exceeds 1 per cent of the 
second last term and so will be dropped The remaining terms can be 
arranged to give 


Vx 


aiBo ^TTEO Cti 


(11 22 ) 


m which qi, is the total charge per gnd-wire section to the left of the grid, 
dx, IS the distance from the grid to the next electrode to the left of the grid 
in question (the cathode in the case of the triode), and the subscript 1 
means that the particular symbol applies only to grid 1 

The first term of Eq (11 22) establishes the average level of the gnd- 
plane potential smce it is the gradient of the straight-lme portion of the 
potential profile to the left of the grid The second term gives the rest 
of the potential necessary to make up the actual grid potential There 
are no restrictions on Eq (11 22) that confine it to a tnode, it can ]ust 
as well be applied to any grid of a tube as long as the symbols are given 
the proper interpretation Smce m summing potential expressions like 
Eq (11 22) it IS necessary to take account of the fact that the various 
grids may have different pitches, the charge per unit area instead of the 
charge per unit length of gnd wire will be used The charge per unit 
area is given by 

= ^ Qc = qc (11 23) 

dn 


where a„ is the gnd-wire spacmg 

To apply the summation procedure mdicated above to a pentode, the 
three grids will be referred to by numbered subscnpts and the distance 
between electrodes will be given by the symbol d with a double subscript, 
correspondmg to the electrodes mvolved The followmg equations are 
thus obtamed 

7, = _ Ml _ gill In smh 
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(11 24) 
(11 25) 
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The cathode charge is given by 
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(11 33) 


Reference to Eq (7 35) shows that the electrostatic amplification factor 
IS given by the ratio of the coefficients of the first and last terms 
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(11 34) 


Substitution of the values of the various B^s shows that the above 
expression for amplification factor is mdependent of doi In general, the 
electrostatic amplification factor of the pentode will have a value approxi- 
mately equal to that given by the product of three triode mu's calculated 
by considering the plate, the suppressor grid, and the screen grid as plates 
of a tnode and the next two electrodes m order toward the cathode as 
grid and cathode ^ 

Also available from Eq (11 33) is the electrostatic amplification 
factor giving the relative effectiveness of the control grid and screen grid 
in controlling space current It is 


(1^R2)(1 -63) ^ 61(1 - Bz ) 

del di2 

-Bi(l - Bz) B1B2 

dl2 ^23 


(11 35) 


The above expressions for amplification factor have some small inherent 
inaccuracies due to the fact that the filletmg of potentials about some of 
the grids has been neglected The inaccuracy is probably not more than a 
few per cent More accurate expressions for electrostatic amplification 
factor may be derived from Eqs (11 16) to (11 20), but these are so 
cumbersome as to be almost totally useless 

True Amplification Factor of a Pentode The true amplification factoi 
of a pentode must take into account not only the electrostatic action 

1 Thompson, B J , Space Current Flow in Vacuum Tube Structures, Proc I RE ^ 
vol 31, pp 485-491, September, 1943 



PENTODES 


287 


within the tube but also the division of current between the electrodes 
Let the true amphScation factor of the pentode be defined by 

/ _ \ 


~ \dVx)i,^ 



(11 36) 


In denying the true amplification factor, use will be made of the foUowmg 
relation, 

j ^g(vx + — + ~ + -) 

* \ Ml2 Ml3 Mlp/ 

where n is a constant of approximate value 1 5, the m’s are electrostatic 
amplification factors measurmg the relative effectiveness of the electrode 
m question and the control gnd m controlling the space current, G is 

perveance of value amperes per unit area per volt», and d 

IS the equivalent control-gnd-cathode spacing as calculated from Eq 
(8 45) but with the screen gnd considered as the tnode plate 
Let the ratio of plate to screen-gnd current be given by 
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(11 38) 


and let the functional relation be mdicated subsequently by the symbol g 
The ratio of plate to space current is given by 
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(11 39) 


(11 40) 


-rr , Vi , 1 Vp 

where is the equivalent voltage 

The partial derivatives that enter into the determination of the true 
amplification factor can now be evaluated 
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Upon combining these last two expressions, the resultmg expression 
for the true amphfication factor is 
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Ml*) 


1 + 


ngiX + g) 


(11 43) 


If the ratio of plate to screen-gnd current is assumed to have the form 


previously given 

then 

(11 1) 

„ _ _ Mip 

(11 44) 

From this it is seen that the true amphfication factor is less than the 
electrostatic amplification factor by a considerable factor 

11.6. Transconductance of a Pentode* The transconductance of a 
pentode is readily obtamed Let 

Gn Glj, — gy" 
but 

(11 46) 

T — T -S’ 

and so 

(11 46) 

37xJ. 

(11 47) 


smce the ratio of plate to space current is mdependent of control- 

gnd voltage The quantity may be designated as Gu and may be 

obtamed from the tnode mutual-conductance foirmula [Eq (8 47)] by 
considenng the screen gnd of the pentode as the plate of a tnode Equa- 
tion (11 47) states that the control-gnd— plate transconductance of a 
pentode is equal to the tnode mutual conductance of the first three elec- 
trodes, reduced by the ratio of the plate current to the screen current 
11 6 Plate Resistance of a Pentode. The plate resistance of a 
pentode is the reciprocal of the plate conductance defined by 
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(11 48) 
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Utilizing Eq (1140), 


Gp 


T M. 

dL g , ^dVp 
dVpl + g'^ {I + gY 


(11 49) 


The first term in this last expression results from the variation of the 
emitted current with plate voltage The second term results from the 
change m plate current occasioned by the variation in current division 
with plate voltage When the current-division function of the pentode 
has the form of Eq (11 1), the above expression reduces to 


Gp = 


G\$ Ip I 

Hip Is 



(11 60) 


11.7. Design Considerations. In a pentode the ordmary constants 
are readily made to assume satisfactory values Prune mterest is cen- 
tered in the transconductance Here the same considerations apply as 
m the triode, and no greater diflSiculty is encountered The amplification 
factor and plate resistance are naturally high and require no particu- 
lar attention Thus interest is focused upon some of the other character- 
istics of the tube that affect its operation These other characteristics 
are 

1 Suppression of secondary electrons 

2 Sharpness of the shoulder of the plate-current-plate-voltage 
characteristic 

3 Plate-current to screen-grid-current ratio 

The above factors are controlled by some factors that have not appeared 
before m this study of vacuum-tube design These are 

1 Shape of the potential field before the plate 

2 Electron deflection by the grids 

In previous considerations of tube characteristics the principal con- 
cern has been with the potential field and with the space-charge flow 
In the pentode, in addition, the electron paths are critical 

The suppression of secondary electrons from the plate is not a difiScult 
problem, though some attention must be paid to the electrode dimensions 
The critical factors are the pitch of the suppressor grid and its distance 
from the plate In Fig 11 12 is shown the effect of different suppressor- 
gnd pitches upon the retardmg potential offered to secondary electrons 
created at the plate as a function of plate voltage as calculated from Eq 
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(116) The minimum potential referred to in the figure is the minimum 
of potential on a hne normal to the plate passing midway between grid 

wires As the suppressor-grid pitch 
IS decreased, this mmimum potential 
IS decreased and the retarding poten- 
tial offered to the secondaries thus 
increased The effects are Imear 
with the various potentials mvolved, 
provided that space-charge effects 
do not distort the potentials appreci- 
ably In Fig 11 13 IS shown the 
effect of putting the suppressor grid 
m different positions between the 
screen gnd and plate, as calculated 
from Eq (11 6) This changes both 
the magmtude and the rate of change 
of the retarding potential For sup- 
pressmg plate secondaries it is de- 
sirable to have a fixed retarding 
potential This cannot be realized, 
and therefore the arrangement of 
electrodes that gives the most retarding potential at low plate potentials 
IS desired This means that a small 
suppressor-gnd-plate distance is 
mdicated So also is a small sup- 
pressor-gnd pitch Some other con- 
siderations, as we shall see, limit the 
degree to which the suppressor pitch 
can be reduced, but both the above 
factors should be considered to ensure 
secondary suppression ^ 

The other new factor m pentode 
design, VIZ , the deflection of electrons 
by the grids, is probably more impor- 
tant than the secondary suppression, 
smce the latter is usually achieved 
without too much difficulty The 
electron deflection by the grids will 
affect strongly both the sharpness of 
the plate-current-plate-voltage char- 
acteristic and the ratio of plate to 

^ JoNKEB, J H L , Pentode and Tetrode Output Valves, Parts I, II, Wireless Engr , 
vol 16, pp 274-286, 344-349, July, 1939 



Fig 1113 — Retarding increment of 
potential before the plate of a pentode 
as a function of plate voltage for 
various suppressor-grid locations 



Fig 11 12 — Retarding increment of 
potential before the plate of a pentode 
as a function of plate voltage for 
various suppressor-gnd pitches 
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screen-grid current The more the electrons are deflected by the grids, 
the fewer will reach the plate at ordinary plate voltages and the less rapid 
will be the increase of plate current with plate voltage 

An exact study of electron deflection by the gnd wires is rather dif- 
ficult, but an excellent approximate analysis of the deflections can be 
made by using the fact that the potential field between the gnd wires 
acts like a cylindrical lens and may have the effect of either focusmg or 
dispersing the electrons which pass between them Thus m Fig 9 10a 

C G2 G^ ^ 


i/ 



Vz-dVp o 

' ' 

Fig 11 14 — Scattering action of a small- 
pitch suppressor grid far from the plate of a 
pentode 

it IS seen that the control gnd gives the focusing action of a convergent 
lens This lens, however, has some very pronounced aberrations The 
focal length for parts of the lens near the grid wires is less than for the 
center of the space In the language of optics, the lens has a positive 
sphencal aberration In Fig 10 6 the focusmg action of the control gnd 
may again be seen It is also seen that the screen grid exhibits the charac- 
teristics of a divergent lens In Figs 11 14 and 11 15 it is seen that the 
suppressor gnd has a convergent-lens action The nature of the lens 
caused by the potential field between grid wires depends upon the gradient 
of potential on the two sides of the grid and is, to first order, mdependent 
of such thmgs as the grid radius and pitch 
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The focal length of the lenses formed by the gnd wires will be shown 
m the chapter on Electrostatic Electron Optics to be given by 


/ = 



(11 51) 


where Vn is the potential midway between the wires of gnd n, 
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Fig 11 15 —Focusing action of a large-pitch 
suppressor giid close to the plate of a 
pentode 


the gradient of potential to the right of the grid, and \^j is the gradient 

of potential profile to the left of the grid plane It is seen that when the 
gradient of potential increases upon passing through the grid, / is positive 
and the lens is convergent When the opposite is true, the lens is 
divergent The focal distance as given by the above formula will be 
modified somewhat in actual cases when the gradient of potential is 
not zero on the side where the focus occurs, for the electron trajectones 
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will tend to be sections of parabolic curves instead of straight lines The 
formula does, however, give a fairly exact mdication of the prmcipal 
effects and the correct value of sidewise components of velocity 

The nature of the f ocusmg of a set of grid wires is shown schematically 
m Fig 11 16 An electron passmg midway between grid wires suffers 
no sidewise deflection whatever As the distance from the nudplane 
mcreases, the electrons receive more and more deflection, by a Imear law, 
so that they all cross over at the same pomt This holds true almost 
exactly for the center half of the space between the gnd wires The 



imtial offset from the midplane, the focal length, and the tangent of the 
angle of deflection are related by 

tan a = ^ (11 52) 

where yo is the offset from the midplane along the line of the gnd wires 
of the electron's initial position, / is the focal length, and a is the angle 
of deflection la terms of velocity components, 

(11 53) 

f Va; V 

where Vx and Vy are the forward and sidewise components of velocity 
possessed by the electron shortly after passing through the gnd plane 
and V IS the total velocity 

The experimental agreement between this formula and the actual 
behavior is quite good, as shown in Fig 11 17 Here is shown the actual 
deflection as measured on an elastic membrane (curve a) and the deflec- 
tion calculated on the assumption of a constant grid-plane potential 
equal to the mean potential of the gnd plane (curve h) The measured 
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deflection is seen to become greater than the hnear value as the electrons 
first approach the gnd wires This is due to lens aberration The 
deflection then decreases This is because, as may be seen in Fig 9 10, 
those electrons which come very close to the gnd wires are so strongly 
deflected that they come within the mfluence of the next gnd wire and 
suffer a deflection m the opposite direction 



Fig 11 17 — Deflection angle of an electron as a 
function of the offset from the mid-point between 
grid wires 


Introducmg the value of / from Eq (11 51) and the expression for 
velocity in terms of potential. 


Vyn — 


2 96 X 10^ 

vt; 


2/0 



(11 54) 


m which Vyn is the sidewise component of velocity acquired, in meters 
per second, from the nth gnd, F„ is the mean gnd potential of the nth 


gnd, in volts, and 



are the gradients of potential to 


the nght and left of the nth gnd plane, respectively, in volts per meter 
The correspondmg expressions for the three gnds of a pentode become 


2 96 X 105 / 

rv2 - Vi 

Fi\ 

(11 55) 


^ di2 

del/ 

2 96 X 10® / 

fVi - 72 

Fs - Fi\ 

(11 56) 

Vr; ■'•1 

^ dii 

di2 ) 

2 96 X 10® , 

fVp - Fs 


(11 57) 

vr, 

[ ds. 

daa ) 
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m which the sidewise components of velocity are m meters per second, 
gnd potentials are understood to be mean grid-plane potentials m volts, 
and distances are m meters 

The sidewise components of velocity are additive m the form shown 
in Fig 11 18 Curve a of this figure shows the distribution of the side- 
wise components of velocity after passmg through one gnd The side- 
wise components of velocity are uniformly distributed between plus and 
mmus vi where this is the maximum component of this tangential velocity 
After passing through two gnds the distnbution of velocities has the 
form shown in-b of Fig 11 18 This is a trapezoidal figure with velocities 



Fig 1118 — Distribution of sidewise component of 
velocity in a beam of electrons scattered by one, two, or 
three grids 


reaching from V 2 to the negative of the same quantity In this 
particular figure it has been assumed that is less than i^i. The dis- 
tnbution given IS arrived at by shding a rectangular aperture of width 
2vi and of the same height as the rectangle of part a of the figure over the 
rectangle of part a and plotting the exposed area as a function of the 
displacement of the aperture Upon repeating the process with an 
aperture of width 2v3, the distnbutions of ci and C 2 result The distnbu- 
tion of Cl results from the assumption that vz is less than «i — vz, whereas 
the distnbution of cz results when vz is greater than di — ^ Both 

1 JoNKBE, J L H , Electron Trajectories in Multigrid Valves, Phihps Tech Rev , 
vol 5, pp 131-139, May, 1940 
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these distnbutions consist of parabohc and straaght-lme sections mth 
the same over-all span The difference is that the distnbution of ci 
has a straight-hne center section, while that of Ci has a parabohc center 
section of large curvature Both these distributions already show 
approximately the form of a Gauss error curve, which they would obtam 
from the random deflection of a large number of grids 

If the distnbution of tangential velocities as given above is known, 
the plate-current-plate-voltage characteristic can be calculated It is 
necessary only to remember that at every plate voltage only those 



Plate volts 


Fio 1119 — Flate-current-plate-voltage characteristic of a 
tube with electrons scattered by one, two, or three grids 

electrons will reach the plate whose tangential velocity after being 
deflected by all gnds is less than a maximum value given by 

= 5 93 X 10' y/T, (11 58) 

This follows from the fact that an electron reaching the plate will have 
the value of velocity given by Eq (11 58), and if all this velocity exists 
m a sidewise component then the electron wiU. graze the plate and fall 
back through more positive spaces m the suppressor grid If the plate- 
currentr-plate-voltage characteristic be calculated on this basis, the curves 
of Fig 11 19 result The curves shown are for the corresponding 
velocity diagrams of Pig 11 18 Curve o is ainula-T to that which occurs 
m a beam-power tube This is a tetrode with ahgned gnds m which 
the net effect of deflection by two gnds is not very different from that 
of one gnd as seen m Fig 10 6 This effect undoubtedly contnbutes to 
the sharpness of the shoulder of the beam-power tube The effect of 
two gnds IS shown at 5. This would correspond to the curve of an ordi- 
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nary tetrode free from secondary emission The curve c is a typical 
pentode characteristic resulting from the random action of three grids 
It IS evident that it is necessary to keep the total sidewise velocity compo- 
nent of the electrons low m order to achieve a sharp shoulder to the 
characteristic Since all three grids contnbute to this in approximately 
the same amount, it is necessary to study the effect of each of the grids 
to see what can be done to i educe the resulting sidewise component of 
velocity Examination of Eq (11 54) shows that, in general, the side- 
wise component of velocity introduced by grid deflection may be reduced 
by either reducing the gnd pitch or decreasmg the change in the gradient 
of potential on passing through the grid 

Deflections Due to the Control Grid The same factors that give nse 
to a large mutual conductance also give nse to small deflection These 
factors are small gnd pitch and a small value of cathode-grid spacmg 
It might be thought that a small cathode-grid spacmg would give nse 
to a large change m the slope of the potential curves on the two sides of 
the control grid, but this is not the case, for the mean gnd-plane potential 
increases as the cathode-gnd distance decreases Nothing much can 
therefore ordinarily be done with the control gnd to decrease the electron 
deflection 

Deflections Due to the Screen Grid The electron deflections due to 
the screen gnd may be reduced by mcreasmg the distances du and d^z 
in cases in which transit time is not a consideration They can also be 
reduced by decreasing the grid pitch, though there is a linut to this 
method, for the current intercepted by the screen grid increases as this 
IS done 

Deflections Due to the Suppressor Grid The suppressor pitch cannot 
be made too small, for then the mean suppressor-plane potential becomes 
too small and offsets the effect of the small gnd-wire spacmg as far as 
electron deflections are concerned It is, however, possible to make the 
suppressor-gnd— plate distance quite small, with resultmg improvement 
in the deflection characteristics This has the added advantage, as is 
apparent in Fig 11 15, that the current is concentrated m front of the 
plate, giving rise to considerable space charge, which aids m mcreasmg 
the retardmg potential presented to the secondary electrons origmatmg 
at the plate The bad deflection situation that results from the use of a 
large suppressor-gnd— plate distance is shown m Fig 11 14 

By makmg use of the possibilities mdicated in the above outhne it is 
possible to make pentode tubes with shoulders of the plate-current— 
plate-voltage charactenstic nearly as sharp as those of the beam-power 
tube 
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NOISE IN VACUUM TUBES 

12 1. Noise as a L im i t ing Factor in the Ultimate Sensitivity of Elec- 
tronic Devices Vacuum-tube amplifiers making use of triodes and 
pentodes are capable of giving extremely large amplification of power 
and voltage In fact, it may be said that an amphfication of any desired 
magmtude may be achieved by the use of vacuum tubes At first 
glance this would seem to imply that arbitrarily small signals could be 
detected Ultimately, however, it is found that there is a limit deter- 
mmed by the noise generated by the random motion of electrons at the 
mput of the circmt Any signal whose level is appreciably less than 
that of the electron noise will be masked by it The order of the equiva- 
lent voltage of the electron noise is extremely small, of the order of 
miUimicrovolts, but many electromc devices have enough amplification 
to brmg this up to a detectable level 

Electron noise shows up in both resistors and m vacuum tubes Even 
m a passive resistor, the molecular and the electromc agitation is 
evident with suflBlcient amplification Here the noise is referred to 
as "thermal-agitation noise ” In vacuum tubes the random emission 
and fluctuation of space-charge-limited currents contnbute a similar 
noise In temperature-hmited tubes this noise is called "shot noise" 
and IS due to random emission In space-charge-hnuted emission tubes 
the noise is much less and is called "reduced shot noise ” Both types 
of noise are characterized by a uniform distribution of energy over the 
frequency spectrum Depending upon the application, the noise from 
either the tubes or the resistors at the input of an electronic device may 
predominate 

Needless to say, resistor and tube noise is an exclusive concern of 
electromc devices No other type of device can have sufficient sensitivity 
to be hmited by random electron motion Resistor and tube noise set 
the ultimate sensitivity of high-gain amphfiers, receivers, phototube 
input circuits, and television pickup tubes Although resistor and 
tube noise can never be avoided, much can be done by circuit design and 
selection of tubes to approach the minimum attainable noise 

Although the formulas for various types of electron noise and their 
application are quite simple, their derivation is dependent upon some 
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)f tlie value given by Eq (12 2) The square m the figure indicates an 
nfimte-impedance constant-current generator whose output is 

^pma = 126 0 micromicroamperes (12 3) 


=tt room temperature This is obtained by dividing the expression for 
the rms noise voltage by the resistance The general form of the above 
equation is 


—j^ amperes (12 4) 

wherein the symbols have their previous significance A nomograph of 
the rms noise-current equivalent of a noisy resistor to fit the right circuit of 



Zero impedance Infinite impedance 

constant \/oltage constant current 

generator generator 



Fig 12 2 — Equivalent circuits of a noisy resistor 


Fig* 12 2 IS given in Fig 12 3 For the sample construction line shown, 
the equivalent rms noise current of a 1,000-ohm resistor is 4 milli- 
microamperes for a frequency band width of 1 me 

The noise power associated with thermal-agitation noise in a resistor 
IS i^R, or 

N = 4J{TB watts (12 5) 

Note that this is independent of the value of resistance The mailable 
noise power that can be obtamed from a resistor by perfect matching is 
] ust one-fourth of this value This follows immediately from maxmuzmg 
the power obtainable from the middle circuit of Fig 12 2 by varymg 
the resistance load on such a generator Maximum output power 
IS obtained when the load resistance equals the generator resistance and 

has a value of Thus the ava/iloble noise power is 
4:K 


Na = kTB watts 


(12 6 ) 


R es nee 
Ohms (Kilo-ohms) 
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Fig 12 3 — ^Nomographic chart of equivalent rms current through a noisy 
resistor 



Avon I able noise power, watts 
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Fig 12 4 — Nomographic chart of aoise power available from a resistor 
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At room temperature of 290°K this has a value of 

JV„ = 4 0 X 10-“B watts (12 7) 

A nomograph of this equation is shown m Fig 12 4 A temperature of 
300°K and a frequency band width of 10 kc is seen to give an available 
noise power of 4 1 X 10 watt Ti is coTivsnicTit to ? oTficniboT thxit oi 
room temperature the available noise power for a 1-mc band vndth is 144 dh 
below 1 watt 

When two resistances at different temperatures are connected m 
parallel, the mean-square noise voltage becomes 

= 4 fc RiRjRiTx + B volts* (12 8) 

{Ri -I- RiY 

where the resistances are in ohms and the temperatures m degrees Kelvm, 
and Boltzmann’s constant is 1 3805 X lO"** watt-sec When several 



/Irecr under recfoingle jssorme asfhaf 
under power gonn curve 


Fig 12 5 — Definition of equivalent band 
width 


resistances are connected in parallel, the results are better expressed in 
terms of conductances Let conductances Gi, (? 2 , Gs, , at tem- 
peratures T 2 , , Tn, respectively, be connected in parallel The 

resultmg mean-square noise voltage is 

n 

J^OnT^ 

~ ^ Ti ^ R volts* (12 9) 

(?•■) 

Some care must be used m determming the band width to fit the 
above expressions Smce the concepts mvolved are basically those 
concerned with power, the equivalent band width of any device must be 
defined m terms of the power-frequency curve In the case of an 
amphfier the band width is defined as that frequency interval for which 
a power gam equal to the gam at mid-band would transmit the same noise 
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energy as does the actual power-gain-frequency curve Analytically, 
this becomes 


GMo) 


(12 10a) 


where Gp is the power gam All this amounts to is finding the width of a 
rectangular power-gain-frequency curve of height equal to the mid- 
frequency power gam of the actual curve as shown m Fig 12 5 In 
terms of voltage amplification, the equivalent band width is 


// G.^U) df 
Gv^ifo) 


(12 106) 


where Gv is the voltage gam 

12 3 Sources of Noise m Tubes. Noise can occur m vacuum tubes 
from a rather imposing list of sources The pnncipal sources of noise 
m tubes are 


1 Shot effect (temperature-limited emission) 

2 Reduced shot effect 

3 Fhcker effect 

4 Collision ionization 

5 Random division of current between electrodes 

6 Induced noise at ultra-high frequencies 

7 Faulty tube construction 
a Hum 

b Poor insulation 
c Vibration 
d Varymg wall charges 


Shot effect is the noise associated with random emission m a tube 
whose emission is temperature-limited This is probably the loudest 
of the electromc tube noises but not the most serious, for tubes are seldom 
operated so that their emission is temperature-hnuted 

The so-called ^'reduced shot effect^^ is observed in tubes whose 
emission is space-charge-hmited The magnitude of the noise is much 
less than m tubes whose emission is temperature-limited In this^ case 
the space charge exerts a smoothing action upon the true shot effect, 
and the noise is prmcipally due to variations m the space-charge currents 
Flicker effect is observed with oxide cathodes This effect is asso- 
ciated with variations m the activity of the emitting surface The effect 
IS much more noisy than the true shot effect for temperature-limited 
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emission When the emission is space-charge-limited, the magnitude 
of the noise is greatly reduced 

Noise in tubes is raised by the presence of an appreciable amount of 
gas This IS due to the fact that gas molecules aie ionized by collision 
mth emitted electrons and the positive ions foimed subsequently 
liberate httle bursts of electrons as they penetrate the virtual cathode 
in front of the emitting surface Gas noise is inappreciable unless the 
positive-ion gas current is more than a few hundredths of a microampere 
Such gas noise appears mostly below 10 me 

Random division of current between electrodes contributes to the 
noise of multielectrode tubes and makes pentodes three to five times as 
noisy as the same tube connected as a triode It may be said that 
multielectrode tubes will always be noisier than triodes because of this 
additional factor contributing to the tube noise 

The ultra-high-frequency components of the random fluctuations of 
space charge m a tube will induce voltages in the grid circuit, which in 
turn will react back upon the space-charge flow. This effect is important 
only for frequency components above 30 me 

Noise due to faulty tube construction is always present to a degree 
If the filament is not sufiiciently noninductive, hum will result If 
insulation is poor at any point in the tube, there will be leakage currents, 
which will generally create noise because of nonconstant leakage resist- 
ance Vibration may be a factor in an electi omechanK‘al feedback 
circuit Dirt on the glass inside of a tube may give use to vaiymg wall 
charges, which will influence the tube current in a noisy manner All 
these items can, however, with sufSicient care m construction be held to a 
very low level 

Items 1, 2, 4, 5, and 6 listed above can never be removed entirely 
They are, however, subject to an analysis that shows how their effects 
may be mimmized These items will be the subject of the subsequent 
sections It has been found in most cases that it is convenient to 
express tube-noise effects in terms of equivalent noisy resistors These 
resistors in turn are considered to have internal-noise emfs 

12.4. Shot Noise in Diodes with Temperature -limited Emission 
Noise in diodes was probably the first form of tube noise over detected 
It IS generally referred to as shot noise but also as ^‘Schrot noise 
and “Schottky noise,'’ after the scientist who fust analyzed the 
effect ^ 2 The noise is due to the random emission and ai rival of electrons 

1 ScHOTTKY, W , Spontaneous Current Fluctuations in Electron KStreams, Ann 
Physik, vol 57, pp 541-567, Dec 20, 1918 

2 See also Fry, T C , The Theory of the Schroteffekt, Jour Franklin Inst , vol 
199, February, 1925 
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at the plate It cannot be explained m terms of individual electron 
emission or arrival alone, for if the electrons were emitted at a uniform 
rate the lowest frequency component of noise would be above the highest 
frequency that vacuum tubes can handle Thus a current of 1 ma cor- 
responds to a flow of approximately 10^® electrons per sec If these 
did flow at a uniform rate, there would be no noise components below 
10^® cycles per sec The electron stream evidently exhibits rather 
pronounced variations in density caused by the elections arriving m 
groups The mean square of the fluctuation components of current is 





Infinite impedance 
constant current 
generator 


Temperature 

limited 

current 

Fig 12 6 — Constant-current-generator equivalent of a diode with, temperature- 
limited current 


found to depend only upon the magnitude of the emitted current and the 
frequency band width 

where e is electronic charge, 1 6020 X 10”^® coulomb 

= 2eJoB amperes^ (12 11) 


Jo IS emission current, amperes 
B IS band width, cycles per sec 
This expression may more conveniently be written 

= 3 2041 X amperes^ (12 12) 

If the current from a diode with temperature-limited emission is put 
through a resistor i2, the diode effectively puts a noise power of value 
l^R into the resistor 

The above relations have been verified experimentally and they are 
reproducible to a high degree of accuracy This property makes 
the diode with temperature-limited emission valuable as a standard 
noise source for such purposes as receiver and amphfier sensitivity 
measurement 

The diode with temperature-limited emission acts like a constant- 
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current generator as far as noise energy is concerned and will put a noise 
current given by the above equations through a resistor of any size 
The equivalent circuit of the diode with temperature-lumtcd omission is 
shown in Fig 12 6 

12.6. Reduced Shot Effect m Diodes with Space-charge-limited 
Emission In diodes m which the emission is space-chaigo-limited, the 
shot noise is much less than m the same diode passing the same current 
when its emission is temperature-himted The noise power is of the 
order of 10 per cent of that encountered for the same curiont when the 
ftTnigflinn is tempcrature-limited The space charge thus has a very 
defimte “smoothing” action upon the shot effect, givmg nse to what may 
be called the “reduced shot effect ” The mechanism of the smoothmg 
action of the space charge is somethmg hke this The virtual cathode m 
front of the emitting surface has a potential lower than that of the emitter 
by a value detenmned by the mean velocity of emission Elections 
with all velocities are stormmg this potential hill, and those with velocities 
greater than the mean velocity will on the average get past the virtual 
cathode and go on to the plate Occasionally there will come a gioup of 
electrons with a velocity slightly m excess of that needed to get past the 
virtual cathode When this occurs, the potential minimum at the virtual 
cathode is momentarily depressed by the additional space charge and as 
a result a few electrons that normally would have got past the potential 
TmmTmim fail to do SO and are returned to the emitter This means that 
for every burst of electrons which might give nse to noise there is a 
compensating current set up in the opposite direction which tends to 
cancel the noise produced by the burst The not result is an over-all 
reduction m noise that is considerable The resulting noise levels are, 
however, high enough still to be of concern in the design of electiunic 
equipment 

By considermg the action of each mcrement of the velocities encoun- 
tered m the process of emission some fairly good theoretical expressions 
for the reduced shot noise may be obtamed If the ratio of the noise 

1 Race, A J , Effect of Space Charge and Transit Time on the Shot Noise in 
Diodes, Tech Jour,vol 17, pp 1-28, October, 1938 

* North, D 0 , Fluctuations in Space-chargc-limitcd Curronts at Moderately High 
Frequencies, RCA Beo , vol 4, Part II, pp 441-473, April, 1940, vol 6, pp 244-260, 
July, 1940 

• WiLUAMs, F C , Fluctuations of Space Charge Limited Curronts in Diodes, 
/our I EE ,-vol 89, Part III, pp 219-229, December, 1941 

■‘BeiiL, D a , Fluctuations m Space Charge Limited Curronts, Jour 1 E E , vol 
89, Part III, pp 207-212, December, 1942 

See also Schottet, W , TFtss VeroffetU Siemera-Werken, vol 14, p 16, 1937. 
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power of a diode passing a given current with and without space-charge 
limitation of current be designated by then, for a plane-electrode 
diode with a large ratio of plate voltage Vp to average emission voltage 
(velocity equivalent) 



(12 13) 


seems to be functionally correct The mean-square noise current can 
be expressed by an equation similar to that for the diode with tempera- 
ture-limited emission as 

= r^2eIoB amperes^ (12 14) 

by analogy to Eq (12 11) The mean-square noise current can also 
be written in the form 

"2 n 4A‘Tc^ ft /10 1 

I = $ — amperes^ (12 15) 

-nil 

by analogy to Eq (12 4) In this form, ^ is a dimensionless parameter 
that has an asymptotic value of 0 644 for large ratios of plate to mimmum 
potential, Tc is the absolute cathode temperature, and -Ri is the a-c 
diode resistance Theoretically, the parameter 6 is withm a fraction 
of a per cent of the asymptotic value as long as the plate current is 
less than 80 per cent of the emission current and the plate voltage is 
greater than 2 volts for normal oxide operating temperatures Experi- 
mentally determmed values of diode noise are 50 per cent higher than 
predicted by the theoretical expressions of Eqs (12 13) and (12 15), 
so that 6 assumes a value of unity for diodes The significance of Eq 
(12 15) IS that the noise power from a diode whose emission is space-charge- 
limited IS the same as that from a resistor at the cathode temperature equal to 
the a-c diode resistance ® The equivalent circuit for this case is given in 
Fig 12 7 

1 Williams, of cit 

2 Bell, op cit 

* Peahson, G L , Shot Effect and Thermal Agitation m an Electron Current 
Limited by Space Charge, PhystcSj vol 6, pp 6-9, January, 1935 

^ R^ck, op at 

® Noeth, op at 

2 V 

® Combination of Eqs (12 14) and (12 15) and the use of the fact that ~ 3 

ZhTe 

for the diode with space charge suggests that r* has the value (0 644) which is 
consistant with the observed relation of Eq (12 13) 
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12.6. Reduced Shot Effect m Triodes with Space-charge -limited 
Current. Tnodes, too, are noisy In fact, the noise m tnodes, as pointed 
out before, may be a limiting factor m the sensitivity of an electromo 
device The noise is due to the effects just observed m diodes and shows 
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Fig 12 7 — Resistor equivalent to a diode with space-charge- 


limited current 


as a fluctuation m plate current It is convenient to interpret the noise 
in a tnode as being due to a noisy resistor m senes with the grid of the 
tube considered free from noise The value of this noisy resistor in 
senes with the gnd is 


■Req 




ohms 


(12 16 ) 


where B is the effective cathode-temperature ratio of approximate value 
two-thirds, Gm is the mutual conductance of the tnode, 0 is the a-c 
conductance of the diode equivalent of the tnode, Te is absolute cathode 
temperature, and Tr is absolute room temperature The ratio of equiva- 
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lent-diode conductance to tnode mutual conductance is the inverse-square 
ratio of equivalent-diode spacing to the cathode-gnd spacing as discussed 
in Chaps 7 and 8 For the plane-electrode diode, from Eq (8 45), this 
ratio is 


l-= 

Crm L y^\dcg/ 


% 


(12 17) 


The corresponding ratio for cylindrical triodes is difficult to express 


Notsy 



, 25 Ipf, 812 I 

fvrpenfodeReq-^^ [’*■^1 


Fig 12 8 — Equivalent circuit of a noisy tnode 


exactly but is given approximately by 

^ = (1218) 
Gm M L 3 Tg\ 


The value of this ratio will generally lie between 1 and 2 Assuming 
that a typical value of the conductance ratio is 1 25 and that the cathode 
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temperature is 3 33 tunes the room temperature, Eq (12 16) reduces to 

^ ohms (12 19) 

which IS sufficiently accurate for a good many purposes ‘ The value 
of equivalent resistance thus given is that resistance which if mserted m 
senes with the gnd of the tnode considered noise-free would cause as 
much noise current m the plate circmt of the tube as does the reduced 
shot effect The equivalent circuits of tnode m terms of a noise-generat- 
mg resistor and a noise-free tube is given m Fig 12 8 Observed values 
of noise m a tnode agree very closely with the values predicted by the 
above equations, much more so than was the case with diodes 

12 7. Noise Due to Gas m Tubes When there is gas m tubes, there 
IS an extra component of noise due to the electrons and ions hberated by 
coUision lomzation The electrons passed by the gnd will coUide with 
some of the gas molecules, forming positive ions and hberatmg more 
electrons The hberated electrons will pass on to the plate and give nse 
to some extra noise The positive ions will be attracted to the negative 
gnd and flowmg through the external impedance will cause a voltage 
m the gnd that will also give nse to noise The noise is proportional to 
the number of ions formed, which m turn is proportional to the normal 
space current and to the number of gas molecules, or gas pressure 
Fortunately, the positive-ion gnd current is a measure of the number of 
ions formed per second and can be used to determme the noise without 
knowmg the gas pressure As with other components of noise, the 
noise can be descnbed m terms of a resistor m senes with the control 
gnd of the tube considered noise-free The eqmvalent noise-generatmg 
gnd resistor is 

= ^2022,® -1- 4 X 10« ^ 1 1 ohms (12 20) 

where Rg is shunt resistance of the gnd circuit, ohms 
Gm IS mutual conductance, mhos 
Ip IS plate current, amperes 
Ii is control-gnd current, amperes 

1 BUbris, W a , Space Charge Limited Current Fluctuations m Vacuum Tube 
Amphfiers and Input Systems, RCA Rev , vol 5, pp 505-524, April, 1941, vol 6, 
pp 114r-124, July, 1941 
*Ihid 

* Thompson, B J , and D 0 North, Fluctuations m Space-charge-hmited Cur- 
rents Caused by Collision Ionization, RCA Rev , vol 5, pp 371-388, January, 1941 
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The first term m this expression is due to the flow of positive-ion current 
through the external gnd impedance The second term is due to the 
electrons hberated upon lomzation that are attracted to the plate 

As an example, consider the case of a gassy tube for which the positive-ion 
control-grid current is 0 01 microampere Let the mutual conductance of the 
tube be 6,000 X 10"® mho, the plate current 1 ma, and the shunt resistance of 
the gnd circuit 100,000 ohms Then the first term of Eq (12 20) contnbutes a 
noise resistance of 2,000 ohms, and the second term contnbutes a noise resistance 
of 3 20 »>»Tna The second term of Bq (12 20) is usually much smaller than the 
first term, as m this example, and can ordmanly be neglected 

12 8. Reduced Shot Effect in Multielectrode Tubes with Space- 
charge-bmited Currents Pentodes are even noisier than tnodes — by a 
considerable factor In fact, by comparison, tnodes are relatively quiet 
The additional noise m pentodes is due to the random division of the 
fluctuation noise between the electrodes The mdividual groups of 
electrons that burst throilgh the virtual cathode are quite local m their 
impmgement upon electrodes m their subsequent travel, but the com- 
pensatmg currents due to the displacement of the virtual cathode are 
more or less uniformly distnbuted between the electrodes m the ratio of 
the direct currents As a result, the smoothing, or compensating, action 
m a pentode is much less pronounced than in a tnode 

As with the tnode, the noise of a pentode can be expressed as bemg 
due to a noisy resistor m senes with the control gnd of the tube con- 
sidered noise-free The equivalent resistor m this case is^-® 

where all the symbols have their customary sigmflcance Currents must 
be expressed m amperes and conductances in mhos to yield equivalent 
resistance m ohms The first factor of Eq (12 21) is seen to be the 
equivalent resistance for a tnode The remainder of the expression 
generally increases the value of the tnode equivalent resistance by a 
factor of three to five For screen currents much smaller than the plate 
current the noise m both the plate and screen circuits is approximately 
equal to the true shot effect for a current equal to the screen current 
The value of the mean-squaxe noise current in the plate circuit is readily 
obtained from this by means of Eq (12 12) and converted to an equivalent 
noisy resistor in the plate circuit by means of the nomograph of Fig 12 3 

1 North, D O , Fluctuations m Space Charge Limited Currents m Multi-collec- 
tors, RCA Rev , vol 6, pp 244-260, October, 1940 

> Harris, op cUt 
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12 9. Noise in Mixer Tubes. Mixers are also noisy The factors 
that contribute to the noise of tnodes and pentodes also contnbute to 
mixer noise In a mixer a large voltage from the local oscillator is apphed 
to the tube so that the current and the mutual conductance swmg over a 
large value Smce the noise of tubes is known as a function of current 
and mutual conductance, it is not too difficult to evaluate the mixer noise 
In a mixer it is the noise m the mtermediate-frequency band that is of 
importance The noise m this band will vary periodically over the local 
oscillator cycle as the mutual conductance and current vary with the 
voltage apphed at the local oscillator frequency The total intermediate- 
frequency noise can be obtained by summmg the plate noise over the 
local oscillator cycle 

1 

= ^ jo 

where is the mean-square noise current in the plate at any mstant 
t and 6j IS 27r times the local oscillator frequency It is convenient (except 
in the case of the diode mixer) to express the mixer noise m terms of an 
eqmvalent noise resistance m senes with the control gnd of the tube 
considered as noise-free Thus 

= ^ (12 23) 

where Oe is the conversion transconductance of the tube Corresponding 
to this value of input noise, the equivalent input noisy resistor is 


. _ 

4JtTB 

I _ 

4JtTOcm 


(12 24) 
(12 25) 


Upon applying the above ideas there are obtamed the results shown in 
Fig 12 9 for a fictitious pentode tube connected in accordance with the 
four most common nuxer connections ^ In this figure, Go is the maximum 
value which the mutual conductance assumes over the local oscillator 
cycle, generally that correspondmg to zero gnd voltage The quantity 
G, 13 the maximum value of the screen-plate transconductance The 
quantity I* is the maximum value of plate current when the aignol ib 

1 TTtcr oijD, £j W , Superheterodyne Converter Considerations in Television 
Receivers, RCA Beu , vol 4, pp 324-337, January, 1940 

See also the sumnumzmg articles by Hbrold, B W , and L Maltbk, Some 
Aspects of Radio Reception at Ultra^high Frequency, Proc I RE , vol 31, pp 423- 
438, 491-510, 567-582 
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injected into the screen circuit and the local oscillator into the control- 
gnd circuit 

It IS seen that the triode is the best converter and the pentode with 
signal and local oscillator applied to the control gnd is the next best 
The others are too noisy for high-sensitivity applications 


TYPE OF 
FIRST DETECTOR 



APPROX 

TYPICAL CONVERSION 

CHARACTERISTICS TRANSCONO 



APPROX EQUIVALENT 
EQUIV NOISE NOISE MICROVOLTS 
RESIST ON GRID* 





[ — ^Assuming Go- 15x10 mhos 

^ lo -30x10"^ otmps 

Af -4mo 

Fig 12 9 — Comparison of fictitious modulators presumed to have similar cathode and 
first-grid structures {Herold ) 

When the values required in the tabulation of Fig 12 9 are not 
available, the following formulas will be found sufficiently accurate for 
most purposes 


For tnode mixers, 




(12 26) 


■Bea = 


(12 27) 
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For pentode mixers 


or 



(12 28) 
(12 29) 


where currents must be expressed m amperes and conductances m mhos 
Gm IS the mean transconductance over the local oscillator cycle, and Go 
IS the transconductance at the peak of the local oscillator cycle In 
addition, the followmg rules of thumb may be applied. 


Gc (as converter) = }/iGm (as amplifier) (12 30) 

Ip (as converter) = (as amplifier) (12 31) 

^2 (as converter) = (as amplifier) (12 32) 

and, for pentodes only, 

i?ea (as converter) = 4fiea (as amplifier) (12 33) 


in which the values ^'as amplifier’^ refer to the peak of the local oscillator 
cycle ^ 

12 10 Noise Induced at Ultra-high Frequencies by Random Emis- 
sion At ultra-high frequencies there is a conductive component to the 
input admittance of a tube The finite transit time of the electrons 
makes it possible for the gnd to transfer energy to the electrons as they are 
accelerated ^ There is a separate component of noise associated with 
this effect ® ^ The high-frequency components in the tube noise mduce 
currents on the gnd, which m turn mfluence the electron current, thus 
giving nse to an extra component of noise The equivalent input noise 
conductance is found to be the same as the mput conductance, but at 
approximately five tunes room temperature This extra component of 
noise may be represented as a constant-current generator across the 
electromc component of grid conductance across the mput circuit 
To a first order of approximation the mduced noise is mdependent of the 
normal noise component, which may be added m senes with the grid as 


1 Harris, oj> at 

See also articles by Herold, Froc J E E , for some typical values 

2 Ferris, W R , Input Resistance of Tubes as Ultra-high Frequency Amphfiers, 
Froc I RE j vol 24, pp 82-107, January, 1936 

3 N ORTH, D 0 , and W R Ferris, Fluctuations Induced in Vacuum Tube Grids 
at High Frequencies, Froc IRE, vol 29, pp 49-50, February, 1941 

^ Ballantine, Stuart, Schrot Effect m High Frequency Circuits, Jour Franklin 
Inst , vol 206, pp 159-168 August, 1928 
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has been done before The equivalent circuit for this effect is shown 
in Fig 12 10 At ultra-high frequencies there is a component of gnd- 
mput conductance due to feedback through the cathode-lead mductance, 
as well as the component due to electron-transit-time effects Both 
components vary as the square of frequency and thus are hard to separate 
The feedback component has noise associated with it too, but as a resistor 
at room temperature 



Nofse free 



resistor 

Fig 12 10 — Equivalent circuit for induced noise in a tube 
at ultra-high frequencies 


In general, the noise of amplifiers does not change much with feed- 
back This is because the amplification and mput impedance are 
ordinarily changed by the same factor 

12 11 Noise m Velocity-modulation Tubes. In a velocity-modula- 
tion tube a beam of electrons passes through the two grids of a resonator, 
between which there appears a high shunt resistance Noise is gener- 
ated, but there is evidently very httle space-charge smoothmg action in 
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this case This is expected from the fact that there is no virtual cathode 
between the grids of the resonator As a result, the noise is nearly the 
full shot noise of the beam, and therefore the noise power delivered to 
the resonator is given closely by 

N = 2eIoBRsh watts (12 34) 

where e is charge of the electron, 1 6020 X 10"^® coulomb 
7o IS beam current, amperes 
B IS frequency band width, cycles per sec 
Rsh IS shunt resistance of the resonator, ohms 
The equivalent circuit is shown in Fig 12 11 In many cases the 
electron transit time across the grids is an appreciable fraction of a cycle, 

Infm/fe impedomce 
constant current 



Fig 12 11 — Noise-eqmvalent circiut of a veloc- 
ity-modulated tube 


in which case the transfer of energy from the electrons to the resonator is 
not perfect and the noise power delivered above is reduced by the factor 


A = 



(12 35) 


where B is the transit angle of the electrons This expression gives the 
efl&ciency of energy transfer between the electrons and the resonator and 
IS developed in Chap 17. It apphes only to tubes with fine grids 

12 12 Noise m Phototubes. High- vacuum phototubes produce the 
same noise as do hot-cathode tubes with temperature-limited emission 
This IS true shot effect, giving rise to a mean-square fluctuation current 
of the value 


= 2e7oB = 3 2040 X amperes^ (12 36) 

This IS the same value of current as is produced by a resistance at room 
temperature of value 


^eq = yiolo ohms 


(12 37) 
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The noise may be represented by a constant-current generator in parallel 
with the tube considered noise-free The noise from the tube will often 
be of the same order as that produced by the large-value resistor used to 
develop voltage Thus, if a 10-megohm resistor is used to develop 
voltage, the noise from the tube will be the same as the noise from the 
resistor when the current is 0 005 microampere At higher currents the 
phototube noise predommates The equivalent circuit of a typical 
phototube mput circuit is shown in Eig 12 12 

Gas IS sometimes used in phototubes to increase the plate current 
by cumulative lomzation When this is done, the noise is increased by 


Amp/ifien 


Actual circuit 




Equivalent noise circuit(^pg'^®e^''4®) 

O -2ero impedance, constant voltage generator 
□ = Inf/mte /mpedance^ constant current generator 
Tig 12 12 — Noise-equiTalent circuit of a phototube 
mput circuit 


about the same amount as the signal but the signal-to-noise ratio is m 
general improved because the contributions of noise from other sources 
becomes relatively less 

12 13 Noise in Secondary-emission Multipliers. Another type of 
electromc amplifier in which noise may be a consideration is the second- 
ary-emission multiplier In such a tube there is a senes of electrodes at 
successively higher potentials, each coated with a matenal that emits a 
large ratio of secondary to primary electrons Electrons that stnke the 
first anode give rise to S times as many electrons, which are attracted 
to the second anode, where they give rise to S times as many as the 
staking electrons, or S* times as many as struck the first anode After n 
such impacts the current is times as great as it was onginally, & being 
the ratio of secondary to primary electrons— a number that can be 
made as high as 9 or 10 It might be thought that with such a system 
tremendous amplifications could be obtained True, they can, but no 
improvement in signal-to-noise ratio can be achieved 
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Eapenmental results indicate that the following laws govern the 
noise associated with secondary emission in such a device 

1 Secondary emission from any anode follows the shot-effect law, 

= 2eBIo, where /o is the emitted secondary current 

2 Shot noise from any anode is multiplied by subsequent stages m 
the same way as the signal is ^ 

Consider the action m a few successive stages of secondary-emission 
amplification Let the current from a first anode be Zo, then the mean- 
square noise current associated with this is 

l»* = 2eJ5Io (n = 0) (1238) 

When the direct current lo strikes the next diode, it gives rise to a direct 
current SIo and the correspondmg mean-square noise current is multiplied 
by S*, so that the mean-square noise current associated with the current 
SIo IS 

= 8*2eBIo + 2eBSIt (n = 1) (12 39) 


m which the first term is the amplifier noise power from the previous 
anode and the second is that associated with the hberated secondary 
current The above expression is more simply written 

= 2eBZo(S* + S) (n = 2) (12 40) 

At the next anode the hberated secondary current is S^Io, and the mean- 
square noise current is 

5«* = iS*2aBZo(iS* -t- S) + 2eBS»Zo (» = 2) (12 41) 

which IS equal to 

= 2eBZo(iS* + 8 * + B*) (» = 2) (12 42) 

Extension of this process to n stages yields 

= 26BZo — 7 in = n) (12 43) 


This means that the ratio of output to mput noise power is 

Noise power out _ B"(jS"+^ — 1) 

Noise power m ~ B — 1 

Correspondingly, the ratio of signal power out to signal power 

Signal power out _ 

Signal power in ~ 


(12 44) 
m IS 
(12 46) 


‘ ZwoBTEiiT, V K , Q A Mobton, aad L Mambb, The Secondary i7.tniaBinTi 
Mulbpher, Proo I BE ,yoI 24, pp 851-376, March, 1936 
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Upon taking the quotient of the last two equations, the relative change in 
the ratio of signal to noise power is 

Signal-power-to-noise ratio in _ — i) 

Signal-power-to-noise ratio out S^^{S — 1) ^ 

This ratio is slightly greater than 1 but approaches this value as the 
secondary-emission ratio S is increased This simply means that signal 
and noise are amplified about the same amount in a secondary-emission 
multiplier, and as a result there is no gam on the signal-to-noise ratio 
There is, however, an advantage to usmg secondary-emission multiphca- 
tion in that resistor noises are virtually eliminated Thus a phototube 
with secondary-emission multiplication has a lower signal-to-noise ratio 
than a phototube-resistor-amplifier combination at low levels of illumina- 
tion A further discussion of this specific case is given m Sec 19.20. 

12.14 Definition of Noise Figure From all the preceding sections 
it IS seen that there are inherent hmitations to electronic devices deter- 
nuned by unavoidable noise Most electromc devices will, m fact, be 
noisier than simple theory predicts because of an accumulation of various 
effects The smallest amount of noise that an electromc device can 
possibly exhibit is the available noise power from the thermal agitation 
of a resistor in the frequency band considered, as given by Eq (12 6) 
Usually the noise will be more than this It is therefore convement to 
use as a figure of merit for an electronic device the ratio of the actual 
noise power at its output terminals to that which it would have if the 
noise were hmited to the mimmum noise from thermal agitation This 
figure of merit is called the noise figure of the device. Basically, the 
noise figure is o/n excess noise ratio 

A ngorous definition of noise figure mvolves a consideration of the 
gam of the device and the available mput noise power and the output 
power The gam of a device, invariably a four-terminal network, is 
defined as the ratio of the available signal power at the output to the 
available signal power at the output of the signal generator, 

Power gain = = G (12 47) 

This defimtion of gam is independent of the output impedance of the 
device, but it does depend upon the impedance of the signal generator, 
which IS taken as the nominal input impedance of the device. In many 
applications there is no difficulty in usmg a signal-generator impedance 
that is equal to the input impedance of the device under consideration, 
but m some applications, such as extremely broad-band devices, it is 
extremely difficult to maintain a constant input impedance Hence 
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it is logical tliat the figure of merit should mclude noncoustancy of the 
mput impedance The available noise power between tvro terminals is 
defined as the noise power that would be absorbed by a matched output 
circmt The available input noise power is simply that given from the 
Johnson noise formula of Eq (12 6), 

N^ = kTB (12 48) 


The noise figure is defined m terms of the factor of most importance 
m the ultimate sensitivity of an electromc device, the ratio of output 
signal to noise power The maximum value this can have is the ratio of 
available mput signal to noise power if there are no other noise sources in 
the device and if all impedances are properly matched Some four- 
temnnal networks that consist of passive elements only, say a trans- 
former or a transmission hne, have no noise sources present m them, but 
electromc devices always have some extra sources of noise The noise 
figure F of the device is defined as the ratio of the available signahto-noise 
ratio at the signal'-generator (input) terminals to the available signalr-to- 
noise ratio at the output terminals^*^ 

8 ^ 

F = ^ (12 49) 

iV out 


The noise figure of an electronic device is always greater than unity 
The reference temperature is mvanably taken as 290°K (63°F) 

Some rearrangements of Eq (12 49) are useful Upon utilizmg the 
power-gam defimtion of Eq (12 47) the noise figure may be wntten 


^ out 

” GkTB 


(12 50) 


From this the available noise output power is 

NoMt = FGkTB watts (12 51) 

The available output noise due only to noise sources m the network is 

iVout - GkTB = (F - l)OkTB watts (12 52) 

Example It is desired to calculate the noise figure of a 250-ohm-input 30-mc 
mtermediate-frequency amplifier havmg a band width of 2 me and usmg 6AC7 

1 Friis, H T , Noise Figures of Radio Receivers, Proc I RE ,yoI 32, pp 419-422, 
July, 1944 

* North, D 0 , Absolute Sensitivity of Radio Receivers, RCA Rev , vol 6, pp 
832-343, January, 1942 
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pentodes Coupling between stages is provided with two inductively coupled 
tuned circuits Let the tube constants be 

Ip = 10 X 10“^ ampere 
J 2 = 2 5 X 10“^ ampere 
Gm = 9 X 10“® mho 

Then, from Eq (12 21), the equivalent noisy resistor m series with the control 
grid is 

p _ 2 5 10 X 10-3 / 8 X 2 5 X 10-3\ 

9 X 10-3 12 5 X 10-3 V 9 X lO"® / 

= 715 ohms 


From Fig 12 1 this corresponds to an rms noise voltage of 4 85 microvolts 
Since the noise is developed across the input impedance m series with the eqmva- 
lent noise resistor, while the signal is developed only across the mput impedance, 
the noise figure is 


„ 715 + 250 

^ 250 


3 86 


In cases m which the stage amplification is low the ef ect of the noise from the 
following stage must be considered In this case consider that the couplmg 
network is a unity-ratio impedance transformer with an mput impedance of 
50,000 ohms If the second stage is identical to the first m operatmg charac- 
tenstics, then there is a noise voltage of 4 85 microvolts developed m senes with 
its gild This voltage corresponds to a current of 97 0 micromicroamperes 
through the plate load of the first stage Upon referrmg this current back to the 

97 X 10-^^ 

conti ol grid of the first stage, it corresponds to a voltage of 9 iq-* ’ ® 

microvolt This is small compared mth the 4 85 microvolts due to the first 
tube and so can be neglected in this case 


Noise Figure for Two Networks in Cascade Usually the sources 
contributing to the excess noise m an electronic device are principally 
in the input circuit of the device However, when the first stage of 
amplification has msufficient gam, the noise sources effectively located 
in the input circuit of the second stage of amplification contribute 
appreciably to the over-all noise as weU Noise from subsequent stages 
IS generally so small compared with the amplified noise from the earher 
extra sources that it may be neglected When the condition cited above 
IS the case, then the following relations hold Let the first and second 
stages of amphfication be designated by subscripts 1 and 2, respectively. 
Let over-aU characteristics be designated by the subscript 12 The overj 
all power gam On is equal to the product of the gams of the first and 
second stages, GiG^ Let the band width be that of the over-all charac- 
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teristic as defined by Eq (12 9) The available noise power at the 
output of the first stage of amplification is 

Ni = FiOJcTB watts (12 53) 

from Eq (12 51) The noise power in the output of the second stage due 
only to sources m that stage is, from Eq (12 52), 

Ni - GJiTB = (JFi - l)OikTB (12 54) 

The total available noise power at the output of the second stage is 0% 
times the quantity m Eq (12 53) plus the quantity m Eq (12 54), 

Nxi = OiFSJtTB + (Fa - \)GJ(TB (12 55) 

or 

Nn = [fx + G^GJ^TB (12 56) 

Now, upon applying the general formula [Eq (12 51)] to the over-all 
situation, 

Nn = FnGukTB (12 57) 

The values of available output noise over-all, from Eqs (12 56) and 
(12 57), must be equal; therefore 

Fia=Fx + ^^^ (12 58) 

This is the important relation that has been sought It gives the over-all 
noise figure of two amplifiers m terms of the separate noise figures and 
the gain of the first amphfier Needless to say, the expression is not 
limited to amplifiers but may be apphed to mixers and networks m 
general 

Sometimes noise figures of circuit elements are expressed in terms of 
equivalent temperatures, simply the room temperature multiplied by the 
noise figure The symbol t is often used to designate the ratio of the 
actual noise to the available thermal-agitation noise of Eq (12 6) 
This IS most frequently done with passive elements that produce noise, 
such as crystal detectors The noise figure of a crystal mput receiver is 

F^Ut.-1+Fa) (12 59) 

where L* is the conversion loss of the crystal detector corresponding to 
the reciprocal of the conversion gam of a tube mixer, tx is the equivalent 
temperature ratio of the crystal, and Fa is the noise figure of the a,mplifier 
mto which the output of the crystal detector is fed If the crystal were 
noiseless, tx would equal umty 
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The* clcuiRn of rlrctronic rijuipnicnt with regard to obtaining a low 
noiw figure ih n ml her complex problem, which will only be touched 
upon hen* ' 'I’he prohh*m w a eumbiuation one, involving consideration 
of eireuiit* lunl noiw HourecK. It is ptwHible m some cases that the mini- 
mum noiw* figure will Ih* obtained with a condition of mismatched imped- 
anecH owing to the fin*t that a mismatch will reduce the noise more than 
It w ill the signal. With receivers it is found jiractical to use r-f amplifica- 
tion la'fon* the mixer only up to a ci'rtam freipicncy This frequency 
ts of the order of tUM) me at tins time Ileyond this irequency the noise 
figim* of amplifiers is so great that the signal-to-noise ratio is increased 
rather than rethieeil upon amplification. There is also an upper fre- 
quency limit at which vacuum-tube mixers are practical At present, 
this hunt occurs at about I, (MX) me. It is quite possible that these 
fnspiencv limits will lie extended with time. The limits occur because 
the efTeetive mutual eonduetance of all tubes decreases with increasmg 
freqiieiH’V owing to transit-time effects, thus raising the noise The 
ullra-high-friH|Ueney induced noise effect also contributes to increasing 
nois«, 

12.15. Mwiurement of Noise and Noise Figure. It is not difficult to 
measure the noW and noiw* figure of an ohwtronic device when its gam 
IS suffleiently high so that an appreeiahle output noise power is obtained 
Bqiiim’-law ilevices sueh as tliermoeouples an* preferred m noise measure- 
ments Is-eiiuse the output imlication is directly proportional to power 
t 'rvstal deleetors may also be iisi’d at low levels of power If the rectified 
eryslid riirrent is kejjt below a f**w microamperes, the crystal is almost 
eertam to Ih* a suuare-law ilevice ami as sui’h is extri'mely sensitive In 
this rase the reetified rrystal eurrent is proportional to the input power 
If a salisfaelory power-output imlieating ilevici* is used, the noise figure 
of n deviee ran Ih* measured by simply introducing signal input power 
until the output indieation from the noise alone is doubled The input 
power IS thi*n equal to that generated by the internal noise sources, and 

the noise* ligiire is given by 


F 


kTH 


(I2.fi0) 


when* Su, is the signal power in. Kor imy other adjustment of signal 
input power the noise* figure* is given directly from the defining relation 
of I'lq. ll2.*ltt), it iH'ing reme*mhered that the output-power indication is 
the sum of the noise ami signal power out. . . , 

l)i.Kies operating with temperature-hmited emission may be 
stamlarel semree of noise. Bueh eliiKles pre'ferably have either a tungsten 

* ihr» mirvry by hiuI MALTKHt op nt 
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or a thonatcd tungsten filament It is difficult to kt'ep the emitted 
current from an oxide-i'mitting surface constant iindi'r temperature- 
limited conditions of emission The noise, of course, is due to shot efTeet, 
with the mean-s(juare noisi' ciiirent givini by Kip (12.12) Diodes may 
successfully be operated as a standai d noise source* ii]> to 1(H) me. Beyonel 
that fre'qiu'ncy the impedance transfoimation intioduct'd by the leiiels 
cannot be determined very acciirati'ly. Undoubt(>dly, spi'cial diode's 
can be built for noise measiireme'nts at higher fieepK'ncic'H. A stanilard 
noise souice for measuremt'iits of the noise figure of an intermeeliate- 
frequency amplifier would consist of the* dioele in a shielele*el cun with le'aeis 
brought in through properly by-passed chokes. Across the elioele* the'rc 
can be placed a coil that tunes the* capacity of the dioele to the* renter 
of the band of interest The tuned circuit thus formed should be* shimteel 
by the nominal input resistance of the amplifier to be tostt'd Output 
leads are then brought from acreiss the tuned circuit to the amplifier under 
test Let the nominal input resistance* eif the amplifier bo /£; then the 
noise power delivered to the resistor of value fi shunted across the diode 
is 2eIoRB, and the available powe'r into tin* r(*e*(*ive*r is eHie-feiurth eif this. 
Let the diode current lo bo adjusted until the* normal noise enitput pe)we*r 
of the receiver is double'd when the standard elioele noise* is eonneete*el to 
its input Unde'r the'se conditions the noise figure, from Kep (12.00), 

IS given by 2k7' '‘''™‘ri<'al value* of 20, (he noise 

figure is gm*n simply by 

F = 2^1 alt (12.01) 

where 7o is the diode current in amperes and R is the nominal re'sistance 
of the receiver m ohms 

12.16. T3ipical Tube-noise Values, In the table on the* ne*xf page are* 
given some typical operating conditions and associated noise values of 
representative tnodes, pentodes, and mixers 
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CHAPTER 13 


ELECTROSTATIC ELECTRON OPTICS 

13 1 Introduction The term ^'electron optics as applied to the 
behavior of electrons under the mfluence of electric and magnetic fields 
has been m use for some time As the term implies, there is a close 
analogy between the behavior of light rays and electron beams, particu- 
larly when the fields through which the electron moves are purely electro- 
static Electrons move through an electric field just as do light rays 
through a medium of contmuously variable index of refraction Elec- 
trons can be reflected, refracted, and focused very much as can light rays 

Electron optics is a relatively new field of science, but already its 
study has led to the development of the cathode-ray tube, the high- 
mtensity kmescope, the image-dissector tube, the iconoscope, the 
orthicon, the various forms of electron multiplier tubes, the electron 
microscope, and many other devices The groundwork for the new 
science was laid more than a hundred years ago by Lagrange, Maupertius, 
and Hamilton, who recognized that the prmciple of least action as applied 
to particles was strictly analogous to the Fermat principle of least time, 
which holds for light rays The modern phase of the subject was 
ushered m by Busch, who showed in 1926 that the action of a short 
axially symmetncal magnetic field on electron beams was similar to that 
of a glass lens on hght rays The science was given a firm foundation 
by the early workers in the field, among whom Davisson, Calbick, 
Brueche, Glaser, Knoll, Buska, and Scherzer were outstanding At this 
writmg, the total literature includes hundreds of technical articles, and 
already a number of books completely devoted to the subject have been 
written Because of the extensive nature of the subject, it cannot 

iBrtjbche, E, and 0 Scherzer, “Geometrische Elektronenoptik,'" Springer, 
Berhn, 1934 

* Maloff, I G , and D W Epstein, Electron Optics in Television,'' McGraw- 
HiU, New York, 1938 

* Myers, L M , ‘'Electron Optics," Van Nostrand, New York, 1939 Contains 
excellent bibliography complete to 1939 

* Klemperer, 0 , “Electron Optics," Cambridge, London, 1939 

For other, more compact summaries see Zworykin, V K , and G A Morton, 
“Television," McGraw-Hill, New York, 1940, and Gray, F , Electrostatic Electron 
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be hoped that the present chapter will be more than, an abstract of the 
most important aspects of the subject 

It has already been mdicated that the electrostatic field between the 
wires of a gnd constitutes a cylindrical lens which is capable of focusmg 
electrons A more useful type of lens is produced by any axially sym- 
metric field, whether electric or magnetic An example is the electrostatic 
field about a circular aperture All the laws that exist for the lenses 
of physical optics apply as well to the lenses of electron optics An 
analogy can be developed between the quantities of geometrical optics 
and the correspondmg quantities of electron optics In the treat- 
ment given here, the laws of electron optics will be developed from the 
mechamcs of electron motion, and the analogy with those of geometrical 
optics will then be shown 

Snell’s Law The basic law of geometrical optics is Snell’s law of 
refraction, from which all the properties of physical lenses can be deduced 
This law has its exact counterpart m electron optics Snell’s law for 
optics IS 

ni sm 01 = ni sin 62 (13 1) 


where ni and nt are the indices of refraction on two sides of a plane 
boundary and di and 62 are the angles of mcidence and refraction of a 
hght ray as measured from a normal to the boundary The correspondmg 
situation for electron optics is shown m Tig 13 1 This shows the 
behavior of an electron movmg m a region with a uniform potential Fi 
and suddenly crossmg mto a region with a uniform potential V 2 This is 
approximately the situation that exists at the junction of the D’s of a 
cyclotron, except that the region in which the potential changes from 
one value to the other has a smaU but fimte dimension In gomg from 
the region of one potential to the other, the component of veloaty 
normal to the boundary is increased if the potential is increased, but 
the tangential component of velocity is unchanged Equatmg the initial 
and tangential components of velocity. 

Pi sin 01 = V 2 sin 02 


where p = 5 93 X 10® '\/Y meters per sec when the potential is given 
m volts Companng Eqs (13 1) and (13 2) is seen the qwntUy 
tn dectron ojttws corresponding to index of refraction is electron veloa y 


Optics, Bell Sye Tech Jour , vol 18, pp 1-31. January, 1939, ZeU jur Tech Phye, 

e ZwOTTiN,’ K , and others, “Electron Optics and the Electron Microscope,” 
MoGraw-HiU, New York, 1946 



330 


VACUUM TUBES 


This in turn is proportional to the square root of potential if the electron 
starts from rest at a point of zero potential 

The Principle of Least Action A further correspondence between 
electron and geometrical optics lies m the principle of least time and the 
pnnciple of least action The principle of least time states that a light 
ray will assume a path such that the time between any two points of its 



j 

Fig 13 1 — Electron refraction 


path will be a mimmum compared with that for all other possible paths 
between the same two points Thus 

T = j '^ds = min (13 3) 

where s is distance, T is time, v is the velocity of light in a medium of 
index of refraction n, and c is the velocity of light in vacuum In particle 
dynamics the correspondmg law is that the integral of momentum with 
distance assumes a minimum value The mtegral of momentum with 
distance is defined as action The principle states that 

Action = f mv ds - min (13 4) 


The correspondence between the two prmciples is quite evident Again 
it is seen that the counterpart of index of refraction is electron velocity 
Note, however, that light velocity does not correspond to electron velocity 
Simple Lenses The lenses encountered in electron optics are gener- 
ally of a more complex type than the simple lenses of geometrical optics 
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In general, it is more diflS.cult to analyze and to represent their charac- 
teristics, on three distinct counts, as follows 


1 In light lenses a discrete number of refractions occur at surfaces 
between materials of different mdices of refraction, whereas m 
electron lenses the refraction occurs continuously through the 
equivalent of a material of variable index of refraction 


2 The thin lenses of geometrical 
optics, % e , lenses whose axial 
dimension is short compared 
with their focal length, are 
often operated in air, % e , the 
light rays start and fimsh m a 
medium with the same mdex 
of refraction, with the result 
that the lens characteristic can 
be expressed m terms of a 
single parameter, the focal 
length Electrostatic electron 
lenses on the other hand more 
often have initial and final 
potentials that are different, 
so that the equivalent mitial 
and final indices of refraction 
are different, with the result 
that it takes two focal lengths, 
one for each direction, to 



equivalent 


descnbe the lens 

The lenses of electron optics ^ 

are usually thick lenses, ^ i i ^ 

, , , i* 1 Pig 13 2 — Electron lens equivalent of a 

the axial dimension of the lens 

, T , thin physical lens 

IS not short compared with the 

focal length In such a lens it is not correct to measure the focal 
length from the center of the lens , rather, it must be measured from 
a reference plane known as the "'principal plane,"' which may be 
outside the lens This introduces another parameter for the thick 
lens If in addition the initial and final potentials are different, 
four parameters are required to descnbe the lens a focal length 
and a reference plane for each direction 


Although the electron-optical equivalent of thm light lenses is 
seldom used, it is interesting for a first consideration to describe the 
equivalent of such thin lenses In Fig 13 2 is shown a simple, thm, 
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concave lens and its approximate electrostatic equivalent This lattei 
consists of two concentric electrodes of revolution, as shown, with the 
inner electrode at a higher potential than the outer The corresponding 
axial variation of the index of refraction is shown for both cases The 
focusing property of the lenses is derived from the combination of the 
vanation of the mdex of refraction and the curvature of the bounding 
surface In the case of the light lens the bounding surface is sharply 
defined, while for the electrostatic lens it is not so sharply defined Both 
lenses have a convergent action In the case of the electrostatic lens 
the convergent action results because the radial component of the 
gradient of potential pushes the electron toward the axis on both sides 
of the lens The electron path shown in the figure may be used to define 
the term 'Tocal length An electron entenng the lens parallel to the 
axis IS deflected toward the axis while passing through the lens and 
emerges headed toward it The subsequent path is a straight hne because 
the electron is in a field-free region after passing through the lens If 
the mitial and final straight-lme portions of the path be extended so 
that they mtersect m the lens, then the axial distance between the plane 
of this intersection and the plane at which the electron crosses the axis 
is known as the focal length The point at which the electron crosses 
the axis is known as the focal point, and the plane through this point 
normal to the axis is known as the focal plane For the lenses of Fig 
13 2 the focal lengths in the two directions are the same since the initial 
and final indices of refraction are the same Further, any electron ray 
entering the lens parallel to the one shown will cross the axis at the focal 
pomt m the absence of aberrations 

The case in which the imtial and final mdices of refraction are not 
equal seldom occurs in geometrical optics, but it is the most common 
case in electron optics A fictitious example to illustrate the light case 
may be assumed to consist of a thin, concave glass lens in the side of a 
tank of oil, so that the light rays start in air and end in oil (It is further 
assumed that the mdex of refraction of glass lies between those of oil 
and air ) This situation is shown in Fig* 13 3 along with the equivalent 
electrostatic lens The equivalent electron lens m this case consists of 
circular apertures in two parallel-plane conductors maintained at different 
potentials It is mteresting to note that the focusing action of the 
electron lens is derived from the curvature of the equipotential surfaces 
shown rather than from the shape of the electrodes — this is usually the 
case Also shown are the electron and light rays entering the lenses from 
both directions parallel to the axis These rays are known as the 
principal rays of the lens, and their mtersection with the axis defines 
* the focal lengths as mdicated above The ray passmg from right to left 
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IS known as the first principal ray/’ while that passing from left to 
right IS known as the second principal ray ” In this case the focal 
lengths in the two directions are not equal It will be shown later that 
the two focal lengths are in the ratio of the initial and final indices of 







It I ■ ' 

Fig 13 3 — Double-aperture leas aud physical 
equivalent 

refraction, the larger index of refraction being associated with the longer 
focal length 

The lens action in the case of Fig* 13 3 is more subtle than it appears 
at first glance Referring to the light lens and considering a ray passmg 
through it from left to right, it is seen that the action at the left face 
of the lens is convergent while that at the right face of the lens is diver- 
gent The net action for the assumed indices of refraction is, how- 
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ever, always convergent, as will presently be shown The ray passing 
from nght to left, the first pnncipal ray, experiences first a divergent and 
then a convergent action The same type of action occurs in the electro- 
static lens except that the electron path is smoothly curved instead of 
consistmg of straight-hne segments The second prmcipal ray, ongmat- 
mg at the left, experiences a convergent action in passmg through the 
left part of the lens because the gradient of potential has a radial compo- 
nent that IS directed toward the axis In passing through the nght part 
of the lens the second pnncipal ray expenences a divergent action because 



Equal dtamefcr 
Two cylinder Jens 




Fig 13 4 — Two-cylinder lens and physical c(iuivalent 

the gradient of potential has a radial component that is directed outward 
from the axis It may be noticed that when the electron is travehng 
m the direction of mcreasmg potential the curvature of the equipotential 
surfaces corresponds to the curvature of the equivalent optical-lens 
system Thus, when the equipotential surface as approached by the 
electron is convex, the action is convergent and the equivalent physical 
lens surface is also convex When the equipotential surface approached 
by the electron movmg m the direction of increasing potential is concave, 
then the eqmvalent optical surface is also concave and the lens action is 
convergent When the electron is moving in the direction of decreasing 
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p(>t4'ntial, thon a convi'X {'(luiputi’iitial rorroHponclH to a divergent action 
and a eonciue eipiiiiotentiiil eorr»'«po!ulH to a convergent action (as on 
the nghl face of the lens of !'ig 13 2) 

It rcmaiiiH only to consider file case of a fliick lens. Such a lens is 
priKltieed Ity the field of two eiptal-dtameti'r coaxial cylinders at different 
initeiitials as show ii ill Kig, 13 1 Such a lens is charactensicd by having a 
iuiig region in winch the potential variation occiiis 'I'he coi responding 
lens diniensioiis will generally not be short comparetl with the focal length 
Also shown in Fig 13.1 is the equivalent physical hais Principal rays 
for this ease have the form shown later in Fig 13.20. The action hero 
IS very similar to that in the preceding example cxi'ept that the ri'gion in 
which the lens aetion oeciirs is longer. In all the examples given the 
eleelron-leiis aetioii has Iho’Ii shown for only one si't of potimtials If 
the elect risle-potenl nil ratio is inereasi'd, then the dilTerenee between the 
initial and tiiial index of refriieiion is increased and tlu* lens becomes 
stronger nnd the fis-al lengths heeome shorter. Thus, in effect, every 
electron lens corresponds to a whole set of physical lenses, one for every 
piwsihle voltage ratio. This property makes thi' electron lens a much 
more versatile insliumenl than the physical lensbeeuusi' tli(‘ lens strength 
call Is* ehatiged by simply eliaiiging electrode potiuitials instead of having 
to move lens eoiiiponents relative to one another 

l.rnn fiirmii/iw. For the simple thin lens of Fig. 13 2 having tlu' same 
initial and tiiial index of refraction the formula relating distatice from 
the lens to ubjeiT and image and the focal length is 

where ft *- distatiee from lens center to object 
If » distiince from lens center to image 
J •» fis’id lettgih 

ami the minus sign is'curs heeaiise l\ is measured to the left from the Ions 
renter This is well known to jihotographers and stuilents of physica 
nplies and will not 1«> proved here. 'Hie general lens formula, of which 
this isB s|K-eial ensi-. will be develo{M*d for electron lenses from the differ- 
ential eqinit ion of I he elect ron put hs. The geom<-t ry of the arrangement 

is shown in Fig. 13 ft. . x 

For the Ihm lens of Fig. 13.3, which operates betweim two different 

indices of refriietioii, there ure two fisail lengths, and tlu' lens formula 19 
IP von by 

-/'+{*-! (13.6) 

whorc/i is the so-called “liisf foeal length" associated with a ray entering 
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the lens parallel to the axis from the right and /2 is the "second focal 
distance'^ associated with a ray entering the lens parallel to the axis 
from the left, object distance is Zi, and image distance is Z 2 . The geo- 



metrical relations for this lens are shown m Fig 13 6 Note that a ray 
passing through the center of the lens does not make equal angles with 
the axis before and after passage in this case Note^ however, that the 
principal rays can stiU be used to construct an image, m fact, principal 
rays can so be used to construct the image m general 



Fig 13 6 — ^Focal relations m a lens operating 
between two different media 


For the thick lens of Fig 13 4 the situation is somewhat moie com- 
phcated. The lens formula m this case has the form 



where the symbols have the significance shown m Fig 13 7. Distances 
measured to the nght are positive, to the left negative The focal 
lengths fi and /2 are measured from reference planes Hi and H 2 , which 
are designated as first and second prmcipal planes, respectively These 
are located at the mtersection of the extension of the imtial and final 
straight-lme portions of the respective prmcipal rays The distances 
Pi and P 2 measure the distance from the lens center to the prmcipal 
planes m the direction of the prmcipal rays The distance P 2 is negative 
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in this case. The focal lengths /i and /a are measured from the pnncipal 
planes to the mtersection of the principal ray with the axis, fi bemg 
negative These mtersections ef the prmcipal rays with the axis are 
known as “focal points ” and are located at a distance Fi and Fi from the 
lens center The sigmficance of Eq (13 7) is that the object and image 
distances must be measured with respect to the prmcipal planes rather 
than with respect to the lens center In effect, the behavior of a thick 
lens IS the same as if the space between the prmcipal planes did not exist, 
rnnking them comcident, and a thm lens were located at the plane of 
coincidence 

The method of constructmg an image from an object is evident from 
Fig 13 7 To find the pomt on the image correspondmg to any pomt 
on the object, draw a first prmcipal ray through that pomt on the object 



and through the first focal point until it intersects the first prmcipal 
plane From t.bis pomt of mtersection draw a ray parallel to the axis 
extendmg to the right Through the same pomt of the object draw a 
second principal ray paraUel to the axis, and extend it until it mtersects 
the second pnncipal plane From this pomt of mtersection draw a ray 
through the second focal point, and extend it until it mtersects the ray 
first constructed The mtersection of the two prmcipal ra;^ ^es t e 
point on the image correspondmg to the pomt on the object ihus, u 
the two focal lengths and the location of the two prmcipal planes of a 
thick lens are known, the image correspondmg to any object can eas y 


be Fields. The analytical treatment of electron 

lenses has not been very completely ® 

possible to obtain expressions for the potential fields associate ^ 

given set of electrodes and then solve for the path of an electron through 
this field ActuaUy, the fields of electron lenses are not simple of deter- 
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nunation, and the solution of electron trajectones through them is 
even less so However, by studying all aspects of lens fields and electron 
paths it 18 possible to accumulate enougl* fragments of information about 
electron lenses so that the whole picture can be pieced together rather 
well The sum total of information that can be gatheied is still small 
enough so that frequent recourse is had to model determination of fields 
and numencal solution of path equations Even this procedure has 
its limitations and in the end gives way to experimental di'termination of 
lens characteristics Nevertheless, no complete understanding of electro- 
static lenses is possible without a fairly complete exjvmination of the 
nature of the fields of electron lenses. 

Virtually all the electron-lens fields are two-dimensional fields havmg 
a symmetry about an axis of rotation Cyhndncal coordinates are best 
smted for descnbmg such holds, radial distance being indicated by the 
symbol r and axial distance by the symbol z Beciiuse of the symmetry of 
rotation the angular coordinate Q is not involved Laplace’s equation in 
the above two-dimensional cyhndncal eoordmati^s takes the form 



AU expressions for fields of rotational symmetry must be solutions of 
this equation 

Qenpral Form, of Ftelds mth Itotaimial lHymmHry One solution of 
Laplace’s equation as given above is 

•0 

7(r,a) - y -H (13 9) 

»-i 

where the fr’s are values of the separation isonstant encountered in solving 
the Laplace equation, the a’s and b’s result from fitting the potential 
to the electrodes, and Jo is the zero-order Bessel function of the first 
kind The second kind of Bessel fune.tion, NaiftnT), does not appear 
because the potential along the axis is hnite The k'a can bo either real 
or imaginary If imaginary values of A are used, then an integral form 
of the expression for the potential field may be written 

V(r,e) “ J l-dCAr) cos ke -t- /i(A) sin Az]Jo(tA*r) dk (13 10) 

where A and B are functions of k that are determined from the shape of 
the electrodes The function Joi^kr) has real values and is somethmg 
hke the function ^ The parameter k disappears in the integration 
Probably the most useful form of the solution of Laplace’s equation 
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in cylindrical coordinates is obtained by expressing the potential as a 
power series in r. This is done by assuming that tbe solution is of the 
form 

00 

7 (r, 2 ) = y a„(z)r” (13 11) 

7l-0,lS, 

If this expression is substituted in Eq (13 8), the values of the coeffi- 
cients a„, functions of z, may be determined and the senes is thus 
established Consider the step-by-step operations upon the nth term 
of the series m this detenmnation 


^ = na„(z)r’^i 
r ^ = nan{z)r”- 


(13 12) 
(13 13) 
(13 14) 
(13 15) 


The correspondmg term for the nth power of ris (n -t- 2)®a„+2r’‘ The 
other term of Laplace’s equation yields 




(13 16) 


where the pnmes mdicate denvatives with respect to z Addmg terms 
involving the nth power of t, a process that takes care of all powers 
because Eq (13 8) is an identity, 

(n + 2)2a„+2r’‘ + an"iz)r^ = 0 (13 17a) 


which gives 


aj'iz) 

“ (n -H 2)=“ 


(13 17b) 


This IS a recurrence formula that gives the coefficient of any power of 
T in terms of the coefficient of the second term proceedmg 

The symmetry of the field about the axis allows only even powers 
of r since values of the field for any positive and negative value of r 
must be the same This requires that 

a, = a, = ae= =0 (1318) 

With this restnction the entire series can be expressed m terms of the 
coefl&cient ao 



340 


VACUUM TUBES 


V{r,2) = aor“ 


ao"(2)r= , ao<'‘>(z)r^ 
22 "f" 2* 4* 


+ 


+ 


(- 1 )" 

(nO* 



a,<~^-Kz) + 


(13 19) 


where the superscripts in. parentheses indicate the order of the derivative 
and n is no longer the n of Eqs (13 11) to (13 17) but assumes integral 
values as before If now the value of do can be determined m teims of 
the potential, the series will be given m its simplest form The value 
of do IS fixed by the fact that, when r = 0, 


7(0,s) = do(e) = Fo(2) (13 20) 


In other words, do is the value of the potential along the axis This 
axial potential will be denoted by the function Fo(z) hereafter, to simplify 
the notation and to indicate that it is a function of a single variable 
The subscript zero will further serve as a constant reminder that the 
potential along the axis only is mvolved Expressing the coeflficients 
of Eq (13 19) in terms of the axial potential. 


V{r,z) = V,{z) - 


Fo"(z)r2 

22 


+ 


+ 


22 42 


(-l)»7o(2n)(g) frV- 

(n')* W 


(13 21) 


This IS the expression that has been sought It is one of the most useful 
and most extensively used relations in electrostatic electron optics 
The significance of this expression is that if the variation of potential 
along the axis of a field of rotational symmetry is known then the potential 
at any point in the field can be calculated It follows that if the axial 
variation of potential is known then the derivatives of the axial potential 
with axial distance are determined The derivatives can always be 
determined numerically or graphically if not analytically In fact, the 
axial potential need not be and frequently is not capable of analytical 
expression ^ 


1 Scherzer has given another expression by which the potential at any point in a 
field of rotational symmetry may be determined from the axial potential The value 


of 7(r,z) IS given by the real part of the 


1 

integral ~ / 

27r J ""«■ 


Vo(z + ir sm ct) daj in which 


the expression in the integral is the axial potential function of the argument 
(z + tr sin a), a being a parameter that disappears upon integration This expres- 
sion converts to the series of Eq (13 21) upon senes expansion and term-by-term 
integration It is of somewhat limited use because it generally requires that the 
axial potential be capable of analytical expression 

See ScHBRZBE, 0 , Zur Theorie der Elektronenoptischen Lmsen Pehler, Zett fUr 
Phys , vol 8, pp 183-202, January, 1933 
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Many important properties of rotational fields can be deduced from 
the senes of Eq (13 21) Let the series be expanded further m terms 
of 2i = z — go in the vicimty of Zo. Then 

V o(Zl) = 7o(2o) + 7o'(2o)zx + HT"o"(2o)2i* + (13 22) 

by Maclavirin series The correspondmg expression for potential, by 
Eq (13 21), becomes 

Vir,z) = Vo(zo) + Zi7o'(zo) + ^ + (13 23) 


The equipotential V(r,z) = yo(zo) m the vieimty of the axis reduces to 
the hyperbola 


4 


= ZxFo' + 


2 


(13 24) 


Upon applying Eq (5 26), the radius of curvature of an eqmpotential 
at the axis is found to be 


R = 


27o' 

Fo" 


(13 25) 


The radius of curvature generally assumes its smallest value when the 
second derivative of the axial potential is greatest 

At a saddle point of potential as shown in Fig 13 14 at the aperture 
center Vo' — 0, the radius of curvature tends to become zero, and the 
equipotentials are straight lines intersecting and forming a branch 
point at the axis From Eq (13 24), for the conditions stated it is 
seen that 

tan^ 7 = — 2 = 2 7 = 54°44' (13 26) 


where r is the angle between one of the eqmpotential branch hnes and 
the axis. Eqmpotential lines at a saddle point will always intersect the 
axis as straight lines, making an angle of 54^44' with it ^ 

1 It IS of interest to record the properties of two-dimensional fields expressible in 
the rectangular coordinates x and y and having no variation in the z direction Let 
the X axis coincide with a line of symmetry , then 


V(x,y) - Vo(x) ^ 


2> 


, y^Vo^*Hx) . 
+ 41 




The radius of curvature of an equipotential at a point along the hne of symmetry is 
given by = |t, At a saddle point on a line of symmetry the equipotentials are 

straight lines making an angle of 90 deg with each other and 45 deg with the ass 
These relations apply in cases such as the line of symmetry midway between the gri 
wires of an ideal plane triode 
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The Eguairdiarneler Two-cylinder Lens The equal-diameter two- 
cyhnder lens is very extensively used m electron optics The field of 
such a lens is shown in Fig 13 8, Here are shown the equipotential 
li pas within the coaxial cyhnders All the equipotential lines pass 
through the gap between the two cyhnders They also all intersect the 
axis at right angles The plot is further seen to be symmetrical about the 
axis and about the midplane The shape of the field is nearly inde- 
pendent of the gap spacing, provided that this is small 



The axigl-potential distribution of the equal-diameter two-cyhnder 
lens with small gap spacmg has been found to be 

Fo( 2) = 7i tanh (13 27) 


when the two cyhnders have potentials of — 7i and +7i, respectively, 
and R is the radius of the cyhnders If the cyhnder potentials are not 
1 Gray, op , p 26 

* Bertram, S , Determination of Axial Potential Distribution in Axially Symmetnc 
Fields, Proc I RE,yo\ 28, pp 418-421, September, 1940 See also Bertram, S, 
Calculation of Axially Symmetnc Fields, Jour App Phys , vol 13, pp 496-602, 
August, 1942, for general matenal on this subject 
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equal, then the axial potential takes the form 


fr V i . T^2 ^1+ 1 1 323 , - . 

' 0\^} 2 • 2 t&nli ^ (13 28) 


where Ki is the first-cyhnder potential and 7s is the second-cylinder 
potential The denvatives of the axial potential are readily found to be 



Fig 13 9 — Axial potential and its denvatives — equal-diameter two-cylmder lens 


The axial potential and its first two derivatives for the case in which 
Vi = — Vi &nd R = 1 are plotted in Fig 13 9 Examination of the 
curve for the axial potential shows that, at a distance of one -radius 
from the nudplane, the potential is within 8 per cent of its final value 
At a distance of one diameter from the imdplane, the potential is within 
1 per cent of its final value The entire region of variation of potential 
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IS therefore virtually confined to a region within one diameter of the 

^^t^Miameler Spaced Cylinders Another electrostatic lens fre- 
quently encountered is that of two coaxial equal-diameter cyhnders 
spaced an appreciahle distance A simple approximate formula for the 
axiaJ potential in this case takes the form 

‘(t) ) 

fcoahflM] 


V,(z) = 


Vi -t- y* _j_ ^8 ^1 


cosh I 


2 648 


In 


R 


(13 31) 


where s is the axial spacmg between the cyhnders ^ This expression 
reduces properly to Eq (13 28) for s = 0 The expression given was 
derived on the assumption that the potential variation between the two 
cyhnders at a radial distance equal to the cyhnder radius is linear This 
is a moderately good approximation, but not exact 

For this case, an empirical approximation to measured axial- 

potential distributions takes the form 

. Zl+^ + /; rf'- * (13 32) 


where b is an experimental parameter equal to the reciprocal of the slope 
of the potential curve at a = 0 and having the value® 

6 = 2E j^O 73 + 0 53 (^y] (13 33) 

For large values of z the value of axial potential assumes the correct 
value of the electrode potential by virtue of the fact that the integral 

assumes the value | for z = ± « The formula is also approximately 

correct for small values of z as may be seen by settmg s = 0 and expanding 
the mtegral in senes The first few terms give 

V,iz) = ^ -H 37 J - 0 673 ] (13 34) 

whereas the expression of Eq (13 28) involving the hyperboho tangent 
gives 

= !^LEi + Zl^[l32|-0 790(jy-h ] (13 35) 


iBbeteam, S, Determination of Axial Potential Distribution in Axially Syna- 
metnc Fields, Proc I RE yvol 28, p 420, September, 1940 

> KrEKPATRicK, Pattl, and J G Bbckbelt, Ion Optics of Equal Coaxial Cylinders, 
Rev Sci Instr , vol 7, pp 24-26, January, 1936 
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The slope of the empirical function thus agrees within 6 per cent with 
the correct value for z = 0 The general formula is probably well withm 
10 per cent as long as the cyhnder spacing is less than 1 75 cyhnder 
diameters The integral form of Eq (13 32) is very convement for some 
lens calculations because of the fact that the function is readily differ- 
entiated and integrated and because numerical evaluations of the func- 
tions involved are extensively tabulated The formula given apphes 
strictly to the case of electrodes that have toroidal corona rings attached 
to the edge of the cylinders that are tangent to the cyhnder edges at their 
outside diameter and have a radius one-tenth of the cylinder radius 



Fig 13 10 — Potential field of a two-cylinder lens, D 2 /D 1 = 1 25 


Two-diameter-cyhnder Lenses No exact analytical expressions are 
available for electrostatic lens made of coaxial cyhnders of different 
diameters The fields for such lenses are easily measured by means of an 
electrolytic tank Results of such measurements are given in Figs 
13 10 to 13 12 for diameter ratios of 1 25, 1 60, and 2 0, respectively 
All these electrode arrangements perform about equally well as lenses so 
that there is not much choice between them A companson of their 
characteristics is had by plotting their axial-potential variations on the 
same graph, as is done in Fig 13 13 The differences between these 
curves are not of great practical interest All exhibit the same general 
characteristics They differ only in the amounts and position of their 
maximum slopes and curvatures 

Aperture Lenses Another lens of great interest is that associated 
with a circular aperture in a plate perpendicular to an apphed field. 
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Such a lens will have potential variations that are essentially the same 
as those between parallel plates except m the immediate vicimty of the 



Fig 13 13 — Axial potentials of two-cylinder lenses for different diameter ratios 


aperture The potential expressions for this case have been worked out 
by fitting equipotential surfaces which are hyperboloids of revolution to 
the circular aperture, the edges of which in any 
plane through the axis are the foci of the hyper- 
boloids ^ For the case of a plane electrode con- 
taining a circular aperture of radius R and 
operated at zero potential midway between two 
planes at potential V and spaced a distance d 
large compared with J?, the expression for the 
axial potential is 

W-7M-y|?[^arot.n(f)-l 

(13 36) 

where z is the distance measured from the center 
plate contaimng the circular aperture The pig 1314 — Aperture 
resulting potential field is shown in Fig 13 14 midway between plates 

This IS a case that exhibits a saddle point at the at the same potential 

center of the aperture Here the potential pro- 
files parallel to the axis and to the center plate curve in opposite direc- 
1 OLnENDOEF, F , “Potential Felder der Elektrotechmk,” pp 295-297, Sprmger, 
Berlin, 1932 



VACUUM TUBES 


348 


tions The equipotentials through this point axe seen to be straight hnes 
making an angle of 54‘’44' with the axis 

A case of more general interest is that of a circular aperture in a plate 
between two plates of different potentials and at different spacmgs 
Let the plates and their potentials be numbered in order from left to 



Fig 13 16 — Potential 
field of a emgle-aper- 
ture lens 


Fig 13 16 —Potential field 
of an Einzel lens 



right, the circular aperture being in plate 2 The axial potential is then 
given by 


V,{z) = 


( 7 . - + ( 7 . - 1 1 .| _ 2 ^ ...... ( ^ 

. (Fs - 7*)dis - (7i - 7*)ds, . , Tr 

2disds, * -r •' 2 


-]} 

(13 37) 


where Vi is potential of first plate 

is potential of plate containing aperture, the second plate 
Fs IS potential of third plate 
di 2 IS distance from first to second plate 
das IS distance from second to third plate 
z IS axial distance measured from plate contaimng aperture 
R is aperture radius 

The resultant potential field for the case of 7i and Fa having a value of 
zero IS shown m Fig 13 15 The penetration of the equipotential lines 
into the region of zero potential gradient is seen to be quite small At 
one aperture diameter the potential gradient falls to about 5 per cent 
of the gradient on the other side of the aperture 
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A type of electrostatic lens using apertures that has proved very 
useful in some electron microscopes is shown in Fig 13 16 This lens 
IS called an E^nz el lens^^ (single lens) because it imtiates and terminates 
in a single value of potential It has the advantage that it may be placed 
anywhere along an electron stream without disturbing adjacent potential 
relations The electrons leave this lens at the same potential at which 
they enter The axial potential forms a symmetrical hill with a saddle 
point at the center 

13 3 Electron Paths. The general differential equation for the path 
of an electron in an electrostatic field of rotational symmetry is a httle 
too complex to be generally useful If, however, the considerations are 
restricted to electrons that move close to the axis and make a small 
angle with it, the so-called ^'paraxial rays,'' then the differential equation 
of motion becomes relatively simple In electron optics as in physical 
optics it IS found that most of the properties of lenses can be determmed 
from the behavior of the paraxial rays 

The general differential equation in two-dimensional cyhndrical 
coordinates is the same as that for two-dimensional rectangular coordi- 
nates as given in Eq (6 59), with z and r substituted for x and y, 


where the potential V is understood to be a function of r and z If 
attention is restricted to paraxial electrons, then the angle that these 


make with the axis is small and hence the term 


( 

\dzj 


IS small compared 


with unity and cafi be dropped Further, if the radial distance of an 
electron from the axis is small, use can be made of the small value approxi- 
mations derived from the series expansion for potential as given in Eq 
(13 21) Thus 


dV ^ 2r7o" , 

If “ " 4 64 

(13 39) 

or, for small r, approximately 


dV _ rVo" 

dr — 2 

(13 40) 

Likewise, 

rWo"' 

4 + 

(13 41) 

or, for small r, approximately 


~ yj 
dz = 

(13 42) 
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Upon Trm.lnTig these substitutions into Eq (13 38) and letting V — Vq 
for the conditions of small radial distance imposed, the differential 
equation of motion of a paraxiai electron becomes 


dz^ 2Vo dz 4Fo 


= 0 


(13 43) 


In aH the above, the argument z has been understood to be associated 
with n-Yial potential 7o Equations (13 43) and (13 21) are probably 
the two most important equations in electrostatic electron optics From 
these all the important relations regarding lenses may be derived The 
above equation may be reduced to several alternative forms that are 
pr>TnA+.imftR more usrful By combimng the first and second derivatives 
there results 

The first-derivative terms may be eliminated from Eq (13 43) by making 
the substitution 

p = r7o^ (13 45) 


The differential equation of motion then becomes 



(13 46) 


All the above differential equations confirm the observations previ- 
ously made on the properties of the electron paths The 'path is seen 
to be independent of the charge and mass of the electron The path depends 
only upon the shape of the potential field and not upon the magnitude of 
the potential If the electrode configuration is enlarged^ the electron path 
IS correspondingly enlarged 

In general, the expressions for axial potential are sufficiently complex 
m even the simplest cases so that it is not possible to solve explicitly 
for the electron paths It is, however, possible to solve the differential 
equation of the electron path numerically in all cases In spite of the 
fact that the differential equations of motion are in general insoluble, 
most of the important properties of lenses may be deduced from them 

13.4 General Lens Properties Thin Lenses A thin lens is one m 
which the lens dimensions are short compared with the focal length 
The focal length of such a lens may be determmed from Eq (13 44) 
by studying the path of an electron that enters a region of potential 
variation parallel to the axis If the angle at which this electron emerges 
from the lens can be determined, the focal length will be known without 
solving for the path completely Let the lens under consideration be one 
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Bunilar to that shown in Fig 13 3 Let the initial and final values of 
potential relative to a path from left to right be Vi and 72 , respectively 
A first integration of Eq (13 44) gives 



1 r7o 

4^ Vn 


(13 47) 


If the lens is very short, then the value of r will not be greatly changed 
in passing through the region of potential variation though the direction 

dv 

of the electron and hence the value of - 3 - will be The coordinate r 

cLz 

may accordingly be treated as a constant and removed from within the 
integral sign If, in addition, attention be restricted to the second 
principal ray, ^ e , the ray entering the lens parallel to the axis from the 
left, then the lower hmit of the left-hand term of the equation is zero and 
the equation reduces to 


VT2 




I. 


« 7o'' 
.Wo 


dz 


(13 48) 


In passing through the lens the electron is bent toward the axis 
As soon as the electron is a short distance beyond the lens, it is in a field- 
free region and hence its path is subsequently a straight line From 
simple geometry 


f2 = 



(13 49) 


where r is the radial position of the electron on passing through the lens 
From this the formula for focal length becomes 


j. i__ vi_ 

h 4wJz. Wo 


(13 50) 


A similar treatment of the case of an electron entering the lens parallel 
to the axis from the right 3 uelds 


fi 4V7ijz, V7o 


(13 51) 


When the axial potential of a lens is known, it is necessary only to 

measure the area under the curve of and then multiply by the 

reciprocal of four times the square root of external potential Com- 
paring Eqs (13 50) and (13 51), it is seen that the two focal lengths 
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of the lens are in the ratio of the square root of the hmiting values of 
potential, 


h ... - yVa 

/i VTi 


(13 52) 


This IS exactly analogous to the law for light lenses, which says 
that the focal lengths are in the ratio of the indices of refraction on the 
two sides of the lens 



Fig 13 17 — ^Axial potential functions of a double-aperture lens 


Some typical curves of axial potential and the integrand of Eqs 
(13 50) and (13 51) for the lens of Fig 13 3 are shown in Fig 13 17 
The first part of the lens has a convergent action, and this is associated 
with a positive value of the second derivative of the axial potential 
The second part of the lens has a divergent action, which is, however, 
weaker because of the higher velocity of the electron, and this is asso- 
ciated with a negative value of the second derivative of the axial poten- 
tial. The reason for the association of the sign is evident from Eq 
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(13 40), from which it is seen that the radial component of the gradient 
of potential is directly proportional to the second derivative of the axial 
potential as long as the distance from the axis is not too great As a 
result of this, the radial force on an electroji is directed toward the axis 
when the second derivative of the axial potential is positive, and vice 
versa It may be stated as a general rule that the action of a lens segment 
IS convergent whenever the second derivative of the axial potential is positive 
and divergent whenever the second derivative of the axial potential is negative 
In the case of a symmetrical lens such as is shown in Fig 13 3, the con- 
vergent and divergent forces in the two halves of the lens are the same, 
but the deflection that results is always greater on the low potential 
side , for here the velocity of the electron is less, and the deflection for a 
given force is greater 

An alternative form of Eqs (13 50) and (13 51) that yields much 
useful information is obtained by evaluating the integral by parts Let 

u = and dv = Fo" dz 

Then 

du = -yiVo-^Vo'dz and z; = Vo' 

Making use of these substitutions in the well-known formula for integra- 
tion by parts, 

Ju dv = uv — fv du (13 53) 


there results 

1 _ 7o'( 22) - Fo'(zi) , 1 /■” (ZoT 

%- 47o(22) ■^8V7o(z2)j« 


(13 54) 


where 2 !i refers to St point to the left of the lens just outside of the re^on 
of appreciable potential variation and Z 2 refers to a corresponding point 
to the nght of the lens The corresponding formula for the first focal 
length IS had by simply interchanging the subscripts 1 and 2 in the above 
equation 

For the case of lenses whose imtial and final gradients of potential 
are zero, the first term of the nght-hand side above becomes zero, and 
the integral alone gives the focal length 


/a 


1 (7oO^ 

8Vl^o(a=)J« "^0^ 


dz 


(13 55) 


The form of the integral in this case is particularly revealing It is 
apparent that the integrand is always positive because the first derivative 
of the axial potential, which may be negative, is squared and hence the 
focal length is positive The interpretation of this is that the lens is 
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convergent %n all cases in which the initial and final gradients of potential 
are zero 

' When the initial and final gradients of potential are not zero, as is 
the case with most single-aperture lens, the first term of Eq (13 54) 
will usually make the major contribution to the focal length 


1 ^ Vo'(Z2) - Vo'jz,) 
fi 4Fo(z2) 


(13 56) 


This formula is generally accepted as a sufficiently accurate one for 
single apertures The lens action of such an aperture may either be 
convergent, / positive, or divergent, / negative In the simple case of an 
aperture at a positive potential in front of a plane cathode and having 
a field-free region beyond, the lens action is divergent and the focal 



Fig 1318 — Divergent action of a single-apcrtiire lens 


length IS four times the cathode-aperture spacing, as may be seen by 
substitution into Eq (13 56) ^ 

The focusing properties of single apertures are illustrated in Figs 13 18 
and 13 19 Figure 13 18 shows the case of an aperture with a positive 
gradient of potential on its left and a zero potential gradient on its right. 
The difference of the gradients is therefore negative, and the lens is 
divergent Figure 13 19 shows the case of an aperture with a zero 
gradient of potential on its left and a positive one on its right. The 
difference of gradients in this case is positive, and the lens is convergent 

1 The corresponding formula for the focal length of a Ions consisting of a straight 
slit in a plane electrode is 

1 _ Vo'W - Fo'(2i) 

h 2V,{z,) 

This means that the cyhndncal lens of a slot is twice as strong as the circular lens of an 
aperture 
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Because of the positive gradient to the right of the lens the electron 
paths upon emergence from the aperture are shghtly curved, being 
parabohc rather than straight. This results because the aperture imparts 
a crosswise component of velocity which is proportional to the distance 
from the axis at which the electron crosses the aperture plane The 
subsequent field adds a constant axial component of acceleration to this 
constant crosswise component of velocity 

Thick Lenses No simple formulas exist for the parameters of thick 
lenses In order to treat this subject it is first necessary to define the 
lens parameters Then a number of basic relations between the param- 
eters can be pointed out It can later be shown how the lens parameters 
may be calculated or measured After that it is desirable to present 
the resultant lens characteristics in some simple compact form These 



Fig 13 19 — Convergent action of a single-aperture 
lens 


steps Will now be taken up one at a time Attention will be restricted 
to those lenses whose imtial and final gradients of potential are zero 
The differential equation of motion of the paraxial electron given m 
Eq (13 43) IS a second-order linear differential equation As such, it 
has two linearly independent solutions, and any general solution can 
be expressed as a hnear combination of these two independent solutions. 
It is convenient to take as the independent solutions of the equation the 
ray that leaves the lens parallel to the axis and the ray that enters the lens 
parallel to the axis The two rays that leave and enter the lens parMel 
to the axis, respectively, are known as the ‘‘principal rays” of the lens. The 
ray that is parallel to the axis to the right of the lens is known as the 
“first principal ray '' It is usually considered to be moving from ng 
to left, but it may just as well be considered as moving from left to right 
The ray that is parallel to the axis on the left side of the lens is known as 
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the “second principal ray,” For lenses with initial and final gradients 
of potential that are zero the initial and final portions of the rays will 
be straight lines The principal rays of an equal-diameter two-cylinder 
lens are shown in Fig 13 20 Any general ray may be expressed as a 
combination of these two rays 

As mentioned before, the left portion of a lens such as that of Fig 
13 20 has a convergent action, while the right portion has divergent 
action The strength of these two portions is such that the convergent 
action always dominates The first principal ray, taken as moving from 
right to left, first experiences divergent action and then a stronger 



lie - F/rsf pnndpofJ ray Hz = Second pnncipa! plane 

~ Second principal ray fi - F/rsf focal length 

Tj/Pf > / fz' Second focal length 

Fig 13 20 — Thick-lens terminology 

convergent action The second principal ray, taken as moving from 
left to right, first experiences a convergent action and then a weaker 
divergent action. 

The principal rays serve to define the four thick-lens parameters 
J/ the %mtial and final straight-hrle portions of the principal rays are extended 
until they intersect, the intersections locate what are known as the ^‘principal 
planes’^ The principal planes are shown as Hi and H 2 in Fig 13 20 
The location of the principal planes relative to the reference plane, usually 
the midplane or electrode junction, is given by the distances Pi and P 2 
Almost without exception, the relative location of the principal planes 
IS as shown in Fig 13 20 Both principal planes he on the foreside of the 
lens Furthermore, the principal planes are crossed, i e , the second 
principal plane lies before the first principal plane Although this is 
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the usual relative disposition for electrostatic election lenses, it is not 
for light lenses A thick double-convex hght lens, for instance, has 
its two principal planes on opposite side of the lens center and not 
crossed 

A focal length of a thick lens is defined as the distance from the principal 
plane of the lens to the point at which the corresponding principal ray crosses 
the axis of the lens There are two focal lengths, one associated with each 
axis These are designated by the symbol / as shown in Fig 13 20 
The intersections of the principal rays with the lens axis are known as 
focal points The distance from the lens center to a focal point is 
indicated by the symbol F. The above defimtions are suflB.cient to 
descnbe completely the characteristics of a thick lens 

Let the two principal rays of a lens be raiz), the first principal ray, 
and rh{z), the second principal ray Then any general ray may be 
expressed as a linear combination of these two principal rays, 

r(z) = CoTaiz) + Chri{z) (13 57) 

Although it IS not ordinarily possible to write the expressions for the 
complete principal rays, it is possible to write expressions for the imtial 
and final straight-hne portions and the general lens formula can be derived 
from these partial expressions 

Let the radial offset of the portion of the principal rays parallel to 
the axis be unity Then, to the left of the lens, as in Fig 13 20 the 
straight-line portions of the principal rays are given by 


11 

1 

>> 

1 

H* 

(13 58) 

and 

rfc(3i) = 1 

(13 69) 

Assume that the general ray starts at a point on the axis of the lens to 
the left of the first focal point The general ray will then pass through 
the lens, be deflected toward it, and cross the axis again at a point to the 
nght of the second focal point At the point where the general ray 
crosses the axis to the left of the lens, from Eq (13 57), 

Ca f 1 

Cb ra Zi — Pi— fl 

(13 60) 

To the right of the lens the pnncipal rays are given by 


r«(2!j) = -1 

(13.61) 

and 

, V —Zi Pi + /z 
nizi) - 

(13 62) 
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At the point on the nght of the lens where the general ray crosses the 
a-Tna^ r IS zero, and from Eq (13 57) 

Ca ^ _n ^ -z. + P»+h (13 63) 

Cb Ttt fi 

Equating the ratio of constants at the two axial crossings of the general 
— / 1/2 = (21 — Pi— fi)(Pi +fi — **) 


This IS readily rearranged to give 


-/i I h 

Zi - Px^ z% - Pi 


= 1 


(13 (J6) 


This is the lens formula of a thick lens of the type shown in Fig 13 20. 
It IS the counterpart of Eq (13 7) for light lenses The sign conven- 
tion used here has been that all quantities measured to the nght from a 



reference plane are positive, while those measured to the loft fiotn a 
reference plane are negative 

The sigmficance of Eq (13 65) is that the focal lengths are measured 
not from the lens center hut from the corresponding principal planes 

The lens parameters defined above are known as the “cardinal 
characteristics” of the lens It takes four of these to describe the thick 
iftna The quantities that are usually given are the two focal lengths and 
the distance of the focal pomts from the reference plane In electron 
lenses the parameters change with voltage ratio so that it is necessary 
to present curves of these four quantities as a function of the voltage 
ratio 

Knowing the focal lengths and the position of the pnncipal planes 
makes it possible to construct an image corresponding to any object. 
The construction mvolved is shown in Fig 13 21 Through a point 
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on the object draw a hne through the first focal point until it intersects 
the first principal plane From this point of intersection draw a hne 
to the right parallel to the axis* These two segments of straight hne 
correspond to the first principal ray From the same point on the object 
draw a line parallel to the axis to the right until it intersects the second 
principal plane From the point of intersection draw a straight line 
through the second focal point until it intersects the first principal ray 
This last point of intersection defines the point on the image corresponding 
to the point on the object from which the two principal rays originated 
From Fig 13 21 the lateral magmfication of the lens can be defined as 


iif = 

2/1 

^ 

h 

= — h 

Xl 


(13 66) 


where the y’s are the radial coordinates of corresponding points on object 
and image and the a:’s are the distances from object and image to the 
nearest focal point From the above relations there results Newton’s 
law, 

XiXi = fift (13 67) 


From Fig 13 21 it is also seen that object and image distances from 
the lens reference plane are given in terms of the cardinal lens parameters 


by 


2i = P = Fi 


M 


(13 68) 


and 


= Q = Mh (13 69) 


To determine the remaimng laws of importance applying to thick 
lenses, reference is again made to the differential equation of motion of 
the paraxial electron [Eq (13 44)] Consider the hnearly independent 
principal rays ro(z) and Ti(z} Substitute r a into Eq (13 44) , and multiply 
by Ti Then substitute ti, into the same equation, multiply by Va, and 
subtract from the first equation Indicating derivatives with respect to 

z by primes, , 

niVTo rjy - r„( n'y = 0 (13 70) 

Add and subtract the quantity ■\/VaTjrb , then 

^ (jb y/Ts u' - Ta n') = 0 

CLZ 


(13 71) 
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Integrate between limits «i and Zt far enough to the left and right of the 
lens so that the potential variation is negligible This allows ra'{z^ 
and to be considered zero, and the result of the integration reduces 
to 

n'{z,) + n(zi) y/v7J^ = 0 (13 72) 


From this equation two 

very 

important conclusions 

may be drawn 

Observe that 







= 

_ TaiZi) 
ra'izi) 

(13 73) 

and 






h 

= 

_ n(zi) 
r/iZi) 

(13 74) 


Upon making these substitutions into Eq (13 72), it follows that 


h ^ W^) 

VFo(zi) 


(13 75) 


This 18 a perfectly general proof that the ratio of the focal lengths of a 
lens IS the same as the ratio of the corresponding indices of refraction 
The relation is valid, however, only if the focal points of the lens he 
outside of the region of appreciable potential vanation 


Returmng to Eq (13 72) again and identifying the ratio - 

n(zi) 


as the lateral magmfication M, and ( as the angular magmfication 

\Zi) 


rriaj 


Mnia 


Vv,{z,) 

VFo(zx) 


(13 76) 


which IS Lagrange’s law The angular magmfication i8 the ratio of the 
tangents of the angles that the second and first principal rays make 
with the axis For small angles, the tangent is approximately equal to 
the angle The above law states that the product of the lateral magmfica- 
tion, the angular magmfication, and the ratio of the final and imtial 
indices of refraction is umty This law has its exact counterpart in 
geometrical optics 

13 6. Calculation of Lens Charactenstics. Smce analytical methods 
fail m general in determimng the characteristics of thick lenses, recourse 
IS frequently had to numerical computation From the previous dis- 
cussion it IS known that, if the potential along the axis of an electrostatic 
lens IS known, then the potential anywhere in the lens is determined and 
can be calculated Further, the differential equation for an electron 
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moving close to the axis and makmg a small angle with the axis, a so-called 
paraxial electron,’’ can be written in terms of the axial potential It 
IS necessary only to solve such an equation numerically for rays entering 
and leaving the lens parallel to the axis, the principal rays, to obtain the 
cardinal lens characteristics, t e , the focal lengths and the location of the 
principal planes 

Numerous methods for calculating the principal rays of electrostatic 
lenses have been proposed The most important of these will be bnefly 
described, and then two of the simplest methods will be given in more 
detail 

Klemperer and Wright have proposed an apphcation of the tngo- 
nometnc ray-tracing method of physical optics ^ The electrostatic field 
IS broken up into a succession of thin lenses having a constant ratio of 
equivalent index of refraction for adjacent lenses Formulas are given 
for calculating the effect of every refraction at a lens surface upon the 
angle of a ray and the point at which it crosses the axis Lens surfaces 
are assumed to be spherical, and their radius of curvature must be 
determined either graphically or from the axial potential This method 
requires a large number of eqmvalent thin lenses, at least 20 for an 
accurate determination, and the results converge slowly as the number 
of segments taken is increased 

Maloff and Epstein have proposed several methods based upon a 
step-by-step solution of the differential equation of motion of the paraxial 
electron The methods give the electron path as an exponential of the 
axial distance in any increment and join the paths in successive increments 
both in magnitude and in slope The methods are capable of good 
accuracy, but the tabulations are very numerous ^ 

A method of joined circular segments based upon Sahnger’s formula 
for the radius of curvature of an electron path has also been proposed 
Increments of radial and axial displacement are expressed in terms of 
axial potential and associated factors ® This method likewise requires 
rather extensive tabulation 

Method of Linear Axial-potential Segments One of the simplest 
methods proposed is based upon the differential equation of motion of 

1 Klbmpeewr, and W D Wright, Investigations of Electron Lenses, Proc Phys 
Soc {London)^ vol 61, Part II, pp 296-317, March, 1939 

2 Maloff and Epstein, op cit , pp 81-89 

See also Schlesinger, Ktjrt, A Mechanical Theory of Electron-image Formation, 
Proc I RE j vol 32, pp 483-493, August, 1944 

3 Spangenbbrg, Karl, and L M Field, Some Simplified Methods of Determming 
the Optical Characteristics of Electron Lenses, Proc I R E , vol 3, pp 138-144, 
March, 1942 
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the paraxial electrons ' The axial potential is replaced by a number of 
straight-hne segments that approximate it as closely as possible, as 
shown in Fig 13 22 The differential equation is then solved for the 
successive regions in which the potential is linear and the gradient is 
constant At each boundary between segments there is a jump in the 
slope of the electron path because of the jump in the gradient of potential 
The final path as determined by this method consists of a number of 
curved segments of path connected together, givmg a path that is con- 
tinuous but that has discontinmties m slope at the corners of the seg- 
mented approximation to the axial distnbution of potential Such a 



Fio 13 22 — Approximation of axial potential by Imoar 
segments of potential 

path cannot represent accurately the true nature of the path within 
the lens, but it can be used to obtain relations between initial and final 
values with considerable accuracy The method is relatively easy 
to apply and gives fair accuracy for as few as six straaght-Une segments in 
the approximation to the axial-potential curve 

If the axial potential is assumed to be made up of straight-line 
segments, then the second derivative of the axial potential is zero and the 
differential equation of motion of paraxial electrons of Eq (13 43) 
reduces to 

r" + 5^^7o' = 0 (1377) 

where both r and Vo are functions of axial distance z and the pnmes 
denote derivatives with respect to 2 A fibrst integration of this equation 
gives 

r' = C77o“54 (13 78) 

1 Gakts, R , Electron Paths m Electron Optics, Zeit fur Tech Phya , vol 18, 
pp 41-48, February, 1937 
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A second integration gives 


r{Zi) - r{zi) = 


2C[7oW(22) - 7o«(2i)] 
7o' 


(13 79) 


where subscripts 1 and 2 refer to the left and right extremities of a seg' 
ment These two general equations give the electron path along any 
segment of axis At the junction of two segments there is a discontmuity 
in the slope of the axial-potential fimetion Upon mtegratmg the first 
and last terms of Eq (13 43), the difference of the slopes of the electron 
path on the two sides of the junction is proportional to the difference of 
the first denvative of axial potential on the two sides of the junction, 

r'( 22 ) - r'(s:) (13 80) 


where subscnpts a and b refer to values on the left and nght side of the 
junction, respectively In the particular case where the derivative of 
the axial potential is zero, integration of Eq (13 77) gives 

- r(z,) = {z, - ^i)[r*'(25i)l (13 81) 

The above set of equations suffices to calculate approximate prmcipal 
rays By alternate use of Eqs (13 80) and (13 79) and the occasional 
use of other equations where necessary, the focal lengths and focal points 
of a lens may be obtained 

Method of Equivalent Thin Lenses The usual electron lens has a 
convergent behavior on the low-potential side and a divergent behavior 
on the high-potential side, the net lens behavior bemg convergent 
The behavior is convergent when the second derivative of the axial 
potential is positive and divergent when the second derivative is negative 
It is reasonable, therefore, to consider that the lens is made up of two 
thin lenses, a convergent lens followed by a divergent lens ^ If the 
strongth and location of these lenses are known, the cardinal points of 
the equivalent thick lens may be determined 

The focal lengths of the convergent lens as shown in Fig 13 23 are 


given by 


1 T” 

F 

(13 82) 

and 


= F V2Fi 

(13 83) 


II 

(13 84) 


1 Mtebs, op , p 131 
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vtrliere F is a focal term from which the focal lengths are derived, Vi 
IS the lowest potential on the lens axis, and 7m is the potential at the 
pomt at which the second denvative assumes a value of zero, changing 
sign The mtegration of (13 82) is carried over the region m which the 
second denvative is positive 



Similarly, the focal distances for the divergent component of the 


lens are given by 

1 _ /•« 7"d8 

(13 85) 


P' ~ L 2 V27 

and 

fi' - F' 

(13 86) 


II 

(13 87) 


where 7s is the highest value of potential reached on the ans on passing 
throu^ the lens 

When the focal lengths of the convergent and divergent components 
of the lens are known, the focal charactenstics of the entire lens are 
readily determined, this bemg a simple problem m the combination of 
lenses When the distance between the second focal pomt of the con- 
vergent component and the first focal pomt of the divergent component 
IS dia, then the focal lengths of the entire lens are^ 

(IS 88) 
(13.89) 

* Bobin, S , and O H ChAJXK, Combinations of Optical Systemsi Joiar Opt Soc, 
Amer , vol 31, pp 198-201, March, 1941 
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The location of the firet principiU piano moaaumi from the fimt focal 
point of the convergent component in 

and the l«K'ation of the wconci principal plane an ineaHurod from thoHoeund 
ftx'n] iHiint of the diverKcnt coinponi>nt of the lentt ia 

The inethtxi w extremely rapid in application. Tho ionatinn of tho 
Ictw romiHinenie tx liCHt taki'ii aa Immiik at the center of gravity of th« 
area reprcw-ntwl hy the inU>KruiH of Kijh. (i3.K2} and (1.3.85), an nhown 
in Fir. 13 23. 

18 . 6 . Metiurement of Lent Chancteriitics. Ail the computational 
methixlM referretl to in the previoua aection aro Hubjeet to aome error that 
la difliciilt to determine except by oxtenaivo ealculationa. In Rnneral, 
it mnv la* aatd that, tdlhouRh computational mothiKla aro admiuate, 
experimental methiKia aro preferable and uaualiy more deiM>ndahlo. 

Am with computation ko aith experimental determination, aovora! 
methiala are nviulnble One methml invulvea eonatriiotion of a apooiiU 
electron Rtm, a hich Rcneratea lilamentary raya inirnilel to the axia that 
are |iiil throiiRh the tena IxanR meaaiired.* IiOna ehanu’tifriatica are 
obtained from the voltaR(*a reipiired to protliice a fw'ua. 

Another metluMl makea iim* of an ordinary electron Rim followed by a 
movable mcah Rriil and then bv the lena umier teat. Data are taken on 
the voltiMte ratio neeeaaary to apply to the lena to fociia an imiiRe of the 
meah on a fliioreai'ent acreeii foi all poaitiona of the meah. MaRnilicationa 
are alao noUal and lena chariM’leriatiea are deduced from tbeae data.* 

Another ex|»erimental mt'thoil iiaed in di'lermining the lena charac- 
teriatiea in baaed upon oliaervwl maRniftcationa of meaaurinR griila 
plaeeil ladore ami idter tho lena alrueture.* 'Phia met heal will lie ileaeriliod 
in Mome detail. 

DauUf-tnti MrthaH of Mritouring /^n* Charartrrintieii. 'I’he ox|K)ri- 
mental methcKi uaeil in determinioR the lena characteriatica ia biiawl upon 
oliaerved maRnificationa of meaaurinR Rrida placed liefore and after th® 
lena ntructure 

A Rrid of cloaely apaceil parallel wrea (for meaBurmnent purpoaea 
only and not for contr«il of the la'ama) la placerl in the fore part of the 
lena. Thia Rrid caata a ahadon u|Km a fluoroaeent acroen followinR the 

‘ Ki.xMrKaKM anil \\ mioht, n|< rU. 

• MAUirr awl KcAiru, op «/ 

'BrANoxNnaxo niui op nt 
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lens In order to avoid the need of a tube having parts that can be 
moved relative to one another while in a vacuum, another measuring 
grid IS used between the end of the gun and the fluorescent screen. 
This arrangement is shown schematically m Fig 13 24, in which the 
measuring grid in the fore part of the lens is indicated by a vertical 
row of dots With this arrangement of measuring gilds, it is necessary 
to make observations on the magnifications of two grids, as the voltage 
ratio of the main lens electrodes is varied for each of two distances 
of the lens from a point source of electrons Hence two complete runs 



Fio 18 24— Experimental determination of electrostatic lens charaotoristios 


must be made to obtain the data from which the complete lens charac- 
tenstics can be measured 

The details of the mathematical relations involved can be seen from 
Fig 13 24 The cathode-lens structure gives the effect of a point source 
of electrons at a known point near the cathode The location of this 
point and the constancy of its position under varying conditions of lens 
voltage ratio are determined by placing two measuring grids in the fore 
part of the lens and observing the ratio of their magnifications The 
constancy of the ratio of magnifications indicates that the location of 
the point source changes very little with lens voltage ratio and also over 
the normal range of control-grid voltages used The location of the 
point source is very nearly at the control-grid aperture in front of the 
cathode When these facts have been checked from a test run, it is no 
longer necessary to use two measuring grids in the fore part of the lens. 
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With the point source of electrons available the following general 
method is applied The angular magnification of the bundle of rays is 
determined from screen patterns obtained on the fluorescent screen, 
such as that shown in Fig 13 25 Here the hnes in one direction are the 
shadows of one measuring grid, and the hnes in the other direction 
are the shadow of the other measuring grid When the angular magnifi- 
cation IS known, then for any given voltage ratio the lateral magmfication 
can be determined from Lagrange’s law, which states that the product 
of the internal magnification and the angular magmfication is equal to 
the square root of the ratio of the final and imtial potentials Image 



Fi 0 13 25 — Shadows of measuring grids on a 
fluorescent screen 


distances at each of the two object distances used are given for various 
voltage ratios from magmfications of the second grid alone The object 
distances are known from physical measurements on the gun assembly 
When lateral magmfication, object distance, and image distance are 
known as a function of voltage ratio for two different values of the object 
distance, then the cardinal quantities /i, f^, F h F 2 of the lens may be 

calculated readily 

The method by which this calculation is made will be briefiy indicated 
Object and image distances can be expressed in terms of the lateral 
magmfication and focal distances as 



Q = —Mfi + Fi 


(13 92) 
(13 93) 
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These two equations involve the four quantities /i, /s, Fi, and F^ as 
unknowns In order to determine them, it is necessary to know two 
sets of associated values of P, Q, and M for the same voltage ratio 
When subscripts 1 and 2 are used to indicate values of P, Q, and M for 
two different values of P at a given voltage ratio, then there may be 
obtained from the above relations the following expressions for the 
cardinal focal distances 


> 

11 

1 

(13 94) 

Mi Ml 


j, Qi — Qt 

Mi- Ml 

(13 96) 

„ PiMi — PiMi 

Mi- Ml 

(13 96) 

Qi Qi 


11 

1 

(13 97) 

Mi Ml 



Up to this point the relations are the same as those used by Maloff and 
Epstein It is now necessary only to show how the lateral magmfi cation 
may be deduced from the screen patterns to complete the collection of 
necessary relations In Fig. 13 24 it is seen that the angular magnifica- 
tion IS given by 

M. - ^ (13 98) 


For small angles such as are encountered in the gun the angular magnifica- 
tion in terms of the dimensions is given very closely by 


^ ^ od 
e * 6c 


(13 99) 


in which c IS the distance beyond the fluorescent screen to the point at 
which the ray would focus This distance is determined from the 
spacings of the grid images as follows 
For focus beyond fluorescent screen. 



(13 100) 


where the ssnnbols have the sigmficance given in Fig 13 24 
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For focus between second measuring grid (crosses) and fluorescent 
screen 


(13 101) 


1 +- 

g 


When the angular magmfication 20 1 — p r 1 1 1 1— .p 

IS known, then the lateral magm- 
fication may be calculated from y 

Lagrange’s law as previously in- |g — yi f — 

dicated — — 

With the above relations the 14 ^^-0666 

cardinal quantities are readily cal- . __ 

culated In practice, this is most 

easily done by plotting curves of iq 

the various quantities involved ^ 

against voltage ratio, for the same 8 W — 

voltage-ratio observations may ^ )\ 

not have been taken on one run as V \ 

on the other There is a small 4 

hole in each curve at the point 

where the beam focus is at the £ 2 _ ~ ” 

fluorescent screen, for the image -f . I ^ ~ I - 

becomes so small here that it is | ^ 55 '' — *■“ - 

not possible to measure the spac- -5-2 “ 

mgs of the wires on the images | ^ ^ 

However, there is no trouble in ^ 

drawing smooth and continuous _g 1/ 

curves through these holes if the 

data are taken with care -8 

The accuracy achieved by this 

method is of the order of 10 per 

cent for lenses with small open- _|2 

mgs and 20 per cent for lenses 
with large spacings "14 

13 7. Optical Characteristics _ 

of Lenses. By means of the | 

method of double grids just -19 

described in the previous section 

It IS possible to deter^ne expen- 1326-Optical characteristics of a 

mentally the optical character- lens, D./Di = 2/3 

istics of lenses over a wide range 

of voltage ratios The lens characteristics are completely prescribed 
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Fig 13 26 — Optical characteristics of a 
two-cylinder lens, D 2 ID 1 = 2/3 




370 


VACUUM TUBES 



Fia 13 27 — Optical charactenstics of a Fig 13 28 — Optical characteristics of a 
two-cylinder lens, Di/Di « 1 two-cylinder lens, D^/Di « 1 6 





ELECTROSTATIC ELECTRON OPTICS 


371 



Fig 13 29 — Optical oharaotenstics of an Fig 13 30 — Optical characteristics of an 
equal-diameter two-cylmder .lens, S = equal-diameter two-cylmder lens, S = 
0 5D 1 OD 
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Fig 13 31 — Optical characteristics of a Fig 13 32 — Optical characteristics of a 
double-aperture lens, A/D = 5 double-aperture lens, A/D =» 3 
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Pio 13 33 —Optical charaotenstics of a Pig 13 34 —Optical characteristics of an 
double-aperture lens, A/D — 1 aperture-cylinder lens 
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if the two focal lengths and the location of the two pnncipal planes 
are given as a function of the voltage ratio In Figs, 13 26 to 13 34 
there are plotted the focal lengths and location of the focal points of 
nine of the commonest electrostatic electron lenses ^ 

Exaimnation of the lens-charactenstic curves of Figs 13 26 to 13 34 
reveals that all these lenses have the following characteristics in common 

1 Focal lengths are always umformly decreasing functions of voltage 
ratio 

2 Principal planes always he on the low-voltage side of the lens 

3 Principal planes are crossed, with the exception of the large- 
diameter aperture lens, % e , the first principal plane lies between the 
second principal plane and the lens center on the low-voltage side 
of the lens 

4 Focal length in the direction of increasing potential is always 
greater than the focal length m the other direction 

5 The position of the pnncipal planes does not change much with 
voltage ratio except at very low values 

A companson of the focal properties of the specific lenses yields the 
following observations 

1 The focal length of two-diameter cylinder lenses increases, ^ e , the 
lens grows weaker for all but the highest voltage ratios, as the ratio 
of second to first cylinder diameter increases 

2 The focal length of equal-diameter cylinder lenses increases, ^ e , 
the lens grows weaker, as the axial spacing of the cylinders increases 
The change is small for small spacings but increases rapidly as the 
spacing IS increased 

3 The focal length of aperture lenses increases, ^ e , the lens grows 
weaker, as the aperture diameter increases The change is small 
for small diameters but increases rapidly as the diameter increases. 

4 Aperture lenses have for the most part shorter focal lengths than 
cyhnder lenses if aperture spacing be taken equal to first cylinder 
diameter as a umt of length 

5 The cyhnder-aperture lens has the shortest focal length of all 
lenses tested 

6 The equal-diameter lens with axial spacing of one diameter has the 
longest focal length of all the lenses in this collection 

After all the comparisons between lenses have been made, it must be 
adimtted that there is not much choice between them, for the focal 

1 Spangenbebg, Kakl, and L M Field, The Measured Characteristics of Some 
Electrostatic Electron Lenses, £7Zec Commvn,Yo\ 21 (No 3), pp 194-204,1943 
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length of any of the lenses can be adjusted at will by simply changing the 
voltage ratio applied to the electrodes Cyhnder lenses are usually 
preferred to aperture lenses as objective lenses because the electron beam 
IS shielded from the effect of any charges that may accumulate on the 
glass walls of the vacuum envelope They also permit the use of hmiting 
apertures within the cyhnders to reduce the beam diameter 

13 8 Calculation of Lens Characteristics. In general, electrostatic 
lenses are not amenable to extensive analytical treatment The lenses 
that can be calculated cannot readily be built, and vice versa It is of 
interest, however, to confirm the results observed in the previous section 
by noting the results of such cases as have been completely solved A 
complete solution of the lens for which the axial potential is of the form 

Vq(z) = A exp ^ arctan ^ (13 102) 

has been given ^ In this expression for axial potential the constants A 
and R are related to the imtial and final values of potential by 


and 


R = 


-4^ In I? 
4 V3 X 


(13 103) 



(13 104) 


This axial-potential distribution is not greatly different from that found 
in two-diameter cylinder lenses, as may be seen m Fig 13 35, m which 
there is plotted the potential distribution Vo{z) = exp (arctan z) 

The general solution of Eq (13 46) with the axial-potential distribution 
of Eq (13 102) IS 

riz) = ^1 + exp (- arctan 0 

j^Ci sm arc cot ^ + Ci arc cot (13 105) 
where w = Vl + From this the focal lengths are found to be 


fi = 



(13 106) 


1 Hutteb, R G E , Rigorous Treatment of the Electrostatic Immersion Lens 
Whose Axial Potential Distribution Is Given by <^(z) = exp(arctan z). Jour Appl 
Phys , vol 16, pp 678-699, November, 1945 
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The focal lengths as a function of voltage ratio are given in Fig 13 36. 
The position of the principal planes is given by 



(13 108) 



(13 109) 


The position of these is also plotted in Fig 13 36 All the properties of 
lenses observed experimentally are confirmed by this example It is of 
interest to note that the ratio of focal lengths as given by the square root 
of the electrode potential ratio holds only to a ratio of about 6 in this case 
At a voltage ratio of 16 the ratio of the focal lengths is 3 7 instead of 
4 This departure from the theoretical value occurs because the lens is 
a very strong one and for moderately large electrode-potential ratios the 
prmcipal rays cross the axis within the region of potential variation, 
whereas in the derivation of Eq (13 75) it was assumed that the rays 
crossed the axis outside the region of appreciable potential variation 
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IS 9 P-Q Curves of Lenses The optical charaotenstics of lenses 
presented in the previous section do not teU a great deal directly about 
the lens performance These optical charactenstics are parameters that 
enter mto the calculation of image distance corresponding to object 
distance for any voltage ratio The lens parameters disappear m the 
calculation, and only the associated object and image distance and 
correspondmg magmfication remain It would therefore seem logical to 
present lens characteristics m such a way that the resultant properties 
and not the construction parameters were revealed This has been done 
m a type of curve that will be referred to as the P-Q curves of a lens The 
sigmficance of the letters is that the curves present associated object 
distance P and image distance Q, as m Fig 13 21, and correspondmg 
lateral magmfication M for any voltage ratio The object distance, 
image distance, and lateral magmfication are calculated by means of 
Eqs (13 68) and (13 69) 
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The P-Q curves of the mne common lenses discussed before are shown 
in Figs 13 37 to 13 45 In these curves there are shown contours of 
constant lateral magnification and constant voltage ratio against axes of 
object and image distance The P-Q curves are in effect a graphical 
presentation of the solution to all the first-order image problems asso- 
ciated with the lens The advantage of this presentation is that it gives 
design data immediately, without calculation The presentation is 



further sufficiently explanatory so that it can be used without a complete 
understanding of the theory of electron optics 

A study of the P-Q curves of Figs 13 37 to 13 45 reveals the following 
charactenstics as being common to all lenses 

1 As object distance is increased at a given voltage ratio, the corre- 
sponding image distance decreases, as does also the magnification. 

2 For a given object distance the image distance and magnification 
decrease as the voltage ratio is increased 

3 In any lens there is a mimmum object distance that can be used 
at any given voltage ratio This mimmum object distance is the 
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Tig 13 39 — P~Q curves of a two-cylinder lens, D 2 /D 1 = 16 






Fig 13 40 — F-Q curves of a two-cylmder lens, Dj/Di =* 1, ^ = 0 6Z)i 
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Fig 13 46 — P-Q curves of a cylinder-aperture lens 
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first focal length of the lens, plus the displacement of the first 
principal plane from the lens center 

The outstanding magmfication characteristics of electron lenses as 
observed from the P-Q curves are as follows 

1 The contours of constant magmfication are approximately straight 
lines, with a slope of 1 This is exactly the case for thin lenses 

2 An approximate umversal magmfication formula that fits all lenses 
shown IS 

M = (13110) 

where P and Q are the object and image distance, respectively. 
Values of the constant for the lenses tested are 


Cyhnder lens 

^ = 0 667 

di 


fc = 0 82 

— 

di ^ 

di 

o 

II 

k = 078 


$-16 

di 


= 0 76 


di ^ 

dt ~ 

S = 05 

A: = 080 


di . 

di 

8 = 1 

& = 060 

Aperture lens 

3-^ 


fc = 095 


CO 

II 


* = 080 


r— 1 

II 


fc = 078 

Cylinder-aperture lens 


k = 082 


It IS seen that, with only two exceptions, the value of the constant 
IS within a few per cent of 0 8 

The observed magmfication property is strictly in accordance with 
theoretical expectations, though the agreement is not at all apparent 
From Lagrange^s law [Eq (13 76)] it is expected that the lateral magmfica- 
tion will equal the product of the ratio of image to object distance multi- 
plied by the square root of the reciprocal of the voltage ratio, namely, 

^ This follows from the fact that the angular magmfication 

P \ K 2 

is nearly equal to the ratio of object to image distance The actual con- 
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toiirs of constant lateral magnification do not seem to follow this law, but 
the discrepancy is only an apparent one, not a real one The apparent 
discrepancy is due to the fact that the object and image distances are 
measured from an arbitrary point in the lens, whereas they should be 
measured from an eqmvalent thin lens located between the principal 
planes If m the above modification of Lagrange’s law the distances 
P and Q are measured from a point midway between the principal planes, 
then the calculated contours of constant lateral magmfication are almost 



Fig 1346— Companson of the P-Q curves of two-diameter lenses 


indistinguishable from the measured ones in sample cases that have been 
tested 

Companson of Lenses An important feature of the P-Q curves is 
that they make possible a companson of the focal lengths and magmfic^ 
tions of various types of lenses over the whole range of voltage ratios and- 
object distances In Figs 13 46 to 13 48 are drawn, for companson, 
parts of the complete curves of similar types of lenses 

In Fig 13 46 are shown the effects of changing the ratio of diameters 
in a two-diameter cylmder lens The curves show that, for ratios o 




ELECTROSTATIC ELECTRON OPTICS 


385 


diameters between 1 and 1 5, there is not much difference in magnifica- 
tion For the smaller ratio of diameters the magnification is distinctly 
more (object distance and voltage ratio held constant). In the vicimty 
of useful application, say P = 3 and Q = 20, the voltage ratio required 
for any ratio of cyhnder diameters is about the same 

In Fig 13 47 IS given a similar comparison of equal-diameter cyhnder 
lenses for different spacmgs between cyhnders This companson reveals 
that the magmfication of such lenses is about the same for small axial 



Fig 13 47 — Comparison of the P~Q curves of equal-diameter lenses 

spacmgs up to about 0 5 diameter and then increases considerably as the 
spacing is increased (object distance and voltage ratio held constant) 
For the most part the lens becomes weaker as the axial spacmg between 
cylinders increases 

A comparison of aperture lenses is given in Fig 13 48 It is a httle 
hard to draw any general comparisons because of the pronounced cross- 
overs in the P-Q characteristics for different lens dimensions In the 
vicinity of a short object distance and a long image distance the magm- 
fication is not greatly different for different ratios of aperture spacing to 
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diameter For a fixed object and image distance the voltage ratio 
necessary to obtain a focus increases as the ratio of aperture spacing to 
diameter increases 

The Einzel Lens Another lens which is more or less in a class by 
itself IS the so-called ^'Einzel lens’" (after the German word “single,” 
indicating that there is a single value of the limiting potential) The 
Etnzel lens consists of three apertures equally spaced, the outer two of 
which are maintained at the beam potential and the inner of which may 



Fig 13 48 — Comparison of the P-Q curves of double-aperture lenses 


be at either a higher or a lower potential The electrode arrangement 
and potential field of such a lens have already been shown in Fig 13 16 
Such a lens exhibits a convergent action whether the center electrode is 
more or less positive than the outer electrode The nature of the focusing 
characteristics of a special type of Einzel lens are shown in Fig 13 49 


The lens exhibits a focal length which decreases as the ratio 



increases, where 1^2 is the inner-electrode potential and F i is the outer- 
electrode potential For negative values of the same potential ratio the 
focal length decreases until the center electrode is sufl&ciently negative 
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to make the saddle point at the center of the lens assume a negative 
potential Beyond this point the electrons cannot penetrate the lens 
but are reflected back The reflection is of such a nature that the action 
as the center-electrode potential is made still further negative is first 
that of a concave mirror and then that of a convex mirror This change 
in the nature of the reflection occurs because at first the electrons can 
penetrate to a point withm the lens where the eqmpotential hnes are 
concave and then as the center electrode becomes more negative they are 



Fig 13 49 — Focal characteristics of an Einzel lens 


only able to penetrate slightly into a region where the equipotential hnes 
are convex ^ 

13.10. Aberrations As is the case with physical lenses, electron 
lenses are not perfect image-forming devices but are subject to a number 
of distortions or lens errors known as aberrations Because of the 
almost exact analogy that exists between geometrical and electron optics, 
every one of the aberrations found in light lenses is also found in 
electrostatic lenses Thus the terminology of hght lenses is directly 
transferable to electron lenses 

All the lens theory that has been given so far has been a first-order 
theory This is the so-called “Gaussian optics” The differential 

1 JohannsoN, H , and 0 Scherzbr, Uber die elektnsche Elektronen SammeUmse, 
Z&it fUrFhyB , vol 80 (No 3, 4), pp 183-192, 1933 
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equation of the paraxial electron was obtained by dropping all terms in 

r and — of order higher than the first If the restrictions on the electron 
dz , 

cLt 

under consideration are made more hberal and only terms in r and 

higher than the third are neglected, then the theory of so-caUed “third- 
order imagery” is obtained This third-order theory reveals all the 
defects in image formation that are encountered 

The differential equation of third-order imagery is obtained by start- 
ing again with the general differential equation of motion of Eq (13 38), 
then using the first two terms of Eqs (13 21), (13 39), and (13 41), and 



Fig 13 50 —Chromatic aberration 


then neglecting any terms of order higher than the third The resulting 
differential equation of motion of an electron of third-order imagery is 



where the primes mdicate derivatives with respect to z 

A study of Eq (13 111) reveals five distinct types of monochromatic 
aberration possible in electrostatic lenses The five types are generally 
classified as coma, astigmatism, curvature of field, distortion of field, and 
spherical aberration In addition to these types, chromatic aberration 
may be present This makes six defects that are possible with perfect 
structures and low currents Distortions due to space charge and 
imperfections in the electrode structure may also be present. Each of 
the above defects will now be briefly described 
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Chromatic Aberration This is the well-known effect in geometncal 
optics that causes light of different wave lengths to have different focal 
lengths as shown in Fig 13 50 In electron optics the analogous effect is 
that electrons with different velocities will focus at different points In 
electron lenses the velocity of the electrons vanes only to the extent that 



Object 


-e- 


<1 

— ( ) o 

0 

Image 


Fig 13 51 — Coma 


the velocity of emission is different for different electrons Smce this 
vanation in emission velocity is generally small compared with the 
acceleratmg potentials used, the error is not a senous one 




Fig 13 52 — Astigmatisip 


As an example of the effect of chromatic aberration, consider the case 
of a single-aperture lens for which the focal length is given by 


47, 

^ ~ 7o'(z2) - 7o'(zi) 


(13 56) 


If the different electrons have energies correspondmg to different values 
of 7o, then 
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which IS really just another way of saying that the focal length depends 
upon the electron energy, the higher the energy, the lower the change m 
focal length 

Coma This is an extraaxial aberration, i e , one that appears only 
for images and objects not lying on the axis of the lens system The 


Objeci- Image 

Fig 13 53 — Curvature of field 

effect is due to the fact that different circular zones about the axis have 
different mag nifi cation As a result, a set of concentric circles off the 
avif i IS imaged as a set of shghtly distorted circles that are not concentnc 
but that have a drop-shaped envelope with the tail pointed away from 



Object Positive Negative 

distortion distortion 

(Pincushion) (Barrel) 


Pig 13 54 — ^Distortion of field 

the axis The type of distortion resulting is shown m Tig 13 51 The 
effect IS lessened if a smaller portion of the lens center is used, but this 
reduces the amount of hght or beam current and may not always be 
desirable 



Fig 13 65 — Spherical aberration. 


Astigmatism This is a well-known effect m geometrical optics The 
effect IS that, m any object off ’the axis, hnes (hrected toward the axis 
have a different focal length from those at right angles to these A 
compromise focus gives an image of least diffusion m which neither of the 
Imes is clear This effect is illustrated m Fig 13 52 As focusing voltage 
is changed, a focus is first obtamed at the center of the image, then along 
a radial hne, and then along circumferential lines This is another of 
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the extraaxial eflEects In cylinder lenses, if the electrodes are slightly 
eUiptical the beam focus will be a short line instead of a spot As the 
focusmg voltage is adjusted, the short line will become a fuzzy spot and 
then a sharp short line again, but at right angles to its former position. 

Curvature of Field This lens defect usually accompanies but is more 
pronounced than astigmatism The effect evidences itself by the fact 
that an object lying in a plane perpendicular to the axis has an image 
which does not he on a plane but which lies on a slightly curved surface, a 
surface of revolution about the axis approximately spherical which is 
concave toward the lens The result of this form of aberration is that an 



object consisting of a set of circles concentnc about the axis gives an 
image which is sharp at only one radial distance If the image plane is 
adjusted to make the center sharp, then the outside circle will be fuzzy, 
and vice versa This lens defect is illustrated in Fig 13 53 

Distortion of Field This defect is due to variations of the linear 
magnification with radial distance in the lens If the object is a small 
checkerboard, then the distortion evidences itself by giving nse to pin- 
cushion- and barrel-shaped images shown m Fig 13 54 If the magnifica- 
tion increases with radial distance, it is considered positive and the 
pincushion-shaped image results If the magnification decreases with 
radial distance, it is considered negative and the barrel-shaped image 
results 
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SphencaZ Aberralfion This is another lens defect well known m geo- 
metrical optics Basically the effect is that rays entermg the lens parallel 
to the axis have a focal length which changes with the radial distance at 
which they pass through the lens, as shown in Fig 13 65. The focal 
length as a function of radial position m the lens can be measured by any 
of the experimental methods previously descnbed and yields curves such 
as those of Fig 13 66 In the curves shown the focal length reduces 



Pig 13 57 — Mimmum spot size as a fimctioii 
of aperture radius 


as the radial distance increases This is known as “positive” spherical 
aberration and is the kind invariably encountered in electi on lenses The ^ 

focal length is seen to decrease slowly at first and then more rapidly 
This IS an axial aberration that has the effect of giving a spot focus 
instead of a point focus The nunimum size of spot that can be obtajned 
for any lens aperture mcreases wnth the radius of the aperture A typical 
curve illustrating this effect is shown in Fig 13 57 

SphencaJ. aberration is one of the most serious of the various aberra- 
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tiOQs It IS always present and in electron lenses is invariably positive 
In physical lenses it is possible to combine elements with equal positive 
and negative sphencal aberration to obtain a lens that is free of this 
effect In electrostatic lenses it is possible only to reduce this effect, as, 
for instance, by using a two-diameter cylinder lens with the high-potential 
cylinder having a smaller radius than the lower ^ It is also possible to 
reduce spherical aberration m aperture lenses by the use of specially 
shaped thick electrodes with curved surfaces corresponding to the 
equipotential* 

V(r',z) = (a sin kz + b cos /bz)Jo(ifcr) (13 113) 

It has also been shown that a symmetncal lens with an axial-potential 
variation given by® 

Fo(z) = 7i(l -b (13 114) 

has mimTmiTn spherical aberration. Unfortunately, it is very difficult to 
buUd a lens having such an axial vanation of potential since the electrode 
structure required is not a practical structure at all In general, the 
sphencal aberration associated with a given lens structure may be 
reduced by simply ehminatmg sharp corners and edges on the electrodes 
A. rounding of corners and edges eliminates large gradients, which seem 
to contnbute considerably to the lens defects 

Other Lens Defects In addition to the above optical defects, electro- 
static lenses are subject to a few ills to which physical lenses do not fall 
heir The space-charge mutual repulsion between electrons prevents 
electron beams from coming to a point focus and in general exhibits the 
RftTnft effects as spherical aberration This subject will be given an 
analytical treatment in the chapter on Cathode-ray Tubes In addition, 
imperfections in the electrode structure will give nse to some remarkable 
distortions In lenses with small apertures, if the plane of the apertures 
is not perpendicular to the axis, the beam will focus into a tadpole-shaped 
figure Modern techmques are, however, sufficiently good so that 
distortions resulting from electrode imperfections seldom appear in 
commercial tubes 

^ Klemperbe and Wright, op cit 

2 Gray, op at 

3 ScHERZBR, 0 , Die Schwache elektnsche Emsellinse germgster sphanscher Aber- 
rSition, Zeit fUr Phys , vol 1, pp 23—26, June, 1936 
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MAGNETIC LENSES 

14.1 Focusing Action of Axial Magnetic Fields. Electron beams can 
be focused with magnetic as well as with electric fields, though the analogy 
with optics IS not so readily established Reference has already been 
made to one type of magnetic focusmg In Sec 6 6 there was discussed 
the case of a long uniform magnetic field parallel to an axis Electrons 
leaving a point on the axis with their pnncipal component of velocity 
directed parallel to the axis move out with helical paths of approximately 
the same pitch and come to a focus farther along the axis This action 
IS shown in Fig 14 1 The motion of the individual electrons is a com- 
bination of a hnear translation parallel to the axis and a circular motion 
in a plane perpendicular to the axis, giving nse to a hehcalpath The 


Side View 

Fia 14 1 — Helical electron paths m a uniform magnetic field 

radius of the circular component of travel is given by Eq (6 67) It is 
proportional to the radial component of velocity and inversely to the 
magnetic-fiux density at the startmg pomt The focal length (pitch 
of the helices) is given by Eq (6 68) The focal length depends upon 
the axial component of velocity directly and upon the magnetic-flux 
density inversely Thus the focal lengths of the different electrons are 
within per cent for mitial angles with the axis that are less than 
10 deg, and a pretty good focus is obtamed The radial and angular dis- 
placement associated with this motion is shown m Fig 14 2 The radial 
displacement is sinusoidal m form The angular displacement is um- 
fonnly increasmg with distance 

The action of the long field parallel to the axis is more or less typical 
of the action of all magnetic lenses All magnetic lenses depend upon a 
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component of magnetic field parallel to the axis The electron paths 
start from a pomt on the axis and return to it at a later pomt In doing 
so the electrons move m a plane through the axis, which rotates con- 


tinuously as the electron passes 
through the magnetic field 

The action of a short magnetic 
lens may be understood by consider- 
ing a fictitious case m which the mag- 
netic field IS short but uniform and 
parallel to the axis, as shown m Fig 
14 3 In this case an electron leav- 
ing the axis will move in a straight 
line at a constant velocity until it 
enters the magnetic field When 
this happens, from Eq (6 70), the 
radial component of velocity wiU 
react with the axial component of 
magnetic flux to produce an angular 
component of force This imparts a 



z— 


Fig 14 2 — ^Radial and axial displaoel 
inent of an electron in a uniform axia- 
field 

twist to the electron path, and at 


the same time the angular (0) component of velocity developed will react 


with the axial component of field to produce a radial component of force 




z— ► 

Fig 14 3 — ^Action of a short fictitious magnetic lens 


directed toward the axis, that serves to focus the electron and bring it 
back to the axis The radial and angular displacements along the axis 
for this case are shown m Fig 14 3 
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In an actual short magnetic lens the magnetic-flux Imes cannot 
terminate abruptly as m the fictitious example above A typical field, 
such as might be produced by a circular current coil, is shown m Fig 
14 4 Fundamentally, the action here is the same as that described in 
the previous paragraph except that the action is more umform In parti- 
cular, the ongiilnr displacemoit has no sharp corners but is continuous 
in slope Note that the action m each of the three cases cited is appaiv 
ently a function of the axial component of magnetic flux It will be 
shown m subseQuent sections that this is mdeed the case and that the 
entne action of a magnetic lens can be descnbed m terms of its axial 

vanation of its axial component 



^ 



Fig 14 4 — ^Action of a short magnetic lens 


of magnetic field Note further 
that if the magnetic-field strength 
in the last two cases cited is not 
of ]ust the right value the electron 
may not hit the axis even though 
it IS deflected back toward it 
This is not the case with electro- 
static lenses and means that mag- 
netic lenses have an extra type of 
aberration to which the electro- 
static lens IS not subject 

14.2, Magnetic Fields with 
Rotational Symmetry. In the 
case of electrostatic fields with 
rotational symmetry it was found 
that the potential at any pomt m 
the field could be expressed m 
terms of the axial potential and 


its derivatives by means of a senes expansion This senes proved 
very useful in studying the behavior of paraxial electrons The same 
situation apphes to magnetic fields Every component of a magnetic 
field obeys Laplace’s law provided that the region under considera- 
tion does not include any current fiow If attention is restncted to 
the vicimty of the axis of a field produced by something hke a circular 
coil, there is no current flow except that represented by the electron beam 
and this is so weak in terms of the magnetic field it produces that it can 
be neglected The axial component of magnetic flux is of most impor- 
tance, Laplace’s equation for it is 
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This can be solved for 5* in the form of a power series m r by the technique 
used to obtain an expansion for electrostatic potential The result is 

5,(r,z) = Bo - Bo" + ^ Bo(« + (14 2) 

where Bo = B*(0,2), the axial value of the axial component, and the 
prunes indicate denvatives with respect to axial distance z This series 
can also be wntten as the summation 


B,(r,z) 


n« 1 


[(n-l)'P 


(14 3) 


Magnetic fields of rotational symmetry will not have an angular 
component of flux but will have radial and axial components of flux 
The radial and axial components of flux are related by the fact that the 
net outward flux over any small volume not containmg current is zero 
Mathematically, this is stated by saying that the d%vergence of magnetic 
flux IS zero, and this condition is expressed by 

V B = 0 (14 4) 

or 

- I- (jBr) + ^* = 0 (14 5) 

r dr Bz 


Equation (14 4) is simply a shorthand vector notation for the relation 
of Eq (14 5) When the series of Eq (14 2) is substituted 
mto Eq (14 5) and this solved for B,, there results 


Br= -^B„'+^ 


22 


Bo" 


6 22 42 


Bo(» + 


(14 6) 


in which the constant of integration has been set equal to zero because 
Br is an odd function of r This series may also be wntten as the 
summation 


Br = 


00 



2n[(n - 1) ']222"-2 


(14 7) 


14.3 Electron Motion m a Magnetic Field Expressed m Cylmdncal 
Coordmates. The equations of motion of an electron in a magnetic 
field as expressed m cylmdncal coordinates have previously been given 
m Eq (6 70) but will be repeated here for convemence of reference In 
general, the force on a charged particle moving in a magnetic field is 
given by 


F = gy>cB 


(14 8) 
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where F, v, and B are vector quantities representing force, velocity, and 
magnetic-flux density, respectively, and q is the charge of the particle. 
The symbol x indicates the so-called “vector product,” which is a short- 
hand notation to indicate that the product lies at nght angles to the plane 
of the vectors being multiphed and has the direction a nght-handed screw 
would advance if the slot in its head were turned from alignment with the 
first to alignment with the second Furthermore, the resultant vector 
has a magmtude equal to the product of the magnitude of the vectors 
bemg multiphed and the sine of the angle between them Upon apply- 
ing Newton’s second law and the fact that the electron charge is — e, 
Eq (14 8) becomes 

ma = eB XV (14 9) 

smce A X B = —B X A In Eq (14 9) a is acceleration and m is mass 
Expanded in component form, this becomes three differential equations 
as follows 


— [r ^ = B$z Bzr6 

e 

(14 10) 


(14 11) 

“ 25 = Brr6 “ Ber 

e 

(14 12) 


in which the dots above the component variables indicate derivatives 
with respect to time 

14.4. Differential Equations of Motion of the Paraxial Electron The 
set of component equations can be greatly simphfied to yield the case 
of an electron in a magnetic field of rotational symmetry, moving close 
to the a m a and ma-Tcmg a small angle with it In the first place, the rota- 
tional symmetry of field means that the angular (0) component of magnetic 
flux 18 zero The first terms of the senes expansions of Eqs (14 2) and 
(14 6) can then be substituted for the other components of magnetic 
flux, and when terms of order r® and higher are neglected, tremendous 
simphfication results Equation (14 11) can be integrated once with the 
above substitutions to give 

the constant of mtegration bemg zero smce the angular velocity is zero 
when the magnetic field is zero This rather remarkable equation states 
that the angil ar velocity is proportional only to the axial component of 
magnetic field. Applymg these substitutions to Eq (1410), 
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Equation (14 12) reduces to 

2 = 0 


(14 1^ 


which IS approximate only to first order, of course, but is reasonable 
since there is no electric field contributing to the motion 

Time may be eliminated from Eq (14 14) by using the approximate 
relations 


and 


V = z 


(14 16) 


2Ve dh 
m dz^ 


(14 17) 


Substitution of these values into Eq (14 14) yields 


dh 

dz^ 


e 

SmV 


jBoV = 0 


(14 18) 


Evaluating the constant of the second term numerically, 

g + 2 20 X ^ 0 (14 19) 

for rationalized mks umts This expression is similar to the reduced form 
[Eq (13 46)] of the paraxial differential equation for the electrostatic 
case By the procedures mdicated above the electron motion has been 
separated into radial and angular components In most focusing 
problems the radial component may be treated alone without regard for 
the angle It need be remembered only that the plane of the electron 
rotates progressively as the electron moves through the lens 

14 6 Focusing Properties of Magnetic Lenses General By exactly 
the same reasoning and process as that used in Sec 13 4 the focal length 
of a thin magnetic lens can be deduced from Eq (14 18) The result 
of this process is 

Evaluating the constant 

i = = 2 20 X dz meters-1 (14 21) 

where is a point to the left of appreciable field variation and Z 2 a cor- 
responding point to the right and Bo is the axial component of magnetic- 
flux density in webers per square meter (10^ gausses) Two important 
conclusions are immediately available from the above equations for 
focal length The first is that the focal length m the two directions is 
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the same The second is that the lens is always convergent since the 
quantity m the integrand is always positive 

The correspondmg rotation of image is given directly from Eq 
(14 13), making use of Eq (14 16) It is 


Evaluating the constant, 


^ 1 480 X 10» 
Vv 



radians 


(14 23) 


The rotation has a clockwise direction in a magnetic field that has a 
component in the positive z direction 



Fio 14 5 — ^Axial magnetic-field distnbution of a circular turn of wire and of the 
Glazer lens 


Magnate Lens of a Czrcular Turn of Wire A simple source of a 
magnetic field smtable for a magnetic lens is that of a circular turn of wire 
about the electron beam Such a turn produces the necessary amal 
component of magnetic field having the desired rotational symmetry 
The shape of the field IS shown m Fig 14 5 This is seen to apprommate, 
roughly, a short umform field parallel to the axis The axial component 
of magnetic-flux density associated with a circular turn of wire is given by 

" 2(Jf2* -t- z^)^ 


(14 24) 
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where no is 1 257 X 10“* henry per meter, the constant of proportionahty 
between magnetic intensity and flux m rationalized mks umts, and B is 
the radius of the turn of wire Upon evaluatmg the coeflSicient, this 
becomes 


Bo 


0 6285 X 
(B* + 


Webers per meter* 


(14 25) 


By 11 gin c this expression for magnetic-flux density along the axis it is 
possible to evaluate the mtegral of Eq (14 21), with the result 


97 9FB 
I* 


meters 


(14 26) 


It IS not possible to get a sufficiently strong lens with a smgle turn 
of wire, and therefore a coil of many turns is ordinarily used When this 
IS the case, the focal length becomes 

/ = X cod form factor meters (14 27) 


where N is the number of turns and the coil form factor will generally 
ftfimiTTift a value between 1 00 and 1 25 The cod lens is a httle weaker 
t.Lnn the smgle-tum lens because the magnetic field is not qmte so well 
concentrated Where extremely strong lenses are desired, the field is 
further concentrated by means of iron pieces surrounding the cod 

The Olazer Lens It is possible to calculate exactly the characteristics 

of a magnetic lens having an axial-flux-density function of the form 


Bo = 


Bi 


+ (b 


This field form^’2 is approximately that obtained 


from a large coil or from a coil with pole pieces A brief study of this 
lens IS valuable because it is possible to determine its optical charac- 
teristics exactly and compare them with those obtained from the approxi- 
mate formulas given before The assumed field form is plotted in Fig 
14 5 It IS seen to be sinnlar to that of a single turn of wire The field 
of a circular turn of wire drops to 10 per cent of its peak value in 1 96 
radu, whereas the field of the Glazer lens drops to 10 per cent m 3 radii 


1 Glazbb, W , StrengeBerechnungmagnetischerLinsen der Feldform H 



V 


Zeit fur PhySj vol 117, 285-316, 1941 

* Marton, L , and R G E Httttlr, Optical Constants of a Magnetic Type 
Electron Microscope, Proc I R E ^ vol 32, pp 646—562, September, 1944 
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Upon applying the approximate expression for focal length of Eq 
(14 20) to the assumed field form the focal length is found to be 

The paraxial differential equation for the assumed field form is 

= 0 (14 29) 


dV . e5i* 
dz2 8m7 


1 + U 


By means of judicious substitutions this equation can be converted to a 
form that is directly integrable ^ 

This yields a general-ray solution in the form 


(14 30) 



r{z) = R j^Vl + arc cot 

[ 


+ C 2 cos Vl + arc cot ( ^ 


eBi^R^ 


where Ci and C 2 are arbitrary constants and = SmV ~ ^ lens- 

strength parameter By proper choice of the constants Ci and C 2 the 
general ray can be made to pass through any two points or meet any 
two conditions in general 

Since the general-ray equation is known, the focal points, focal lengths, 
and location of the pnncipal planes of the Glazer lens can be found 

d/T 

The first pnncipal ray is found by letting ^ be zero and r fimte at 

z = + 00 The second principal ray is found by letting the slope be zero 
and the displacement fimte at z = — 00 The principal planes are 
located at the intersection of the initial and final straight-line portions 
of the principal rays The focal points are found at the points at which 
the principal rays cross the axis 

The focal length of the Glazer lens is 

/!=-/. = - ^ 


Sin n 


(vi + P*) 


(14 31) 


where n assumes integral values The sigmficance of the focal length 
being multiple-valued is that for very strong fields a principal ray enter- 

1 Let y ~ a; = 4’ ^.nd then make the further substitution y — and x = cot <f> 

H Jtc sm <f> 

This yields the differential equation — (1 + k^)v{<f>), which is readily solved 
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ing the lens parallel to the axis wiU advance and oscillate transversely, 
crossing the axis several times For normal apphcations the value of n 
IS taken as 1 The above value of focal length has the same low-field 
value as given by the approximate formula of Eq (14 28), that is. 




For larger values of field there may be a considerable divergence 


from the approximate value The divergence does not, however, occur 



Fig 14 6 — ^Focal lengths of the Glazer lens by exact and approximate formulas 


until the lens is strong enough for the electron to cross the axis within 
the region of appreciable field A comparison of the focal lengths as 
determined by the exact and approximate formulas is given in Fig 14 6 
The location of the focal points is given by 

F, = -F, = R cot n (14 32) 
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This has the same weak-field asymptotic value as the focal length, which 
m nanp that for weak fields the pnncipal planes are located at the lens 
center As the lens field is increased, the focal length becomes greater 
than the distance from the lens center to the focal points This means 
that the first pnncipal planes move away from the focal points The 
first pnncipal plane is to the nght of the lens center and the second 



to the left A plot of the focal length and focal-point position is shown 
m Fig. 14 7 

14.6. Practical Magnetic Lenses. A coil of fine wire, squaie or rec- 
tangular m cross section, about the beam axis is a practical lens Its 
strength is not very great, however, and its field is not very well confined 
Both these features may be improved by partly shieldmg the cod with 
an iron ^eld but still mamtaimng a gap along which magnetic hnes wdl 
pass pn-Tofiftl to the axis In Fig 14 8 are shown some practical lenses 
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and their approximate fields For extremely strong lenses such as are 
needed m electron microscopes the gap is made very small and is brought 
as close to the axis as possible by extended pole pieces Such a lens is 
shown in Fig 14 8e It is not possible to calculate the performance of 
such a lens because of nonumform saturation of the pole pieces In 



raJ W (c) (d) (e) 

Fig 14 8 — Practical magnetic focusing coils 


part d of the figure there is shown a double lens composed of two sections 
contaimng coils passing currents in opposite directions This makes 
the net image rotation through the lens zero for equal currents in the 
halves and tends to reduce the distortion associated with the image 
rotation 

14 7. Magnetic-lens Defects Magnetic lenses are subject to all the 
aberrations encountered in electrostatic lenses, plus a type of distortion 



Object Image 

Fig 14 9 — Spiral distortion in magnetic-lens 
images 


associated with the image rotation This type of distortion is known 
as spiral distortion^' and is illustrated in Fig 14 9 It results from 
the fact that the rotation of different parts of the image is a function of 
the radial position Its effect may be reduced by limiting the beam by 
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very small apertures, or it may be largely eliminated by using pairs of 
lenses giving rotation in opposite direction 

In addition to spiral distortion there may be distortion from current 
npple m the magnetic coils or from stray fields The effect of current 
ripple IS to cause a pomt focus to become a blurred spot Stray alter- 
nating fields will cause a point focus to become a short line 

14 8 The General Equations of Motion in Combined Electric and 
Magnetic Fields In the previous work in this chapter there have been 
descnbed the effects of a nonuniform magnetic field upon an electron 
presumed to be moving m a region of constant electrostatic potential 
For completeness there will be outlined in this section the basic relations 
that apply to electrons moving in combined electric and magnetic fields 
of rotational symmetry This involves considerable analysis the end 
point of which is the differential equation of motion of a paraxial electron 
in terms of the axial potential and the axial component of magnetic 
field Although the yield for a great deal of work is quite small, the 
methods involved are fundamental and instructive enough to make the 
inclusion of this section worth while 

The force on an electron in a combined electric and magnetic field is 
given by 

F = ma = e[VV + Bxv] (14 33) 

where V7 is the gradient of potential and the components of 5 x v 
have been given in Eqs (14 10) to (14 12) Equation (14 33) is a com- 
pact representation of three coordinate equations and needs to be 
expanded for any specific application 

In the work with electrostatic fields it was found that the electric 
intensity and the corresponding forces on electrons were all derivable 
from the electric potential Similarly, it is convenient to consider that 
the magnetic-flux vector B is derivable from a vector potential A. The 
relations for the electrostatic case are sinular but not exactly analogous 
to those for the magnetic case Electrostatic potential fields are analo- 
gous ^o the irrotational flow of an incompressible fluid Magnetic fields 
are analogous to the sourceless rotational flow of an incompressible flow 
The basic relations for electrostatic potentials are quickly listed 
First the line integral of electric mtensity around any closed path is 
always zero 

/E dl = 0 (14.34) 

where the dot indicates the so-called scalar product, which is equal to 
the product of the magmtude of the vectors by the cosine of the angle 
between them An equivalent statement of this is that the curl of the 
electric intensity, t e , the imcroscopic circulation, is always zero 
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V X £ = 0 (14 35) 

Whenever the curl of a vector is zero, then that vector is the gradient of 
some scalar function Specifically, 


E = -\V 


(14 36) 


or intensity is the negative gradient of potential The electrostatic 
potential results from a summation of the effect of various electric 
charges by the relation 



(14 37) 


The corresponding relations for the magnetic field are also qmckly 
given The net outward flux through any closed surface is always 
zero 

j B ds = 0 (14 38) 


An equivalent statement of this is that the divergence of magnetic flux 
IS zero 

V S = 0 (14 39) 

When the divergence of a vector is zero, then that vector is the curl of 
some other vector 

B = V xA (14 40) 

The vector A is called the “ magnetic vector potential ” Just as the 
electrostatic potential results from a summation of the effects of individual 
charges, so does the magnetic vector potential result from the summation 
of the effect of various currents 


A 


Mo f J dv 
47 r j r 


(14 41) 


in which J IS vector current density The vector A is seen to have the 
same direction as the currents thart create it The divergence of A is taken 
as zero in the static case 

When Eq (14 40) is expanded and written in component form using 
cylindrical coordinates, it becomes, first in determinant form. 



It rie 

dr dS 
Ar rAe 


dz 

A. 


(14 42) 


where i„ I 9 , and u are umt vectors in the r, 9, and z directions, respec- 
tively When this deterimnant is expanded, the component equations 
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become 


Id A, dAe 

r d 6 dz 

„ dAr dA, 

= IF “ 

Bz = ~^ {I'Ae) — 
r dr 


1 dAr 
r dd 


(14 43) 
(14 44) 
(14 45) 


These are the general equations relatmg B and A for cylindrical 


coordinates 

For the particular problems of electron optics most of the magnetic- 
lens fields are hke those of a circular coil In such there is only a d 
component of current and hence only a 6 component of A Further, 
the 0 component of either current or A does not vary with angle Hence 


we may write 


Ar = Az = 0 
A = Aet« 


(14 46) 
(14 47) 


^ = 0 (14 48) 

dd 


With these restrictions the component relations between B and A become 

Br=-^' (14 49) 

C/Z 

Bb = 0 (14 50) 

(14 51) 


From the above set of equations and the fact that V x B = 0 it is possible 
to obtain a differential equation for Ae alone In subsequent work the 
e subscript for A wiU sometimes be dropped for simplification, though it 
will be remembered that the vector A has a d component only Setting 
the curl of B equal to zero in terms of the d component of A, 


V xB = i 

r 


ir 

dr 

dz 


Tie 

dd 

0 


It 

dz 

1 djrA) 
r dr 


(14 62) 


which expands into 

T component of V x B = 

0 component of V x B = 
z component of V x B = 


0-0 


(14 53) 

d (1 d(rA)\ 
dr \r dr / 

d^A 

dz^ 

(14 54) 

0-0 


(14 55) 
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Upon setting the Q component of curl B above equal to zero there is 
obtained the differential equation for the vector potential -4, 


dz2 dr^ dr \ry 


= 0 


(14 56) 


which, of course, applies only to magnetic fields having a rotational 
symmetry and produced by currents flowing exclusively m the B direction 
This equation is similar to but not identical with Laplace's equation but 
serves the same function in defimng A as Laplace's equation does in 
defining V This equation may be solved by senes exactly as was done 
for potential and magnetic flux In this case the senes is restncted to 
odd powers of r because the vector potential like the current that gener- 
ates it IS an odd function of r The resultant senes expansion for A 

IS 


rJ5o 


A Jr - - -I ^ + 

^ B \ TyZ ) 2 2^ 4 ^ 2^ 42 » 6 ® ~ 


+ 


n[(n-l)^y 


(:r 


(14 57) 


where Bo = B{0,z) is the value of the axial component of magnetic 
flux 

By restricting Eq (14 33) to fields of rotational symmetry and 
utihzing Eqs (14 49) to (14 51) there result the component equations 
of motion 

j{r - ^ ^ ^ 

erdt dz r dr 

(M 60 ) 

- z = -rd ^ (14 61) 

e oz oz 


These are the basic equations from which now some simplified relations 
will be obtained These equations are so far exact 
Equation (14 60) integrates to 

mrH^erA, = ^^ (14 62) 


for the paraxial case The constant of integration is zero since = 0 
for r = 0 as may be seen by reference to its series expansion Sub- 
stituting the value of 6 from Eq (14 62) into Eq (14 58) yields 
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A siimlar operation upon Eq (14 61) yields 


mz 




(14 63) 


(14 64) 


The energy equation is obtained from these last two equations by 
multiplying the first by r and the second by z, adding, and integrating 
The result is 

^ [r* + {riy + z^ = 67 (14 66) 

Use has been made m obtaining this of Eq (14 62) Note that the kmetic 
energy is independent of A and hence of the magnetic field This is 
consistent with the idea previously propounded that a magnetic field 
can change only the direction of an electron and cannot change its energy 
because the force is always directed at right angles to the electron’s 
velocity 

From Eq (14 62) the approximate rotation of an electron is given by 


e 


- 1^ f- 

yjsmj y/ 


^ 

V7' 


(14 66) 


Inserting the senes expansions for A and 7 into Eqs (14 63) and 
(14 64) gives 


mr 


= « { - i + 5 S + S + } 

(14 67) 


and 


rm 


-.[n'-g(w" + i£A')+ ] 


(14 68) 


The paraxial components of these last two equations are found by 
retainmg only first-order terms, 




2 = 7o' 

m 


(14 69) 
(14 70) 


Note that the radial component of acceleration due to the magnetic field 
is always convergent The paraxial differential equation may now be 
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obtained by eliixunatmg time from the last two equations by the use of 


and 


^ _ r 
dz z 

dh _rz — rz 
dz^ z® 

_ 2eVo 


(14 71) 
(14 72) 

(14 73) 


With these substitutions the paraxial differential equation is 


dz‘ 27, 




This can also be written in the form 


These equations are seen to be of proper form because the paraxial 
differential equation of either a varying electric or magnetic field alone 
IS derivable from them 

If in addition to the effect of the electric and magnetic fields there be 
considered the defocusing effect of the mutual radial repulsion of the 

electrons, then a factor of the form — ^ must be added within the paren- 

theses of the last term of the above two equations, where p is the space- 
charge density within the beam and eo is the dielectric constant of free 
space 

Note that the paraxial differential equations of Eqs (14 74) and 
(14 75) are second-order linear differential equations This means that 
even with combined electric magnetic fields a general ray can be expressed 
in terms of two independent principal rays 



CHAPTER 15 


CATHODE-RAY TUBES 

16.1. The General Form of Cathode-ray Tubes The external 
physical form of cathode-iay tubes is well known They generally 
have a glass envelope shaped like an Eilenmeyei flask The electrical 
leads to the tube come out through a base at the mouth of the flask. 
The inside of the flask is coated with aquadag The bottom of the 
flask IS coated inside with a fluorescent matci lal 

The internal parts of the cathode-ray tube include an election gun, 
devices for horizontal and vertical deflection of the beam, and a fluores- 
cent screen The electron gun is a combination of electrodes foi pro- 
ducing and focusing a beam of electrons It consists of a cathode, a 





If Heater 
C-Coffhode 
Heat shield 
JElO-EmiHing oxtde 
CU“ Control electrode 
AJE' Accelerating electrode 
or first anode 
hAr Limiting aperture 


FE-Fbcusmg 
electrode or 
second anode 
EB' Electron beam 
FS- Fluorescent screen 
on mside glass 
Aquadag coat/ng 
on inside glass 


Fig 15 1 — Schematic cathode-ray-tube structure 


control electrode, and two or more electrodes forming an objective lens. 
One commonly used arrangement of these parts is shown in Fig 15 1 
The general description of the paits of the electron gun and their 
function is as follows The cathode consists of a small capped cylinder 
of sheet nickel The cap is coated with emitting material The cathode 
IS indirectly heated by an insulated filament wire inside the cylinder. 
The cathode is generally surrounded by a close-fitting but nontouching 
cylinder, which acts as a heat shield and increases the thermal efficiency 
of the cathode The heat shield is supported at the nonemitting end of 
the cathode and projects slightly beyond the cap at the other end This 
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project] on at the emitting end serves to keep the emitted electrons from 
spreading Figure 15 2 shows this cathode construction The control 
electrode takes the form of a cylmdncal can completely surroundmg 
the cathode and having a circular aperture m front of the eimttmg cap 
It performs the same function as the control gnd m a tnode The 
main focusing lens is m the form of one of the lenses described in the 
chapter on Electrostatic Electron Optics The first part of this lens 
always has hmiting apertures to keep the electrons from spreadmg too 
much by reducing the angle of the beam With the arrangement shown 



Fig 15 2 — Typical cathode structure 


in Fig 15 1 there is a crossover point of the electrons between the control 
electrode and the first electrode of the objective lens The spot seen 
on the screen of the tube is an image of the crossover portion of the beam, 
which IS the cross section of mimmum diameter In the two-cylinder 
objective lens shown in Fig 15 1 the small cylinder is called the “first 
anode or “accelerating electrode ” The large cylmder is called the 
“second anode'' or “focusing electrode " 

The relative potentials on the electrodes of the electron gun are quite 
important For a typical tube with the electrode arrangement of Fig 
15 1 the electrode potentials are as follows 


Electrode 


Filament 
Cathode 
Heat shield 
Control electrode 
First anode 
Second anode 
Aquadag coating 


Potential Potential 
relative to relative to 
cathode, volts ground, volts 



0 

0 

0 

-10 to 4-10 
+200 
+800 
+800 


-800 

-800 

-800 

-790 to -810 
-600 
0 
0 


The physical construction of the electron gun requires a Ingb degree 
of precision in the alignment of the electrodes The electrodes are 
usually supported from glass or ceramic insulating rods, in turn sup- 
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ported on a stem similar to that used in vacuum tubes Mica spacers or 
metal sprmgs serve to center the gun within the neck of the envelope 
Extreme care must be used in aligning the electrodes axially Such 
ahgnment is usually achieved by means of a mandrel, which is removed 
after the electrodes have been spotted or crimped into place 

The beam-deflecting devices most commonly used are electrostatic 
plates or magnetic deflecting colls The deflecting plates 
are always placed inside the tube and are usually suppoPted from the 
end of the electron gun Some special-purpose tubes have the deflectmg 
electrodes supported directly from the neck of the envelope, with leads 
brought out directly through the glass Magnetic deflection, when used, 

IS achieved by coils external to the tube The coils are arranged so 
that they produce a component of magnetic field perpendicular to the 
axis of the tube 

The fluorescent screen at the end of the tube serves to reveal the 
position of the electron beam and to translate electncal impulses into a 
visual picture The screen consists of a thm layer of fluorescent material 
on the inside of the tube, which hghts up when struck by electrons The 
fluorescent coating is generally a fairly good msulator so that it is neces- 
sary for the electncal circmt consisting of the power supply and the beam 
to be completed by means other than electrical conduction The means 
in this case is secondary emission As beam electrons strike the fluores- 
cent screen, they hberate secondary electrons, which look for a more 
positive electrode to be drawn toward This electrode is found in the 
aquadag coating, which is at beam, or ground, potential The fluorescent 
screen will aesume a negative potential because of an accumulation of 
beam electrons that are slow to leak off This means that there exists a 
potential difference between the fluorescent screen and the aquadag 
coating that is m the nght direction to attract the secondary electrons 
hberated by the beam impact 

16 2. Electron-gun Design. The fields and electron paths m the 
vicmity of the cathode of an electron gun are extremely complex This 
maVoQ the exact design of electron guns necessarily at least partly 
empirical Although it is not possible to give equations resulting in 
exact design relations, it is possible to mdicate the nature and ma^mtude 
of the effects encountered 

For low-current guns such as are used m ordinary cathode-ray 
tubes the electrostatic field m the vicimty of the cathode has the general 
shape shown m Fig 15 3 The fields will be similar to those encountered 
in the vicmity of simple apertures, but modified by departures m the 
shape of the electrodes from that ideal configuration Between the 
control electrode and the first anode the field will be approximately 
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Jinear In the vicinity of the cathode the field will be strongly curved 
in such a way as to cause all electrons enutted from the cathode to be 
drawn strongly toward the axis Only a limited portion of the center of 
the cathode emitting area will present a positive gradient of potential 
to the emitted electrons At cutoff the gradient of potential will be zero 
at the cathode center and negative in other parts As the control gnd 
IS made more positive, a region of positive gradient will grow from the 
center until at suj0&cicntly positive control-electrode potentials the entire 
surface of the cathode may enut 

Cutoff Relations in the Electron Gun The control electrode has an 
action somewhat similar to that of the control grid in a vacuum tube 


- /O vo/fs +SOO vo/fs 



Fig 15 3 — Field in the vicinity of the cathode of an electron gun 


except that in addition to controllmg the gradient at the center of the 
cathode it controls the size of the emittmg area For this reason it is 
difficult to vmte a current-voltage relation, but it is possible to estimate 
the cutoff relations Exact relations for the configuration of Fig 15 3 
are almost impossible to write, but the field configuration is approximated 
by the idealized electrode configuration of Fig 15 4 For this configura- 
tion thff aperture-field formula of Eq (13 37) will apply very closely 
Here the axial potential is given by 


Vo(z) = 


-V2d2Z + (Fs - 72)di2 




. (7, - 72)(il2 + VdiZ _ T7 
2di2ds3 


(15 1) 


when 7i = 0 
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The gradient of potential at the cathode is found by takmg the denvative 
of this expression with respect to 2 and then setting 2 = — di 2 The 
resulting expression is 


dFo(— C?12) _ ^2^28 (Fs 
dz 



(1 

0 

dll \ 

-1 

[r 

cuXOucULl 7 

di% 

R^->rdn^)\ 


(Fs - F2)dl2 + F2d23 
idi^d^z 


(15 2) 



^ V3 

Fig 15 4 — Idealized cathode-electrode configuration 


The cathode current will be cut off when the gradient at the cathode is 
zero The equivalent amplification factor of the control structure is 

found by setting at 2 = — dw equal to zero and then taking the neg- 
ative ratio of Fa to Vt. 



(15 3) 


This is an amplification factor that determines the current cutoff 
The amplification factor has the specific value 



A nomographic chart of equivalent amplification factor as a function of 
control-electrode-aperture radius and gnd-first-anode distance, each 
expressed m umts of cathode-grid distance, is given in Fig 15 5 These 
values, while not exactly the same as those for the electrode structure 
of Fig 15 3, will serve to mdicate the order of magnitude and the nature 
of the vanation of the eqmvalent amplification factor with the critical 
dimensions Measured values of n for the structure of Fig 15 3 will 
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be considerably higher than those obtained from Eq. (15 4) because of 
the shieldmg effect of the control-electrode-cyhnder extension Meas- 
ured data on some specific electrode structures are available in the 
literature ^ 



•15 

14 


+13 


•12 


dj2 


I I 
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Fig 15 5 — Nomographic chart of the equivalent amphfication factor of an electron 
gun as given by Eq (15 4) 


Electron Paths in the Electron Gun As may be seen from the equi- 
potential plot of Fig 15 3, the field in front of the gun cathode is strongly 
convergent It is not easy to apply the methods described m the 
chapter on Electrostatic Electron Optics to this portion of the gun 
because the focusing field is so strong relative to the low-velocity electrons 
that a focus is obtained within the region of field variation The type 
1 Maloff, I G , and D W Epstein, ** Electron Optics in Television/’ pp 167-169, 
McGraw-Hill, New York, 1938 
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of lens encounteced here is sometimes referred to as an “immersion lens” 
because the object is immersed m the lens 

Some typical electron paths m the vicmity of the cathode of an 
electron gun are shown m Fig 15 3 Hays leavmg the cathode are 
propelled forward and attracted toward the axis As a result of this 
action, the rays cross the axis at a pomt not very far out m the field 
After crossmg the axis the rays are curved the other way and are again 
bent toward the axis, but the action m this portion of the field is so weak 
that the rays mvanably retam their divergent characteristic Shown 
m the figure are three rays These rays differ by virtue of the direction 
of the velocity of emission of the electrons The three rays show the 
effect of emission velocity directed toward the axis, normal to the cathode, 
and away from the axis All three rays are seen to come to a focus on 
the a-a This represents an image of the cathode The minimum 
diameter of the cross section of the beam occurs at the plane b-5 This 
plane of minimum cross section is called the “crossover” of the beam 
It IS seen to be much smaller m diameter than either the cathode or its 
image The best spot is obtamed by focusmg this crossover rather than 
the cathode or its image on the fluorescent screen Actually, the cross- 
over cannot serve as object, but rather its virtual image at c-c, as found 
by projecting back straight hues from the region of uniform field, serves 
as object This virtual image of the crossover is shghtly larger than the 
crossover itself but is still smaller than the cathode or its image 

P in PA the beam crossover is used as the object whose image forms the 
working spot of the beam, its location and size are of considerable 
importance These values are rather hard to determme exactly, but 
some good approximations can be given The location of the crossover 
can be estimated by making use of the fact that the field in the vicinity 
of the cathode is approximately spherical Hence, if the radius of 
curvature of the zero-potential contour can be found, it is to be expected 
that the crossover will occur at this radial distance from the cathode 
It was shown m the chapter on Electrostatic Electron Optics that the 
radius of curvature of any equipotential surface m a field of rotational 
symmetry is given by 

= (15 5) 


where Yd and Yd' are the first and second derivatives of the axial poten- 
tial, respectively The curvature radius can be obtamed m a straight- 
forward maimer from Eq (15 1), and at the cathode has the value 
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f or 7i = 0 As an example, if R = di 2 = ^23 and F2 = 0, then the 
value of M from Eq (15 4) is 9 02 and the value of Ro from Eq (15 6) 
IS 1 14J? The very low value of m results from the fact that the control- 
electrode-aperture diameter is twice the cathode-control-electrode 
distance in this example From the value of the zero-potential radius 
of curvature the crossover is expected to occur nearly in the plane of the 
control electrode If the cathode is flat, Eq (15 6) will predict a smaller 
radius of curvature than actually exists because of the influence of the 
flat cathode upon the field Cathodes may, however, readily be curved 
to fit the normal aperture fields 

The size of the crossover diameter may also be estimated by assuming 
that the field in the vicimty of the cathode is spherical The fimte size 



Fig 15 6 — Ideahzed cathode with spherical field This 
gives the notation for use in Eq (15 7) 


of the crossover results from electrons being emitted at all angles from 
each point on the cathode, and with appreciable velocity The larger 
the emission velocity, the larger the crossover diameter The electron 
behavior encountered is like that shown for the idealized spherical 
electrodes of Fig 15 6 For this situation the radius of the crossover is 
given by 


^0 



(15 7) 


where Vc is the radius of the cathode, ro is the radius of the crossover, 
Fa IS the potential of the crossover, 7® is the voltage equivalent of the 
velocity of emission, and 6 is the half angle of the cathode as viewed from 
the crossover ^ 

1 RxrsKA, E , Zur Fokusierbarkeit von Kathodenstrahlbundeln grosser Ausgangs- 
querschnitte, Zeit fUr Phys , vol 83 (Nos 9, 10), pp 684-698, 1933 
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This equation results from an analysis of the electron path in a 
sphencal field It is properly vahd only for small values of B, say less 
^;V^a.n 20 deg Actually, electrons wiU be coming off the cathode "with all 
possible velocities so that an average value of 7, must be used If a 
value of 7., that is, the voltage equivalent of the velocity not exceeded 
by 80 per cent of the electrons is used, then the crossover radius of Eq 
(15 7) will contam at least 80 per cent of the beam current and probably 
more, for not aU electrons emitted with greater velocities will have 
tangential components greater than that corresponding to 7, The 
virtual image of the crossover will generally be larger than the actual 
crossover An enlargement by a factor of two is, however, not often 
exceeded The position of the virtual image of the crossover will be on 
the cathode side of the actual crossover and may even he behmd the 
actual cathode It may generally be expected to he within a distance 
equal to the cathode-control-electrode distance of the actual cathode, 
which 18 close enough for design of the subsequent lens system ^ 

Current-voltage relations for the electron gun are not readily specified 
analytically If a low-mu gun structure is used and the control electrize 
IS operated at zero potential, the cathode will come very close to being 
temperature-limited Some specific measured data on gun current- 
voltage relations are available m the hterature * 

The concept of the screen spot as an image of the beam crossover 
in front of the cathode is largely one of convemence There is evidence 
that the screen spot is actually an image of the cathode The size of the 
crossover may be obtained from optical considerations of the field m 
front of the cathode At low beam voltages, however, the thermal 
velocities of emission of the electrons from the cathode are large enough 
compared with the potential of the crossover so that they are an appre- 
ciable factor in determimng the spot size At large beam voltages the 
velocities may be expected to be low compared with the potential 
of the beam crossover so that they do not add appreciably to the size 
of the cathode image An exammation of the operation of tubes with 
beam potentials greater than 1,000 volts, from the viewpomt of straight- 
forward cathode iTna.gmg , yields some useful information on the properties 
of beams * 

A rough optical approximation to the field action in front of the 

1 ZwoBTKiN, V K , and G A Mobton, “Tele-nsion,” pp 368-883, Wiley, New 
York, 1940 

* Malofp and EpsTBaN, op oil , pp 171-176 

» Liebmann, G , Image Formation m Cathode Ray Tubes and the Relation of 
Fluorescent Spot Size and Final Anode Voltage, Proc IRE, vol 33, pp 381-389, 
June, 1945 
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cathode may be had by considermg the equivalent lens to be made up of 
two regions of constant index of refraction with a sphencal refracting 
surface between them, as shown m Fig 16 7. For this equivalent lens 
Lagrange’s law will hold, 

= l (16 8) 


where tii and n 2 are equivalent indices of refraction, Mi = ^ is the lateral 

magnification, and Ma “ ” angular magnification The lens 

equation m this case is 




(16.9) 



Fig 15 7 — Sphencal-surface refraction equivalent of cathode- 
lens action 


where zo and Zt are object and image distance, respectively, and R, 
is the radius of curvature of the sphencal refractmg surface ^ Solving 
Eq (15 9) for 2 ,, 


1l2RaZQ 

^ Zo(n2 — ni) — niff. 
From Eq (15 8) the hnear magnification is 


(15 10) 


iif. = ^ 

3/1 n*8o 


(15 11) 


Substitutmg the value for a, from Eq (15 10) mto Eq (15 11), 



(15 12) 


^ A denratioii of this expression is available in almost any book on geometrical 
optics 
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If it is' now considered that the object is located very close to the refract- 
ing surface so that zo is small compared with B,, then approximatdy 

Mi= -1 (1513) 

which says that the image is the same size as the object and is roughly 
independent of the indices of refraction Further, 


ni 


(15 14) 


from Eq (15 8), which says that the angle which a ray makes with 
the axis at the image is mversely proportional to the mdex of refraction 
na if ni is held constant If the assumptions made here are approximated 
in a cathode-ray tube, then it is to be expected that the size of the 
cathode image is mdependent of the voltage of the first acceleratmg 
electrode Then, since, as was shown in Figs 13 37 to 13 45 of the 
chapter on Electrostatic Electron Optics, the magnification of the usual 
electrostatic objective lens is approximately eight-tenths of the ratio 
of image to object distance mdependent of voltage ratio, it is to be 
expected that the spot aze is also independent of the beam voltage 
It also follows from Eq (15 14) that the product of the beam voltage 
and beam area in the fore part of the objective lens is a constant, 

irrWo = K (15 15) 

where r is the radius of the beam m an arbitrary plane Measurements 
on actual tubes show that both these expectations are reahzed very 
closely for beam voltages above 1,000 volts ^ The above performance 
apphes only if the limiting apertures intercept a neghgible amount 
current 

Focusing System The production of a beam crossover of small 
diameter and high current density is the pnncipal problem in electron-gun 
dnaign The rest of the design problem is relatively simple The beam 
crossover need only be followed by one of the tsrpes of objective lenses 
described m the chapter on Electrostatic Electron Optics. The cyhnder 
lenses are found to be most suitable, and there is not much to choose 
between them In fact, almost any kmd of lens will do, for it is always 
possible to find a voltage ratio that will focus the beam crossover on the 
screen When cyhnder lenses are used, it is necessary to put hmitmg 
apertures withm the first cyhnder to limit the imtial divergent action 
of the beam This is illustrated m the schematic drawing of Fig 15 1 
A limiting aperture is often put at the end of the second cylmder as well 


1 Lixbmank, op eti. 
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The data of Figs 13 37 to 13 45 can be used directly to design the 
focusing system The object distance is simply taken as the distance 
from the beam crossover to the reference point m the lens The imaga 
distance is the distance from the reference pomt m the lens to the fluores- 
cent screen Focusmg, with the electrode arrangement of Fig 15 1, is 
obtamed by adjusting the first-anode voltage, all other voltages being 
kept fixed Intensity of the beam is controlled by adjusting the control- 
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Fig 16 8 — ^Typical electron-gun structures 
using electrostatic focusing 

electrode voltage With this arrangement the two adjustments indicated 
will have a prmcipal effect upon focus and beam intensity, respectively, 
but it will be noticed that the adjustment of the beam intensity affects 
the focus somewhat, and vice versa While adjustment of the control 
electrode has the prmcipal effect of changing the beam current, it also 
changes the location of the beam crossover and so affects the focus 
Adjustment of the first-anode voltage has the prmcipal effect of adjusting 
the focus, but the field of the first anode reaches back to the cathode and 
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changes the intensity somewhat. This interaction of controls can be 
improved by making use of a difTcrent electrode arrangement. 

Alternative Electrode Struciuree. In Fig. 16.8 are shown some alter- 
native electron-gun structures that are oxtenHively used. In the arrange- 
ment of electrodes shown for gun a the cathwle-control-electrodo 
Htrueture is about the same as that just diseusseil. The focusing action in 
this case, however, is dividwl into two parts so that them are really two 
ohjwtive lenses, 'I’lius, the accelerating amsle is split in two, with 
the focusing anode loeuteil between the two parts. The principal 


CE A 
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C’ Cathode 
CE -Control olietrodo 
Ai First anode 
AeSecend anode 
^ M-Ma^netK, focusing eeH 

Fie. 1ft ().— Electron guns with luiignetlc 
fneuning. 

a<i vantage of this electrode arrangement over that sliown in Fig. 15.1 
IS that the interaction between the intensity and focusing controls is 
greatly rethiced. With this arrangement the electrcsies adjiu'ent to 
the control electrode are kept at a fixed potential. This means that any 
changes in tlio focusing field of the objective lens<*H are shieldtsi from the 
control-grid region by the first part of the accelerating eiei'trisle, A 
better capture of secondary electrons liberated at the limiting niM'rturos 
may also bo effected. The action of the other guns is evident from their 
structure. 

Whore magnetic focusing is used, the simple arrangeinents of Fig. 
16.P are adequate The arrangement of gun a consists of only a cathode, 
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control electrode, acceleratmg electrode, and magnetio focusing coil 
The magnetic coil can usually be put outside the tube This arrange- 
ment, while simpler of construction, requires that part of the power 
supplied to the tube must be regulated to give constant current for 
the magnetic focusmg coils The arrangement of gun 6 actually mvolves 
a combination electrostatic and magnetic focusmg action 

16 3 Deflection Devices Electrostatic Deflecting Plates — ^Electio- 
static deflection plates have already been discussed m the chapter on 
Laws of Electron Motion The deflection ob tamed from electrostatic 
deflectmg plates is given by Eq (6 23), which states that the deflection 
is equal to half the beam length multiphed by the ratio of the deflecting 
voltage to the beam voltage and by the ratio of the axial deflectmg-plate 
length to the deflectmg-plate spacing 

(6 23 ) 

where y, is the spot deflection at the fluorescent screen in any units 
of length, 1 18 the beam length from plates to screen in the same units, h 
IS the deflectmg-plate length m the same umts, a is the deflectmg-plate 
spacing in the same umts, Fd is the deflectmg potential, and Fo is the beam 
potential Of pnncipal sigmficance is the fact that the spot deflection 
18 proportional to the deflecting voltage and mversely proportional 
to the beam voltage 

Magnetic Dejlecticn Magnetic deflection of a beam may be achieved 
by applying a magnetic field perpendicular to the beam for a diort 
distance of its length The electrons moving through this magnetic 
field will move m a short section of an arc of a cucle if the field is constant, 
emerging at an angle with their ongmal direction The radius of curva- 
ture of an electron moving at nght angles to a constant field was given 
by Eq (6 62) as 

E - 3 37 X 10-‘ ^ meters (6 62) 

where F is m volts eqmvalent to the velocity and B is webers per square 
meter (10* gausses) Consider the deflectmg arrangement of Fig 15 10 
The magoetic field is shown by the dots m the rectangle astride the * 
beam If the field is constant within this rectangle, the beam will move 
in the arc of a circle of radius given by Eq (6 62) Upon emergmg 
from the magnetic field the electrons wiU move m strai^t Imes at an 
anefie 0 with the original path given by 


(16 16) 
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Hence the deflection is given by 

_ » IbB _ 

~ “ 3 37 X 10-« Vy 


meters 


(15 17) 


for B in webers per square meter To obtain deflection in centimeters, 
express B m gausses, and drop the factor 10-» m the denominator 
Magnetic deflectmg coils are invariably placed outside of the tube neck 
and take the form of a saddle-shaped coil 

Rdative Merits of Electrostatic and Magnetic Deflection Both electro- 
static and magnetic deflection are capable of giving hnear deflection 
over the entire tube face The differences in their operation he only m 



their sensitivity and frequency characteristics There is an advantage 
in magnetic deflection at high beam voltages, for a relatively smaller 
mcrease in deflectmg field is necessary This results from the fact that 
electrostatic deflection is mversely proportional to beam voltage, whereas 
magnetic deflection is mversely proportional to the square root of 
beam voltage Hence, if beam voltage were raised from 1,000 to 4,000 
volts, four times the voltage would be necessary to give the same electro- 
static deflection, whereas only twice the magnetic cod current would be 
necessary to give the same magnetic deflection For this reason, mag- 
netic deflection is commonly used m high-voltage television viewing tubes. 
A disadvantage of magnetic deflection is that a negative-ion spot forms 
in the noiddle of the screen, due to negative ions emitted from the cathode. 
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which, because of their great mass, are scarcely deflected by the magnetic 
fields ^ With electrostatic deflection a negative-ion spot does not form 
because the negative ions are deflected the same as are the electrons 
Electrostatic deflection has the advantage as far as frequency charac- 
tenstics go With ordmary construction, electrostatic deflection can 
resolve frequencies as high as several hundred kilocycles The practical 
upper hmit of magnetic deflection is of the order of 10 kc Magnetic 
deflecting coils are most suitably fed from a high-impedance source 
Since the coil represents a fairly high inductance, the voltage appearing 
across it for the same current increases hnearly with frequency This 
means that excessive voltages are reached at relatively low frequencies 



Fig 15 11 — Brightness and luminescent effi- 
ciency of willemite as a function of beam 
voltage (Maloff and Epst&in ) 


An advantage of magnetic deflection which electrostatic deflection does 
not possess is that it is more suitable for radial deflection and polar 
representation Magnetic deflectmg coils can be made to rotate about 
the tube and so give polar representations where the frequency of rota- 
tion required is not too high 

Visual versus Deflection Sensitivity The light output from a spot on a 
fluorescent screen under beam excitation is found to be approximately 
linear with beam voltage in accordance with Lenard^s equation , 

CP == AI{V - Vo) (15 18) 

where CP is the candle-power output, A is a constant of the material 
of the order of 2 candle power per watt, I is the beam current, V is 

1 Bachman, C H , and C W Cabnahan, Negative-ion Components of the 
Cathode Ray Beam, Proc I R E ^vol 26, pp 529-539, May, 1938 
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the beam voltage, and Va is the voltage at which fluorescence starts, 
somewhere between 500 and 1,000 volts Curves of candle power 
and candle power per watt as a function of beam voltage for willemite 
are shown in Fig 16 11 From this and Eq (6 23) it is seen that if the 
attempt is made to increase the brightness of the trace by using a higher 
beam voltage a corresponding decrease in deflection is suffered With 
the gun arrangement of Fig 15 1 this sets a practical himt to the deflec- 
tion sensitivity of the order of 0 1 mm per d-c volt with a beam volt- 
age of 3,000 volts The deflection sensitivity can be increased by 
reducing the beam voltage, but this correspondingly reduces the spot 
brightness 

PostdeflecUon Acceleration The dilemma of havmg to sacrifice 
deflection sensitivity to achieve visual sensitivity, or vice versa, can be 


€-6lass envefope 
C~ Cathode 
CE- Control electrode 
AE-Accelerafinq electrodes 
FE-Focusmg electrodes 
lE-Jntensifier electrode- inside glass 
AC-Aquadag coatinq-inside glass 



Fig 15 12 — Structure of the postdeflection-a( celcration tube 


circumvented by making use of the principle of postdeflection accelera- 
tion ^ * A schematic drawing of a tube making use of this principle is 
shown m Fig 15 12 The prmciple that is used increases the deflection 
sensitivity by deflecting the electron beam at relatively low voltage and 
then subsequently acceleratmg it before the electrons hit the screen. 
With this arrangement the beam is deflected at relatively low velocity, 
giving a good deflection sensitivity, and then is subsequently accelerated, 
giving a good visual sensitivity Part of the increase in deflection 

1 DH Geibe, J , A Cathode Ray Tube with Post Acceleration, PHlips Tech Bev , 
vol 5, pp 246-252, September, 1940 

® PiBECB, J R , After Acceleration and Deflection, Proc IRE, vol 29, pp 28-31, 
January, 1941 
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seositivity gained by tbu arrangement is lost because the final accelerat- 
ing fidd IS somewhat convergent, thus reducing the dftflefttion 

The postdeflection-acceleration arrangement makes use of an ordinary 
dectron gun supplemented by a so-called “mtensifier dectrode,” which 
takes the form of a ring of conducting material inside the tube near the 
fluorescent screen and operated at about twice the voltage of the last 
previous dectrode 

Some typical voltages as used m this arrangement are as follows 


Electrode 

Potential 
relative to 
cathode, volts 

Potential 
rdative to 
ground, volts 

Cathode 

0 

-1,600 

Control electrode 

-10 to +10 

-1,490 to -1,610 

Accelerating dectrode 

1,600 

0 

Focusing dectrode 

376 

-1,125 

Intensifier dectrode 

3,000 

+1,500 


With this arrangement of dectrodes the deflecting plates, which are 
situated between the second part of the acceleratmg dectrode and the 
aquadag coating, are operated at zero direct voltage, as are also the 
adjacent electrodes With the above operating conditions a deflection 
sensitivity of 0 3 mm per volt may be reahzed In general, an improve- 
ment of 3 to 5 times m deflection sensitivity may be obtained by this 
arrangement of dectrodes 

The amount of the beam intensiflcation may be extended considerably 
even beyond that mdicated above By puttmg in a number of mtensifier 
dectrodes with potentials progressivdy greater, spot bn^tness may be 
mcreased by a factor of 10, and yet the deflection sensitivity may be 
mcreased sh^tly over that which would obtain if the final mten^er 
potential were apphed to the last gun dectrode and the mtensifier 
dectrode were removed Tubes with final mtensifier-electrode potentials 
as high as 15,000 volts are considered commercially feasible ^ 

16 4 Fluorescent Materials The characteristics of the fluorescent 
material used for a cathode-ray screen are ontical factors m the successful 
operation of the tube The vanous charactenstiCB such as spot bn^t- 
ness, spectral characteristics, trace persistence, secondary emission, and 
voltage characteristics are all controllable by the composition and pro- 

1 Chbibtaloi, P S , Cathode Bav Tubes aad Their Apphoations, Proc IRE, 
vol 33, pp 373-381, June, 1045 
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cessing of the matenal Hundreds of fluorescent materials have been 
studied, and by now the data on such materials are very numerous i-® 
Definitions. Strictly speaking, the term “fluorescence ” as appbed to 
cathode-ray-tube screen operation is a misnomer, but it is so widely used 
that it will also be applied here Properly, one should distinguish 
between the three terms “luminescence,” “fluorescence,” and “phospho- 
rescence ” These may be distinguished, briefly, as follows 

Luimnescence This refers to visible and near-visible radiation m 
excess of black-body radiation due to some form of excitation The term 
applies to the radiation both during and after excitation It can be 
classified according to the means of excitation into many classes, such 
as cathode luminescence (the luminescence produced by the impact of 
electrons), photoluminescence (the luminescence caused by exposure to 
radiation), electroluminescence (the luminescence given off by lomzed 
gases) , and bioluminescence (the luminescence of living organisms) 
About 10 kinds of luminescence can be enumerated 

Fluorescence Fluorescence is luimnescence during excitation In 
the case of cathode luminescence this refers to the light emitted dunng 
the penod of electron bombardment 

Phosphorescence Phosphorescence is the luminescence occurring 
after excitation In a cathode-ray tube this is the radiation given off 
after the beam excitation has ceased 

Phosphor Materials that manifest cathode luminescence are known 

by the general name of phosphors “ 

Since phosphorescence as well as fluorescence is involved in cathode- 
ray-tube operation, it would be more suitable to refei to screen action 
as “cathode luimnescence” than as “fluorescence ” 

General Make-up of Phosphors A great number of materials will 
exhibit luminescences when bombarded with electrons Practically 
all nonmetallic inorganic crystals will exhibit this effect, as will also 
glasses and some orgamc materials Most of these will, however,, react so 

iLevebenz, H W, and F Sbitz, Luminesoent Materials, Jour Appl Phys, 
vol 10, pp 479-493, July, 1939 

* ZwoEYKiN and Moeton, op c%t , Chap 11 

® Leveeenz, H W , Cathode Luminescence as Applied m Television, RCA Reo , 
vol 5, pp 131-176, October, 1940 

4 Stauffer, L H , Characteristics of Fluorescent Materials, Electromes, vol 14, 
pp 32-34, October, 1941 

® KtTSHEL, I , Phosphors and Their Behavior in Television, Electronic Ind , vol 4, 

pp 100-105, 132, 134, December, 1945 .oo. 

8 Perkins, T B , Cathode Ray Terminology, Proc I RE 23, pp 1334- 1343, 

November, 1935 
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weakly as to be useless To be suitable for practical purposes a matenal 
must produce a high brightness, be stable under electron bombardment, 
have a suitable color, and have a persistence that is not too great 

The basic ingredients of a practical luminescent material are a base 
matenal, a flux, and an activator The base matenal is generally a 
crystalline, colorless semiconductor Good base matenals are the oxides 
and sulphides of zinc, cadmium, magnesium, and sihcon Oxides of 
copper, iron, and mckel are not good bases The flux is some matenal 
such as sodium chlonde that is used to catalyze crystalhzation of the base 
and IS subsequently removed The activator is one of a group of metals 
mninrlnig Silver, copper, manganese, and chromium The presence of 
10 to 100 parts per imllion of such metals may mcrease the light output 
of the base matenal by a factor of 10 to 100 Vanous other metals such 
as lead, iron, mckel, and cobalt wiU inhibit radiation to such an extent 
that the presence of one part per million of these metals will rum the 
lummescence The activator serves to furmsh a matenal with additional 
energy levels for the excited electrons to jump between The theory 
of luminescence is qualitatively imderstood, but so many anomalies 
exist that there is no direct procedure that can be applied to synthesizmg 
a smtable phosphor ‘ 

Phosphors are prepared by imxing the base matenal and flux, heatmg 
to crystalhze, drying, and regnndmg for application Screens may be 
deposited from setthng out of a hquid suspension or by spraymg the 
matenal suspended m a volatile orgamc hquid such as acetone to which 
has been added a small amount of binder In the setthng process a mild 
electrolyte such as ammomum carbonate is used to prevent the particles 
from setthng nonumformly 

Lumimms ProperUes of Flziorescent MatencHs One of the best 
and most widely used fluorescent matenals is zmc orthosihcate, 
ZnO + SiOa Mn, with a manganese activator In its natural form this 
IS known as **willeimte ” The natural matenal is subject to great 
variations m performance due to unpunties, and therefore only synthetic 
matenals are now used Synthetic wiUemite gives the bn^t-green 
trace so weU known to users of test oscilloscopes 

The ligh t output of synthetic willemite follows qmte closely Lenard’s 
law as previously given Curves of hght output m candle power and 
luminous efficiency m candle power per watt as a function of beam 
voltage were previously given m Fig 16 11 Actually, Lenard s law 
does not hold exactly for the fluorescent matenal but does so only 
apparently m Fig 16 11 because the output is plotted against beam 

iLbvbbbnz, H W, Phosphors Versus the Penodic System of Elements, Proe 
Z B E , vol 32, pp 263-263, May, 1944 
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potential, which is hi(^er than the screen potential When the output 
is plotted against screen potential, then it is found that the light output 
IS given by 

CP - AlOr, - Vf>)* (16 19) 

where A is a constant, I is the beam current, Ft is the fluorescent-screen 
potential and 7 o is the screen potential at which luminescence starts, 
and n is an exponent that is nearly 2 for synthetic willenute and m general 
has a value between 2 and 2 8 

The spectral characteristics of wiJlemite are compared with the 
sensitivity of the human eye m Fig 15 13 This figure shows that most 
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Wavelenqfh, Anqistrom units 
Fio 15 13 — Spectral charaotenstirs of 
willemitp 

of the radiant energy from this material is concentrated m the greer 
region of the spectrum Phosphors are available givmg almost an-y 
desired color response A few of the most useful phosphors are listed iz 
Table VII A white lummescence may be obtained by mixmg a yeUow 
color-producing phosphor such as zmc cadmium sulphide with a green 
blue-color-producing phosphor such as zmc sulphide Further specifii 
characteristics of commercial phosphors are given m Appendix IV 
The persistence characteristics of the luminescence are quite impor 
tant In test oscilloscopes and television kmescopes a relatively shor 
persistence time is desired. In some transient studies and most rada 
apphcations a long persistence is desired Most of the phosphors haw 
short-persistence charactenstios, while a few of the yellow-green sulphide 
have long-persistence charactenstios Synthetic wiUemite will buili 
up to 50 per cent of its TnaTOTniiTn radiation m about 2 5 millisecondE 

iNsuoN, H , Method of Measuring Luminescent Screen Potential, Jow App 
Phya , vol 9, pp 592-699, September, 1988 

‘PoNDA, O R, Phosphorescence of Zmc Sihcate Phosphors, Jovr ApjA Phya 
vol 10, pp 408-420, June, 1939 
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1 Reprinted by penmeaion from Televimon” by V K Zworykin and Q A Morton, published by John Wiley and Sons, Inc 
* Used m television. 
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The radiation will decay to 50 per cent of its maximum in 3 to 5 milli- 
seconds The decay is approximately logarithmic except for the first 
half millisecond, dunng which time it is more rapid than logarithmic ‘ 
Electrical Charactenstws of Phosphors The potential that a fluores- 
cent screen will assume will depend upon the beam potential, the second- 
ary-emission characteristics of the screen, and the current-voltage 
transmission characteristics of the screen to the more positive adjacent 
electrodes The secondary-emission characteristics of the screen have 
the form of the general characteristics descnbed in the chapter on 



Fig 16 14 — Ratio of secondary- to pnmary-eleotron current as a function of screen 
voltage of a fluorescent screen 

Electronic Emission A typical secondary-emission characteristic show- 
ing the ratio of secondary to pnmary current is shown in Fig 15 14 
The screen can function properly only over the range of voltages for 
which the ratio of secondary to pnmary currents is greater than unity 
Below the voltage at which the ratio is first umty the screen will block 
and repel beam electrons The screen will "stick” at the potential 
at which the ratio again drops to umty, and it will not be possible to 
raise the screen above this potential The screen-voltage-beam-voltage 
charactenstics can be estimated by combining the effect of the secondary- 
current characteristic with the current-voltage transmission characteristic 
of the screen in conjunction with its adjacent electrode The current 

»Nblsox, R B , R P Johnson, and W B, Nottingham, Lummesoenoe dunng 
Intermittent Electron Bombardment, Jowr Appl Phys, vol 10, pp 335-342, May, 
1939 
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taken from the screen secondaries by the adjacent electrodes will depend 
upon the relative potential of the screen and the adjacent collector 
electrode This function will have the general form shown in Fig 15 15 
When the collector is more than 20 volts more positive than the screen, it 
will collect virtually all the secondary electrons liberated by it When 
the collector and the screen are at the same potential, the collector will 
still collect about half the secondary electrons When the collector is 
more than 20 volts more negative than the screen, it will take virtually 
none of the secondary electrons The relation between Figs 4 18 



Potential difference between collector and screen 
Fig 15 15 — Collector current of a cathode-ray tube as a 
function of the difference of collector and fluorescent- 
screen potential 

and 15 15 will be apparent The difference is due to the difference m 
physical form of the electrodes corresponding to each curve Let the 
collector current be mdicated by 

Ic = WVc - Fa) (15 20) 

where lo i9 the collector current, 72 is the secondary current liberated 
by primary-electron impact, Fo is the collector potential. Fa is the screen 
potential, and T(Ve — Fa) is the current-transmission function shown in 
Fig 15 15 Let the secondary-ratio function of Fig 15 15 be given by 

r = -S(7.) (16 21) 

where 1% is the beam current stnkmg the screen and ;S(Fa) is the second- 
ary-ratio function shown in Fig 15 14 For current equilibrium the 
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collected current must equal the beam current Equatmg the collected 
and beam current as given in the above two equations, 

T(.Vc - V,) = (15 22) 

This neglects conduction-current components, which are, however, 
ordinarily quite small It is possible to find the screen-voltage-beam- 
voltage (the latter being the same as the collector voltage) function 



Fig 15 16 — Graphical construction of the screen-potential-beam- 
potential characteristic 


graphically from Eq (15 22) The method of construction is shown m 
Fig 15 16 In this are plotted the reciprocal of the current-ratio function 
of Fig 15 14 and the collector-current-voltage-difference function of 
Fig 15 15 on a scale of screen voltage 

From Eq (15 22) the screen potential is given by the intersection 
of the two curves for any reference beam potential The entire curve 
desired is constructed point by pomt by shifting the collector-current- 
voltage-difference curve to correspond to different beam voltages and 
taking the corresponding intersections Some shifted transmission 
curves are shown The resultmg screen-voltage-beam-voltage charac- 
teristic is shown in Fig 15 17 Points a, 6, and c are taken from the 
similarly designated intersections in Fig 15 16 It is seen that the screen 

1 Nottingham, W B , Electrical and Luminescent Properties of Willemite under 
Electrical Bombardment, Jour Appl Phys , vol 8, pp 762-778, November, 1937 
* Nottingham, W B , Electrical and Lummescent Properties of Phosphor under 
Electron Bombardment, Jour Appl Phys , vol 10, pp 72-83, January, 1939 
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potential never exceeds the beam potential The curve confirms the 
conclusion that the screen will not accept electrons below the potential 
at which the secondary current ratio is unity, nor can the screen be raised 
to a higher potential than that at which the ratio agam drops to umty. 
Sticking potentials for screens ordmanly he between 6,000 and 8,000 
volts, though they can be raised to as high as 15,000 volts ^ The critical 
blockmg voltage will ordinarily lie m the vicimty of 200 volts 



Fig 15 17 — Screen-potential-beam-potential 
characteristic of a fluorescent screen 


16 6 Limitations of Spot Size Effect of Thermal Velocity of Emission 
It has already been mentioned that the size of the beam crossover in 
front of the cathode which is subsequently imaged mto the spot is deter- 
mmed by the thermal velocities of emission of the electrons The 
approximate size of the crossover for any hmiting velocity of emission 
IS given by Eq (15 7) Actually, electrons are coming off the cathode 
with all velocities, as given by a Maxwelhan distribution, so that there 
IS no sharp edge to the beam, rather, it is found to have a cross section 
approximating the Gauss error curve 

J{r) = (15 23) 

where J(r) is the current density at any radius r and A and B are con- 

1 Beam potentials may be raised to as high as 30 kv by the use of metallized screens 
See Epstein, D W , and L Pbnsak, Improved Cathode Ray Tubes with Metal- 
Backed Lummescent Screens, RCA Rev , vol 7, pp 5-10, March, 1946 
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stants related to the total current and rate of decay of current with radius, 
respectively ^ 

Associated with this effect, it is found from a consideration of the 
optics of thermally emitted electrons that the maamum current density 
with perfect focusing at a crossover of cathode image is given by 


where J is current density at the crossover or cathode image, J o is cathode 
current density, M is the ratio of crossover or cathode-image diameter 
to cathode diameter, <#> is the half angle of the cone including all electron 
paths reaching the point in question, T is cathode temperature in degrees 
Kelvin, It is Boltzmann’s constant, and Y is the potential at the point 
in question 

T.irmt.iTi g values of Eq (15 24) are of interest For Af large. 


For M small. 


L - 1- 

Jo iW* 


(15 25) 
(15 26) 


where the symbol is substituted for J because this is the largest pos- 
sible value of current density that can be achieved under any conditions 

A curve of for various values of M and <t> is shown in Pig 15 18 

V m 

for the case of = 10,000 (this corresponds to a voltage of about 800 

fC JL 


volts since | has a value of 11,600 and T is about lOOG^K for an oxide 

emitter ) <#> in this case is understood to be the value determined by a 

stop or limiting aperture at, before, or after the crossover As is 
decreased, more and more electrons with high thermal-emission velocities 
are thrown away so that a greater fraction of the cathode current is 


1 Law, R R , High Current Electron Gun for Projection Kinescopes, Proc I BE , 
vol 25, pp 954-976, August, 1937 

» Langmuir, D B , Theoretical Limitations of Cathode Ray Tubes, Proc IRE, 
vol 25, pp 954-976, August, 1937 

® Piubce, j R , Limiting Current Densities in Electron Beams, J our Appl Phys , 
vol 10, pp 715-724, October, 1939 

< PiBHOB, J R , A Figure of Ment for Electron Concentrating Systems, Proc 
I RE , vol 33, pp 476-478, July, 1945 
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wasted and yet the more nearly the maximum possible current density 
IS reahzed 

Since the extent to which the hmiting current density can be 
approached depends upon the fraction 
of current used, it is convenient to 
draw a curve relating these two quan- 
tities Let the ratio of the actual to 
the maximum current density be 
called the intensity efficiency 

Intensity efficiency = (15 27) 

m 

The value of this expression is readily 
obtamed from the quotient of Eqs 
(15 24) and (15 26) Let the fraction 
of cathode current used be called the 
current efficiency 

Current efficiency = (15 28) 

J 0 

V 

For a given value of both of the above expressions are functions 

of M sin <^> alone It further 
turns out that the relation 
between the two efficiencies varies 
numerically only% few per cent 
for voltages above 10 volts A 
curve showing the relation be- 
tween the intensity efficiency and 
the fraction of the current used is 
given in Fig 15 19 Also shown 
in the figure is the curve for the 
hne-focus case These curves 
show that m order to approach 
the himting maximum value of 
current density it is necessary to 
waste most of the current with 
hmiting apertures The above 
equations do not include the 
effects of electron collisions or lens aberrations but are hmitations 
imposed by thermal velocities alone A figure of merit for electron guns 
IS the ratio of the area of the aperture that, m an equivalent ideal sys- 



Fig 16 19 — Intensity efficiency of an elec- 
tron gun as a function of current efficiency 



Fig 15 18 — Intensity efficiency of an 
electron gun as a function of cathode 
magnification for various aperture 
sizes 




VJLCUUM TUBES 


440 

tern, would pajss as mucli cathode current as does the actual gun to the 
area of the actual aperture ^ An equivalent figure of merit for television 
kinescopes in terms of the deflection angle and the number of scanning 

can be worked out by apphcation of the above formulas ® 
Space^harge Limitation of Spot Size Another serious hmiting 
factor m the production of small beam spots is the space-charge mutual 
repulsion between electrons m the beam, which prevents the electrons 
from coming together mto a pomt focus In a convergent beam, as 
the beam tends to come to a smaller diameter, the electrons get closer 
together, the space-charge density mcreases withm the beam, and hence 
the mutual-repulsion forces become greater This means that the radial 
components of velocity which the electrons have become less and less 
as the beam becomes more and more constricted, until finally they become 
zero at some finite beam diameter and then the beam begins to spread 
agam 

This action may be pictured by considering the behavior of the 
electrons in a cross section of the beam as seen by an observer movmg 
along with the electrons To such an observer, there is no axial motion, 
and only radial effects can be observed The action is actually mde- 
pendent of the axial velocity. To make the problem soluble the f ollowmg 
conditions wdl be assumed 

1 Electrons are uniformly distributed throughout the cross section 
of the beam 

2. Every electron a radial component of velocity that is propor- 
tional to^s radial distance from the axis 

These conditions are close enough to the actual conditions to make 
the answers based upon these assumptions useful The first condition 
will hold if only a small fraction of the cathode current or if a high- 
current-density cathode, to be described later, is used The second 
condition is the assumption made in treatmg paraxial electrons and is 
the condition for umform convergence of the beam when small angles 
are involved The general picture encountered m a convergent beam 

I 

^Ibtd 

» Law, R R , Factors Governing Performance of Electron Guns in Television 
Cathode-ray Tubes, Proc 2 B ^ , v<d 80, pp 103-105, February, 1942 

» Wa-tson, E E , The Dispersion of the Electron Beam, PM Mag , Ser 7, vol 3 
pp 849-353, April, 1927 

4 B V , and J Dosbb, Zerstreming von Elektronenstrahlen durch eigen« 

Baumladung, Areh Eleiktrotech, vol 32, pp 221-232, 1938 

* Thompson, B J , and L B Hhadbioh, Space Charge limitations on the Poem 
of Electron Beams, Proc. IRE vol 28, pp 818-824, July, 1940 
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IS shown m Fig 15 20 (the radial scale in this figure is greatly exaggerated, 
and the axial scale is foreshortened) The beam is seen to decrease m 
diameter to a mimmum cross section and then expand again At any 
cross section as m a the radial velocity at any pomt m the cross section 
is given by 

Vr = kr (16 29) 

The outward force on any electron m the cross section is given by 


F = eF = ^ 

jOTTZoT 2fio 


(15 30) 



a 

Fig 15 20 — Effect of space-charge repulsion on a convergent beam 


where X is the charge per umt length of the beam This follows from 
the expression for electric intensity about a hnear distribution of charge 
and from the fact that 

X = irr^p (15 31) 


where p is the volumetric space-charge density within the beam It is 
seen that the outward force on any electron is proportional to the radial 
distance also As a result of this relation, the percentage change m radial 
velocity of any electron will be constant throughout the beam, and hence 

* In addition to the outwardly directed electrostatic force there is also an mwardly 
directed magnetic force This magnetic force is only ^ tunes as big as the electro- 
static force, where v is the electron velocity and c is the velocity of hght, and thus it is 
negligible for beam voltages under 10,000 volts See Bobbies and Dossb, op at 
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the beam will constnct uniformly, mamtaimng the conditions that the 
electrons are distnbuted uniformly throughout the beam and that the 
radial velocity of any electron is proportional to its radial distance from 
the axis At b the cross section of the beam is less than at a At c the 
Cl OSS section of the beam assumes its minimum diameter At this pomt 
the radial velocity of the electrons is aero Beyond this pomt the beam 
expands to the larger diameter shown at d In the region to the left 
of e the radial velocities of the electrons are directed inward, while to 
the light the radial velocities are directed outward The behavior 
of the beam will be the same whether the electrons are moving to the 
left or to the nght in Fig 15.20 The shape of the beam envelope will 
not change with beam voltage or beam current, though the radial and 
axial scales will change For purposes of analysis it is convement to 
start at the cross section of zoimmum diameter and to study the beam’s 
subsequent spread This study yields a umversal beam-spread curve, 
which can then bo applied to any problem 

From Fq (15 30) the radial acceleration of any outer electron of an 
imtially parallel beam is given by 


d*r 

^dt* 


F 


irro*po 

2«or 


(15 32) 


m which the numerator is the charge per umt length m terms of the 
imtial values of radius and space-charge density If this equation is 
simplified by the substitutions 


B - 

To 

(1633) 

or _ o/r _ 

“ ~ dz’ ^ 1? 

(15 34) 

dz 

" “ 5? 

(15 36) 

then there results 


e 

(16 36) 

This may be integrated by puttmg it into the form 


eoww* _ R 

6Pq it 

(15 37) 

with the result 


X(B')» - In B 

(16 38) 


where K « and the constant of integration is zero since B' — 0, 
epo 

B = 1, for * “ 0 Fxtractmg the square root. 
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R' = VS~S (15 39) 

which for purposes of integration is best put into the form 


This has the solution 


lO^dR 

VETb 


z = 


r« dR 
1 VinE 


(15 40) 
(15 41) 


This equation gives the envelope of the beam as an mtegral fimction 
of R for any position z Not much can be done to simphfy this expres- 
sion, for it does not integrate mto simple standard functions The shape 
of the envelope of the beam is best presented m curve form First 
observe that the constant can be converted into a simpler form, making 
use of the fact that 


and 
so that 


„ _ mv^ 

I = TToVqI' 

J-o /««« J I Vln R 


(15 42) 
(15 43) 
(15 44) 


where Vkv is the potential in kilovolts and Ima is the current in milh- 
amperes Although the integral cannot be expressed m terms of simple 
functions, one further change of vanable is useful If the substitution 
R = IS made, then 


/.■wi-/.-"" 


(15 45) 


Values of the nght-hand integral above are tabulated on page 106 of 
Jahnke and Emde’s Tables of Functions ^ The plot of the values of 
Eq (15 44) yields the universal beam-envelope curve of Fig 15 21 ^ 

The umversal beam-spread curve of Fig 16 21 gives the shape of a 
beam of mitially parallel electrons The curve applies for electrons 
moving either to the right or to the left and is symmetrical about the value 
2 = 0 To apply the curve to any problem it is necessary only to entei 


1 Teubner, Leipzig, 1933 

* The Spread of a beam subjected to an axial gradient of potential can be analyzed 
by a similar method See Moss, H , A Space Charge Problem, "Wireless Eng , vol 22, 
pp 316-321, July 1946 
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the curve properly and then take* numenoal values from the curve 
The curve will apply to low-current cathode-ray beams as well as to high- 
current powei>-tube beams The curve shows that the spread of a beam 
18 increased as the current is mcreased and the voltage is decreased 
Considering the action of a convergent beam, the minimum spot diam- 
eter IS decreased as the current is decreased and the voltage is mcreased 
An alternative representation of Fig 15 21 is given m the nomographic 
chart of Fig 15 22. This nomographic chart gives the spread of a beam 

13 
12 
11 
10 




Fio 16 21 — Umveisal beam-spread curre This is a graphical representation of 
Eq (1644) 


with imtially parallel electrons directly from the beam current, beam 
voltage, and beam length, without calculation The diagonal hne from 
lower left to upper n^t is a construction hne To use this graph draw 
a Ime from the left to the nght scale throu^ pomts correspondmg to 
the voltage and current mvolved Throu^ the intersection of this hne 
with the diagonal construction hne draw a hne throu^ the proper 
pomt on the beam-length scale at the bottom, and extend it until it 
mtersects the beam-spread scale at the top The value from this scale 
will be the beam spread directly 

The functional relations of Eq (15 44) have been venfied expen- 
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mentally ^ It is found that although the current and voltage dependence 
predicted is obeyed correctly the actual values of spread are about six- 
tenths of the theoretical value (at pressures of 5 X 10““^ mm of mercury) 
This reduction is due to a partial neutrahzation of negative space 


-5. oof— o 

Sfjx^ liiiiliiiiliiiiliiiiliiiiliiiiliiiiliiiil 



Fig 15 22 — Nomographic chart of beam spread as a function of 
beam voltage, beam current, and beam length, as given by Eq 
(15 44) 


charge by the presence of positive ions, which are created by collision of 
beam electrons with gas molecules Even at the highest vacuums 
obtainable, there are theoretically enough positive ions crea.ted to 

1 See '‘The Production and Control of Electron Beams,” by K R Spangenberg, 
L M Field, and R Helm, published by Federal Telephone and Radio Corporation, 
New York, 1942 
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neutralize the beam completely This does not occur, however, for 
the positive ions drift down the beam from positive to negative electrodes 
and run out of the beam at the cathode end almost as fast as they are 
created 

A number of important problems can be solved by the use of the 
universal beam-spread curves of Fig 16 21 In the design of high-power 
klystron tubes there anses the practical problem of putting the maximum 
cuirent down a cyhnder of given dimensions with a gven voltage. From 
the above discussion of space-charge spread it would be expected that the 
beam should be initially convergent, come to a mmimum diameter some- 
where m the cyhnder, and then spread again until it ]ust fills the end of 
the cyhnder From symmetry it may be predicted that the beam will 
have its immmum diameter at the middle of the cylinder It therefore 
only remains to specify the imtial angle of convergence and find the 
current that can be transmitted If the beam enters the cylinder at a 
point on the curve of Fig 15 21 having coordinates x and y, then for the 
minimum beam diameter to occur at the center of the cylinder of length 
I and diameter d 


where 

and 

Therefore 


I 

d 


z = *ro32 3 




yn 




y 


(16 46) 

(16 47) 
(15 48) 
(16 49) 


Therefore, to transmit maximum current at mimmum voltage, that is, 
to have the beam impedance a immmum, the beam must enter the 
cyhnder at a pomt on the curve of Fig 15 21 that has the maximum 
rktio of a; to y or the mimmum ratio of j/ to ® This is the point on the 
curve where a Ime through the ongm is tangent to the curve The 
coordinates of this pomt are 


and 


__ 1 (I„a)»Z 

® 323(T^ro 

y = I = 2 36 
n 


2 60 




(15 50) 
(15 51) 


i/btd 
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Thus the imtial angle is 

S = arctan (16 52) 

since substitution of Eqs (16 60) and (15 51) into Eq (15 49) gives 
z I 

- *= 2 The maxiinum current is transnutted at a given voltage when 

the beam is so directed on entering the cyhnder that m the absence of 
electrostatic repulsion between the electrons it would converge to a point 
at the center of the cyhnder Under these conditions the mTmmnm 



mum current through a cyhnder 

radius is — 0 425 tunes the cyhnder radius These relations 

are illustrated in Fig 16 23 The value of 0 is not eadremely critical, 
for the optimum is very broad The Trummum beam radius may be 
vaned from 0 25 to 0 6 of the cyhnder radius, with a loss of only 10 per 
cent of the maiomum current 

When the beam is directed mto the cyhnder as shown m Fig 15 23, 
the maximum value of current that can be transmitted is 

= 1,230(7*.)>‘ ma* (15 53) 

* Even with a strong axial magnetic field to prevent beam-spreadmg there is a 
maximum current that can be transmitted along a beam As current is mcreased, 
the potential at the beam center drops below the value at the edge by the amount 
F =■ 0 478 Ina(yhv) “ ^ volts This potential difference finally becomes so large that 
the beam is blocked by space-charge action at a value of = 1 025 (Vkv)^ amperes 
for a beam completely fillmg a conductmg tube, mdependent of the tube dimensions 
If the beam does not completely fill the tube, then the blockmg action wiUwiccur at a 
lower beam current Greater current can be transmitted if the negative electron 
space charge is neutralized by positive ions, although even here there is a limit to the 
current that can be transmitted of value Imax = 6 01 amperes At this value 

of current a type of electron oscillation occurs that will cause the beam to disperse 
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The beam impedance correspondmg to this condition is 

Z = 813 ohms (15 54) 

and this is the nummum that can be achieved under the apphed 
restnctions 

As an example of the operation of the above equations, let it be desired to find 
the TYin.-gimiim current that can be transmitted through a cylmder yim m diam- 
eter and 1 m in length at 1,000 volts Equation (15 53) gives Ima. — 77 ma 
The correspondmg beam impedance is 13,000 ohms Actual currents may be 
shghtly higher in practice because of a partial neutrahzation of the negative 
space charge by positive ions m the beam ^ 

Higher values of current cannot be passed through a cyhnder if it is 
permitted to waste current Thus, consider the case of a beam of initially 
parallel electrons, and let the current be increased As the current is 
increased the beam will spread The current transmitted down a 
cylmder vnll mcrease at first as the effect of increasing the current 
predominates and then decrease as the effect of beam spread predomi- 
nates Maximum current will be transmitted when the cylinder area is 
18 per cenj; of the area of the beam if it has been permitted to spread 
Under these conditions the transmitted current is 

= 305 (7k«)« ma (15 55) 

which IS about one-fourth of the value for a properly convergent beam 
with no current wasted 

ESect of Secondary Ennssum Beam spots will be enlarged shghtly 
by the effect of stray secondary electrons hberated at the hmiting 
apertures This may or may not be serious dependmg upon the particu- 
lar electrode configuration used In general, secondaries from limiting 
apertures located near the cathode will give most trouble because these 


rapidly See Hahit, A V , Space Charge Effects m Electron Beams, Proc IRE, 
vol 27, pp 686-602, September, 1939, Smith, L P,andP L Hartman, Formation and 
Mamtenance of Electron Beams, /(wr Appl Phys, vol 11, pp 220-229, March, 1940, 
Petrie, D P B. , The Effect of Space Charge on Potential and Electron Paths of 
Electron Beams, Elec Gomrivun , vol 20 (No 2), pp 100—111, 1941, Pierce, J It , 
T.inutin c Stable Current m the Presence of Ions, Jour Appl Phys , vol IS, pp 
721-726, October, 1944 

I Field, L M , K R Spanobnbbrg, and R Helm, Control of Electron-Beam 
Dispersion at High Vacuum by Ions, Elec Commun vol 24 (No 1), pp 108-121, 
1947 
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will be accelerated by almost the full potential of the system The stray 
electrons show as a fuzzy edge to the beam and fairly widespread stray 
light It IS possible, however, to design electron guns so that stray sec- 
ondary electrons hardly affect the spot size 

Halation ^^Halation’^ is a term well known m photography It 
refers to the halolike” rmgs that sometimes appear around bright 
points of light The effect is due to hght rays being reflected back and 
forth between the surfaces of a film or, m the case of the cathode-ray 
tube, back and forth between the faces of glass When the electron beam 
strikes the willemite surface on the inside of the end of the tube, a bright 
spot is formed that radiates m all directions Those rays which are 
emitted perpendicular to the glass and moderately close to the perpen- 
dicular will pass through the gl^ss and can be seen outside Rays that 
are eimtted from the spot at a large angle with the perpendicular to the 
glass will strike the air-glass surface at a low angle and be reflected back 
into the glass, where they will be reflected back and forth, with a gradual 
loss of energy due to scattering effects For the usual glass (index of 
refraction of about 1 5) only about half the light eimtted from the spot 
on the screen will pass through the glass without multiple reflection 
The effect on an outside observer is that there is a bright spot surrounded 
by a rmg of lower mtensity Studies of the effect on the various param- 
eters show that halation is reduced if the fluorescent screen is in 
moderately poor optical contact with the glass, if it is moderately absorb- 
ing, and if the glass is moderately thick ^ 

16 6. High-efliciency Cathodes When it is desired to obtam high 
current from a cathode, then the design of the gun becomes comphcated 
by considerations of space charge and the efficiency of the structure, 
i e , the fraction of the cathode current that is utilized m the beam, 
becomes of importance If the attempt is made to operate the type of 
gun already described at very high currents, difficulty is immediately 
encountered in that the space-charge repulsion of the electrons causes 
the beam to spread so much that a large portion of the cathode current is 
lost to the various gun electrodes 

The general problem of determming electron paths under conditions 
of space-charge repulsion is very difficult to solve ^ As yet no solutions 
for space-charge flow m cases where the electron paths are curved are 
known This means that the design of high-current high-efficiency 

1 Law, Ri R , Contrast in Kmescopes, Proc IRE, vol 27, pp 511-524, August, 
1939 

* Spangenberg, K R , Use of the Action Function to Obtain the General Differen- 
tial Equations of Space Charge Flow in More than One Dimension, J our Franklin 
Inst , vol 232, pp 365-371, October, 1941 
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cathod«‘S is very difficult The most successful high-efficiency cathodes 
are those designed upon a principle enunciated by J R Pierce The 
laws of space-charge flow are known for a few simple geometries such as 
plane, cylindrical, and spherical In each of these cases, the electrons 
move in straight lines, and the behavior of the electrons can be described 
in terms of a single parameter representing distance Pierce has sug- 
gested that the conditions of uniform space-charge flow can be achieved 
in a cathode if a segment of such flow is utilized and the cathode and 
accelerating electrodes be shaped so as to maintain along the edge of the 
beam the same potential vanation which would exist if there were a 
uniform extensive space-charge flow Cathodes designed on this 
pnnciple are often referred to as “Pierce cathodes 

Parallel Flow of a Rectangular Beam The laws of space-charge flow 
of electrons between parallel planes are known (see Sec 8 2) The 
potential variation along the direction of electron flow is as the four-thirds 
power of the distance from the cathode Hence it would be expected 
that, if a beam in the form of a rectangular strip were cut out of such a 
flow and if electrode shapes were such that they would create a potential 
variation as along the edge of the beam, the beam would be subjected 
to the same conditions which exist in the extensive space-charge flow 
and hence would mamtam its property of parallel flow Specifically, 
the cathode electrodes must create a potential field with the following 
properties, 

7(a:,0) = Ax^ ' (16 66) 

where A is merely a numerical constant and 

/}V 

(a:,0) = 0 (16 57) 

where the edge of the beam is along the line y <= 0. 

The above conditions may be achieved by the electrode configuration 
of Pig 15 24 The conditions expressed by the above two equations are 
achieved along the bisector of a 136-deg inside comer (three-fourths of 
180 deg) This follows from the application of the transformation 

TP = (16 68) 

to the lines of constant u and v in the W plane Hence, if an inside 
135-deg comer be split in two and each half be applied to one side of the 
rectangular stnp beam, the conditions for plane-parallel space-charge 
flow are maintained. 

iPiBRCB, J E, , Rectilinear Electron Flow in Beams, Jmr Appl Phys , vol 11, 
pp 648-664, August, 1940 
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The conditions outside of the beam are shown in Fig 15 25 The 
gun structure in this case is a umpotential one A good beam is formed, 



Pig 15 24 — Pierce cathode structure for rec- 
tangular-beani parallel flow 


but it Will diverge after passmg through the anode because of the lens 
action of the slot aperture This type of gun has the advantage that it 
draws current uniformly from the cathode The laws of plane-parallel 



Pig 15 26 — Potential field required to produce a 
parallel-flow rectangular beam 


space-charge flow apply directly so that it is easy to design The anode 
can be shaped like any of the equipotentials in the plot of Fig 15 25 
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Some difficulty would be encountered in properly restraining the strip 
beam at its ends This case serves primarily as an example of the 
application of the Pierce principle It also is about the only case for 
which the electrode shapes can be determined exactly The cathode 
electrode is given by 

y = X tan 67 6® (15 59) 

The anode is given by 

cos = const (15 60) 

In a practical case it is necessary to have a break in the zero-potential 
electrode where it joins the emitting portion of the surface in order to 
improve the thermal efficiency of the cathode A small gap as shown 
in Fig 15 24 will not disturb the flow conditions much 

Parallel-flow Cylindrical Beam If it is desired to build a unipotential 
cathode gun producing a parallel-flow cylindrical beam, it is necessary 
that the cathode and accelerating electrodes produce the following field 
conditions along the edge of the beam, 

7(ro,z) = Az^ (15 61) 

and ' 

^ (ro,2) = 0 (15 62) 

where ro is the radius of the beam This problem has thus far dehed 
analytical solution Approximate electrode shapes may, however, be 
found with an electrolytic tank set up to represent this problem A 
wedge-shaped piece of electrolyte is used by tilting a tray, placing an 
inaii1a.tirig strip of material in the tank to represent the edge of the electron 
beam, and then bending sheet electrodes until shapes are found such that 
the potential along the insulating stnp follows a four-thirds-power law 
with distance The msulating stnp simulates the electron beam because 
it imposes the condition of Eq (15 62) Since no current can flow mto 
the insulator, there will be no component of gradient normal to the strip 
The resulting fields and electrodes have the shape shown in Pig 15 26 
Close to the beam the zero-potential electrode will be a section of a cone 
with a half angle of 67 5 deg' This is expected from the results of the 
case studied in the pre'hous subsection Close to the edge of the beam 
the conditions are almost identical with the plane-rectangular-strip 
case, and hence a 67 5-deg angle with the zero-potential electrode is 
mdicated At great distances from the beam the zero-potential electrode 
Will be a section of a cone with a half angle of 71 deg A cone of this angle 
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Will give a four-thirds-power vanation of potential along its axis The 
anode will be a surface of revolution curved in the direction of increasing 
potential Such a set of electrodes will produce a parallel cylindrical 
beam If the region beyond the anode is field-free, however, the beam 
will diverge owmg to the lens action of the aperture in the anode For 
this reason a better type of gun is sought 

Convergent Radial Flow of a Conical Beam The divergent effect of 

the aperture in the anode noted m 
the two cases studied above is 
unavoidable Even if the aper- 
ture IS covered with a grid, the 
individual holes in the grid will 
each have an action similar to 
that of the large aperture and 
with the,same focal length The 
only difference will be that the 
grid will produce more scattering 
of the electrons and hence will 
produce a divergent beam with a 
less sharply defined edge Be- 
cause of the inescapable divergent 
action of the aperture it is desir- 
able to produce a beam which is 
imtially quite strongly convergent 
so that the divergent action of the aperture in the anode will leave the 
beam still convergent 

A convergent beam may be had by utilizing a circular conical section 
of the radial flow between concentric spheres with the cathode outside 
(see Sec 8 4) The radial current flow in a cone of semiangle B cut out 
of a sphere of radius is 


070 060 050 040 030 

r/rc 

15 27 — Curves of a and as a 


Fig 

function of Vc/r 
values of a® 


See Appendix VII for 


I = 


0 928(7fc.)^ sin2 



amperes 


(15 63) 


where Vhv is the beam voltage m kilovolts and a is the function of -- 

given by Eq (8 32) The factor sin^ takes account of the fact 

that the current flow takes place not over the entire sphere but merely 
over a cone of semiangle B cut out of the sphere The voltage as a 
function of radius is given by 
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where 6 is the polar aagle of a sphencEil coordinate system Equation 
(15 65} will apply inside the beam and at its edge, but not outside 
Electrode shapes for a conical section of a spherical flow can be 
determmed by means of an electrolyiiic tank, as described before A 
specific arrangement suitable for this purpose is shown m Fig 16 28 
A tilted tank is used to obtam a wedge-shaped portion of electrolyte 
The vacuum-tube voltmeters are convemently made with adjustable 
sensitmties These sensitivities should be adjusted so that when the 
desired potential distribution is achieved each voltmeter gives some 



for the production of a 6-deg convergent beam 

convement deflection, such as half scale This procedure makes the 
determmation of the electrode shapes relatively simple and rapid The 
electrodes are convemently made of thm copper sheet so that they can 
be bent mto any shape The cathode electrode should make an angle 
of 67 6 deg with the beam edge simulated by the msulatmg stnp The 
oscilloscope shown serves to check the power factor of the electrolyte 
and the presence of contact potentials It is connected to plot the 
Lissajous pattern of current against voltage The pattern should show a 
straight line or at worst a long, thm elhpse, correspondmg to a small 
phase angle The voltmeter probes should be spaced to give equal 
increments of voltage rather than of distance 

Some resultant electrode shapes for different angles of beam con- 








458 


VACUUM TUBES 


vergence are shown m Figs 15 29 to 15 32 ^ These curves are universal 
m that they will hold for any magnitude of apphed voltage and that the ’ 
anode electrode can be any of the equipotential curves shown 

The anode aperture in a umpotential Pierce cathode will al^\ays 
give nse to a divergent focusing action This means that the beam on 



Fig 16 32 — Umpotential gun-clectrode shapes for the pro- 
duction of a 30-deg convergent beam 


leaving the anode will always be less convergent than on entering it. 
The focal length of the anode aperture lens will be given very closely by 



(15.66) 


from the aperture-lens formula of Eq (13 56) on the assumption that the 

1 These electrode shapes were determined by Robert Helm and were first published 
by Spangbnbsieg, Fibld, and Helm, op <M See also Helm, R , K R Spangenbbro, 
and L M Field, Cathode-Design Procedure for Electron-Beam Tubes, Elec 
C<ymmun , vol 24 (No 1), pp 10X-107, 1947 
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gradient of potential beyond the anode aperture is zero Upon evaluating 
the focal length by means of Eq (15 66), it is found that 


/ ^ -3a 

Tc ^ 

dR 


(15 67) 


T f T 

where i? — — A curve of — as a function of — is given in Fig 15 33 

Tc Tc 

The focal length of the aperture lens being known, it is possible to 
deternune the exit angle y of the beam for any entrance angle 6 The 



R-ra/rc 


Fig 16 33 — Focal length of a umpotential convergent-beam gun as a func- 
tion of the ratio of anode to cathode radius 


basic dimensions of the electron gun are shown m Fig 16 34 For this 
structure the usual lens formula applies, 

In this equation the lens has been assumed to be located at the mter- 
section of the anode sphere with the axis rather than in the plane of the 
aperture Equation (15 68) can be put into the form 



(15 69) 
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This equation shows that the distance from the anode to the beam focal 
pomt (m the absence of space-charge spread) depends only upon the raho 
of cathode to anode radius, since focal length, by Eq (15 67), depends 
only upon this ratio The distance from the anode to the beam focal 
pomt IS independent of the entrance angle B of the beam because the 



beam gun 

ratio of entrance to exit angle for any ray of the beam will be a constant 
A curve of the distance from the anode to the beam focal pomt as a 
function of the ratio of cathode to anode radius, is given m Pig 15 35 
The lens action is convergent only for ratios of cathode to anode radius 
greater t.Vian i 455 Smaller ratios of cathode to anode radius approach 
the plane-electrode case, which is strongly divergent 
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The relation between the entrance and emt angles in Fig 15 34 is 
readily deduced from the geometry and has the form 

sin 0 b b r<, 
sin Y ~ TV " 

in which the symbols have the sigmficance given in Fig 15 34 The 
above equation shows that the ratio of the sines of the entrance and 
exit angles depends only upon the ratio of cathode to anode radius, 

12 , , , , ^ 


iREGION OF DIVERGENCE 
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Fig 16 35 — ^Location of the focal point of a unipotential convergent-beam gun in the 
absence of space-charge repulsion 


Since “ IS a function of this ratio, also The relation between the entrance 

angle 8, the exit angle y, and the ratio of cathode to anode radius is given 
in Fig 15 36 This representation has the advantage over the many 

others possible in that the curves of constant 8, y, and — are straight hnes 

The region of divergent lens action hes below the 6 axis and so does not 
appear on the curve sheet This curve sheet has been converted into a 
universal design chart by superimposing curves of constant beam per- 
veance on the other curves Beam perveance in this case is defined as 
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G = 


la 


which, from Eq (15 63), has the value 


G = 


0 928 sin* 



(15 71) 


(15 72) 



Fig 15 36 — ^Umpotential conTergent-beam gun chart for use in designing guns like 
that of Fig 16 34 

A nomographic chart of the relation of Eq (15 71) giving perveance 
for any beam voltage and current is given in Fig 15 37 

By means of Figs 15 37 and 15 36 it is a simple matter to select 
values of cathode to anode radius and entrance and exit angles for any 
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Fig 15 37 — Nomographic chart of beam perveance as a function of beam voltage 
and current, for use m Fig 15 36 
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desired voltage and current Figure 15 36 gives the relation between 

the four vanables 0, 6, and y Any two may be taken as independent 

vanables When their values are prescnbed, the values of the other 
two vanables are determined Where the anode aperture has no gnd, 
it IS necessary only to make sure that the aperture is not too big so that 
it will not disturb the field in the cathode-anode region Also shown 
in Fig 16 36 are contours of anode aperture diameter equal to 50 per cent 
and 100 per cent of the cathode-anode distance The value of the 
gradient of potential at the center of the cathode is reduced about 5 
per cent when the anode aperture diameter is 70 per cent of the cathode- 
anode spacing Aperture diameters larger than this should not be used 
without attempting to compensate for the reduced cathode gradient 
by changing the electrode ^apes When a sphencal gnd is used to 
cover the anode aperture, no such hmitations are encoxmtered ^ 

Guns designed from the chart of Fig 15 36 have performed as theo- 
reticahy predicted It is not unreasonable to expect that 90 or possibly 
95 per cent of the cathode current will become useful beam current 
and that current densities as high as half the maximum theoretical value 
SIS limited by thermal-emission velocities will be attained 

For determmation of the beam action after leaving the anode aperture, 
reference is made to the universal beam-spread curve of Fig 15 21 If 
this curve is entered at the nght point, the subsequent beam envelope 
will be like that of the umversal curve to the left of the point, it being 
assumed that the beam leaving the anode aperture is convergent For 
convemence in entenng the universal curve, its slope at any point is 
given, along with the umversal curve replotted in Fig 16 38 This 
slope IS given by 

M = tan T (16 73) 


and when divided by if *= 




gives the proper scale value for 


entermg the slope curve From the correspondmg point on the envelope 
curve it can then be determined where the nunimum diameter of the 
beam will occur and what the subsequent beam spread will be Actual 
beam-spreadmg action is usually only about two-thirds of the values 
predicted here because of a partial neutralization of the negative space 
charge by positive ions in the beam 


Exam/pU Suppose it is desired to design a cathode that will put a beam of 
40 ma at a voltage of 1,000 volts through a cylmder 6 cm in length and 1 cm m 
^ For an alternative treatment of this subject see Samtibl, A L , Some Notes on 
the Design of Electron Guns, Proc I RE ,vol 33, pp 233-240, Apnl, 1946 This 
article also contains design data for the line-focus case 
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diameter Then the conditions of Fig 15 23 apply, and tan y will have the value 
of 0 167, which corresponds to a value of "y of 9 5 deg Opposite this value of 
exit angle and the corresponding value of perveance on the design chart of Fig 
15 37, it IS found that a cathode-beam angle of 22 5 deg and a ratio of cathode to 
anode radius of 2 1^ are required The required electrode shapes may be found 
from a slight mterpolation of the shapes given in Pigs 15 31 and 15 32 



M 
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16 7. Ultra-high-frequency Deflection Effects. There is a limit to 
the frequency of wave forms, which can be observed on a cathode-ray 
tube with electrostatic deflecting plates The deflection equation [Eq 
(6 23)] IS evaluated for a direct potential and is vahd for alternating 
potentials only if the beam electrons’ transit tune through the deflecting 
plates IS so small a fraction of the cycle that the deflecting plate voltage 
does not change appreciably while any single electron is mfluenced by it 
In a representative tube having, say, a beam voltage of 1,000 volts and a 
deflecting-plate length of 2 cm, the transit angle will not become appre- 
ciable until the frequency is of the order of 50 me, at which frequency 
ordinary sweep circuits have failed and the problem of getting the 
voltage on the deflecting plates is considerable However, there are an 
mcreasing number of applications in which it is desired to observe very 
high and ultra-high-frequency phenomena so that it is worth while to 
make a bnef study of transit-time effects to determine the limitations of 
ordinary tubes and serve as a guide to the design of special tubes 
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Let the notation of Fig. 6,2 be used and let the atahc-defiection caae 
be reviewed for comparison The crosswise acceleration of an electron 
entenng the field between the plates is 


dl* ma 


( 16 . 74 ) 


where y is transverse displacement, e and m are charge and mass of the 
electron, respectively, Vd is the deflecting pofenfial, and a is the deflccl- 
ing-plate spacing A first integration of tins e<iuation gives 


dl ma 


( 15 , 76 ) 


dv 

in which the constant of integration is zero since >■ 0 when i •« 0. 
The transverse velocity at the ond of deflecting plates of length l> is 

dl mava 


(16.70) 


where vo is the velocity of the beam electrons. From this equation the 
deflection y, of a spot on a screen a distance I from the oml of the deflecting 
plates is 


Vi . 

I mavt^ 


( 16 . 77 ) 


1/ (it 

since , « The deflection sensitivity, or deflection per unit deflect- 
i Vo 


mg voltage, is 



leb 

rnavo^ 


(16.78) 


The dynamic-^deflection rase can be handled in much the same manner.’ 
For this case let the instantaneous voltage iKiiuoen defleetiun plates 

1 Of the rather extensive periodical literature on thm subject the following arttelct 
are the moat fundamental: 

HoLhMANN, H. K , Die Hraunsche HChre Imi mdir hohen hVequensen, flaci^rfqmnM 
und Elekiroaktiniiky vol 40, pp. 97-- 103, 8(*pti*mbcr, 1932 

Libby, L L, (Vithotlo Hays for the Ultra-high Kreqiiencit^i, Kkeirmus^ vol. 9, 
pp, 15-17, BepteinhiT, li)3a 

Bowik, R M , Uathode Hay Wave Form Distortion at Ultra-high Freciucneiw, 
Electromesf vol. 11, pp. 18-10, 29, February, 1938 

Hollmanm, n K , Ultra-high Frequency Oscillography, Proc. /.P.K., voL 28, 
pp 213-210, May, 1940. 

Harkiks, J. H. OwiiiN, Defioctod Electron Beams, H'lrefess Eny , vol. 21, pp. 267- 
277, June, 1944. 
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Vd cos cot Then the acceleration of an electron at any 


d^y __ eVd cos ojt 
dt^ "" ma 


(15 79) 


ymbols have their previous significance A first integration 


dy __ eVd (sin oit — sin oito) 
dtr maoi 


(15 80) 


ue time the electron enters the alternating field and the 
lue of the constant of integration given results from the 

t = 0 when t = to For simplification in interpretation 
at 

he electron spends in the alternating field be repi esented by 
T = t - to 

dy _ eV d [sin oo{T + to) — • sin catp] 

H maw 


(15 81) 
(15 82) 


f Eq (15 80) gives 

y =S [cos wio cos cot — CO {t — to) BID. CO^o] (15 83) 

rticular value of the constant of integration results from the 
2/ = 0 when t = to The above equation is better written 
tie time the electron is exposed to the alternating field as 


ss= [cos coto — " cos w(!r + to) — o>T sin oto] (15 84) 
maco^ 

n gives the path of the electron when used parametrically 
cession 

a; = voT (15 85) 

the electron is exposed to the alternating field A set of 
ing the path of electrons between the deflecting plates over a 
5 complete cycles is shown in Fig 15 39 It is seen that the 
starting time is a straight line at some angle with the axis 
rimposed transverse sinusoidal motion The angle of the 
component of the path depends upon the starting angle, 
when the electron enters at a peak of the instantaneous 
voltage and maximum when xt enters at an instant of zero 
voltage The amplitude of the alternating component of 
inusoidal motion is the same for any starting time and is 



468 


VACUUM TUBES 


proportional to the deflecting gradient of potential and inversely propor- 
tional to the square of frequency As an aid to visualization of the 
electron behavior, it may be stated that this path is the same as that of a 
ball rolled along a plank which rocks with a sinusoidal motion, the ball 
having an imtial velocity parallel to the long dimension of the plank 



Fig 16 39 — Path of an electron between deflecting 
plates when the transit time is large compared to the 
period of the deflecting voltage 


The electron will move in a straight-line path in the field-free region 
beyond the end of the deflecting plates with a slope determined by 

Eq (15 82) and ^ = *^0 As before, 


% 

y> 

I 


(15 86) 


so that tli6 dynamic-' deflection sensitivity, or deflection per volt, is 


A(co) = 


macovo 


[sin o){T + ^o) — sin co^o] 


(15 87) 


Upon invoking Eq (15 78) and simplifying by tngonometnc transforma- 
tion, the ratio of the dynamic to the static deflection sensitivity is 


-A(m) 

Ao 



uT 

sm cos 01 



(15 88) 
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which by virtue of the fact that T = — is readily written in the simpler 

2;o 

form 

2 



Fig 15 40 — Ratio of dynamic to static sensitivity of deflecting plates as a 


function of transit angle 

From this equation several important properties of deflection at the ultra- 
high frequencies are evident In the first place the deflection is sinusoidal 
with time so that there is no distortion of waves of a single frequency ^ 
In the second place the maximum value of the deflection vanes as the 
ratio of the sine of half the transit angle through the deflecting plates 
to half the transit angle A curve of deflection sensitivity as a function 
of transit angle coIT is given in Fig 15 40 It is seen that the deflection is 
apparently zero whenever the transit angle through the deflecting 
plates is some integral multiple of 27r radians This is consistent with 
the observation in Fig 15 39 that the slope of the electron trajectory is 
zero every 27 r radians The above has assumed that the deflection in 
passmg through the deflecting plates is small compared with the subse- 
quent deflection over the relatively long distance to the screen, I The 
exact actual deflection will, of course, be the sum of the values given by 
Eqs (15 84) and (16 86) This means that the deflection will not be 
quite zero even when the transit angle through the deflecting plates is a 
1 Bowie, op cit 
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multiple of 2t but will be a immmum given by the value from Eq (15 84) 
when T has the value 27 it, where ms a positive integer 

It IS of interest to record the values of deflecting-plate transit angles 
for which the dynamic deflection sensitivity drops to some arbitrary 
fractions of the static sensitivity The dynamic deflection sensitivity 
will be 0 9 of the static sensitivity when the transit angle through the 
deflecting plates is 0 794 radian, or 45 5 deg It will be 0 707 of the 
static sensitivity when the transit angle is 2 78 radians or 159 deg It 
will be a minimum when the transit angle is 2t radians, or 360 deg 

When the same ultra-high-frequency voltage is applied to both 
horizontal and vertical deflecting plates, the resultant Lissajous figure 
will not be a straight line because of the phase shift occurrmg between the 
. two sets of deflecting plates For a pure sine wave the resultant figure 
wiU be an elhpse A\^en the applied voltage contams harmomcs, the 
resultant figures will have odd shapes not encountered at low frequencies ^ 
Harmonic analyses can be made from the' resultant figures They can 
also be made from the so-called “inversion spectrograms,'' lyhich are 
obtained by applying the complex ultra-high-frequency wave to the 
vertical plates, allowing the beam voltage to vary sinusoidally over a 
smtable range, and applying a fixed magnetic field parallel to the vertical 
deflecting field The transverse deflection of the beam will vary with the 
beam voltage because of the effect of the magnetic field, and the different 
harmomc components of the wave under observation will experience 
different vertical deflections at the different velocities, m accordance with 
Eq (15 89). 

16 8 Photography of Cathode-ray Traces In the observation of 
wave-form phenomena it is frequently important to obtain a permanent 
record This is readily done by simply taking a picture of the screen 
trace The science of photographing cathode-ray traces has now reached 
such a state of development that, except for special applications, it has 
rendered other methods of recording wave forms virtually obsolete 

1 Holiacann, H E , Ultra-high Frequency Oscillography, Proc I It M , vol 28, 
pp 218-219, May, 1940 

2 Feldt, R , Photographing Patterns on Cathode Ray Tubes, Electronics, vol 17, 
pp 130-137, 262, 264, 266, February, 1944 

® Gray, C , Notes on Cathode Ray Photography, Radio Research Laboratory 
Seminar Rept , Jan 23, 1946 

^ Cathode Ray Tubes, RCA Manml TS2, pp 86-03, 1035 

® '' Photographic Papers for Recording Purposes,” Eastman Kodak Company, 
Rochester, N Y , 1942 

® Photographic Matenals Available for Use with Oscillograph, Cathode Ray 
Tubes, and Similar Recordmg Instruments,” Eastman Kodak Company, Rochester, 
N Y , 1941 
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In t«kinK pictuii'H of rathtKio-rav-tiibfl traces the experimenter has 
under control at least nine different fueturs all of which will contribute 
to the eontmst of the resulting irietiire. Those are 

1. ('athiKh'*riiv-tuhe beam power 

2. Type of fluorescent sem*n 

3. Writing s|H'ih 1 of the Ih'siii trace, 

4. Kxpiwure time 

ft. Magniticntion of the ciunera lens, 
iJ lams s|M*eil, or stop 

7, Film si'iisitivitv 

8. I)evelo|x»r. 

tt. Development time. 


TABLK VIII 

PlKmusUAPIItf PltOIT.UTIIX t)F (‘O.MMON miOUKWKNT 8KUDS 




Ty|w of »i«rwn* 


1*1 

1 1*3 

1*5 


madmin- 

long- 

whort- 




Ix’mwUmrfl 




hluo 

Vimml briKhini^. ft litmltrrtM 

7 h 

1.55 

0 0 

Hi4itUNc« hnichtitM (\Vi«<«tiiit 




ViiMPiir ftIU'f) 

H a 

1 7 

1 0 

U4»litlivr film ii|wihI 

0 m 

0 35 

! 0 

Ti^fit film 


Agfti HHH 

Agfn Fluompifi 




Hitm 

l^oioxritphir rffirimry 

BKiH 


1 0 

Ft-liimhfvrlJi for ruunl jihotogmiihir 

.mm 


1 0 


•Hne ApiwndU IV (tir «t*ccin<' rlmrsclerwlii's. 


In the manipulation of the above factors the objectives sought are a 
dense negative trace with n high contrast. 'I'he effect of the separate 
factors listed alMtvo will now lie briefly discussed. 

Hearn Hower, It has alreiuiy lieen mentioned that the brightness of a 
beam trace is approximately linear with lieam voltage at a fixed current 
It is also npproximatelv linear with Isiam lurner. Hence the greater the 
beam {uiwer for a given spot sisc, the greater the hrightness of the spot 
and the easier it is to get a satisfactor)' picture. 

Screen Tf/pee. The three mrsit commonlv used screens today are the 
Pi medium>persMtenre green, P2 long-persistence green, and P5 short* 
persistenre blue. The principal characteristics of those screens are listed 
in Table VIII. 
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In the above table, visual bnghtness gives the relative response of 
the eye Relative bnghtness is a standard meter reading For each 
screen the type of film that gives the densest trace for a standard develop- 
ing procedure is used Photographic efficiency is the ratio of relative 
film speed to relative bnghtness Data in the last row are obtained 
from the reciprocal of photographic efficiency 

Writing Speed The wnting speed is simply the speed of the beam 
trace Naturally, the greater the speed, the less the photographic 
effect 

Time, Stop, and Magnification These factors are mterdependent 
Although it IS possible to give specific coefficients that will deternune 
exposure time for a given set of operating conditions, these conditions 
are subject to so much vanation that it is almost necessary in all cases 
to obtain the correct exposure time by^a tnal set of pictures When 
the best exposure time has been so determined for one set of operating 
conditions, times for other conditions are readily determined by simple 
formulas 

In the photography of recurrent traces, the exposure time can be 
made as long as desired, subject only to the hmitation of fogging due 
to stray hght The exposure time necessary will be determmed by the 
beam power, the lens stop, and the image magnification according to 
the formula 

(1690) 

where t is exposure time (conveniently, sec) 

K IS exposure constant (determined by experiment) 

F is lens stop (ratio of lens focal length to aperture diameter) 

M IS image magnification (ratio of object to image size) 
w IS beam-power density (watts per cm^ of fluorescent area as 
determined from beam power and trace area) 

If the correct exposure time is experimentally determmed for one set of 
operating conditions, it is a simple matter to evaluate the coefficient 
K and the above formula then gives the exposure time for any other set 
of operating conditions 

In the photography of transient phenomena where only a single trace 
of the pattern occurs the camera lens is left open and the beam-trace 
bnghtness is determined by the writing speed and the beam power 
The corresponding photographic image density is determmed by the 
lens stop and image magnification The relation between writing speed 
and the other factors is given by 

CW 

*’* F\M + 1 )* 


(15 91) 
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where C is proportionality constant 

18 spot velocity (convenientlv, knti per sec) 

W IS beam power (conveniently, watts) 

F is lens stop 
M is image magnificution 

When a suitable exposure is obtained by test, it is a simple matter to 
calculate the proportionality constant C, ''I’he above formula then 
l^vea the relation between the four parameters involved for any other 
set of operating conditions to obtain the same film-trace density. At 
ordinary potentials (2.6 kv), recordable writing speeds are of the order 
of 5 to 60 km per sec. With standard tubes and high accelerating poten- 
tials ( 10 kv) writing speeds as high as 1 ,(KK) km per sec have been recorded 
The maximum lens aperture that can be used is, of course, determined 
by the lens speed Lenses with / ratings of //4.6 are usually available 

TABLE I.X 

I'HOTtKtUAl'HK'-FlLM SENSITIVITIES 

WoHton Speed Rating 


Film (Daylight) 

Agfa 8SR Pan 200 

Agfa S8B Ortho 100 

Kastman Ortho X 100 

EtMtman Buporpan Press 100 

Eastman Super XX 100 

Defender Ortho X-F 60 

Defender X-F I*sn , 60 

Agfa Huorapwi Blue 
East mail X-rav Blue 


lienses with stieetls as high as //1. 6 are availaiile for Leica and ('ontax 
cameras. 

Kxamination of Eqs. (16.90) and (16.91) shows that the film density 
may lie increased, other factors being equal, by retlucing the magnifica- 
tion to get a smaller image. 'I'he gain that can be effected in this way 
is not large, however, and the maximum gain possible over a magnifica- 
tion of 1 is a factor of 4 In writing speed or equivalent exposure time. 

Ftltn HenstUvily, A numlier of special and ordinary films are available 
for cathcKle-ray-traoi* photography. In Table IX is given a list of 
available films in the approximate order of their sensitivity. 

The Agfa HHH Ortho gives the best result of all films for the 1‘1 and 
1*2 sc-reens. 'i’he Agfa Fluorapid Blue gives the I«‘8t results of all films 
for the 1*5 screen It shoultl Iw noted, however, that the Kastinan Super 
XX requires only aiioiit twice as much exposure as the best film in all 
cases to give an ec|uivnlent image. ^ 

Film speeds can be increased 60 to 100 pc'r cent by hypersonsitizmg 
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the filin with ammoma vapor The well-known expedients of hyper- 
sensitizing with mercury vapor or preexposing to get above the fog level 
do not seem to do much good m the photography of cathode-ray traces, 
where the work is often at minimal levels of exposure 

Developers and Development Standard developers and standard 
developing procedures with the usual precautions can be used The 
commercial developers D19 (high contrast), D72, and Ansco 47 are satis- 
factory Development can be carried beyond the recommended tune to 
increase contrast up to the pomt where foggmg becomes excessive or the 
gelatm softens too much. 



(:ilAl>TER 16 


11LTHA-IIK1H4’I\KQI!ENCY EFFECTS IN 
CONVICNTIONAL TUBES 

16.1. Introduction. It w known that, s» frequency is raised, 
tulten are letw e(Te<‘t ive uh ampIifierH and oscillators. Ampli- 

fiers rwiuire greater driving power, and the output drops off correspond- 
ingly. If the frequeiu’v is raised high enough, the gam of an amplifier 
will drop to unity or less. At the same time this is happening, the input 
impedance of the amplifier droiis, as does also the maximum impedance 
that can lie realistHl in the plate circuit. Oscillator output drops even 
more rapidlv with freqiieney than does amplifier output. At the same 
time the limit ntions on output change. At low frequency the output 
for continuous operation is often limited by the plate dissipation. As 
the high-fr»*quency limit of oscillation is reached, the grid dissipation 
eommonlv lM<romea the limiting factor while the plate hardly gets hot 
at ail. 

All the above effeets come about because of a combination of electronic 
and circuital phenomena. Depemiing upon the design of the tube, 
electronic consitlerntions may limit the output before the circuit limita- 
tions do as the frequency in raised, or vice versa. 

16.8. CauMt of Decreased Output at TJltra-high Frequenciee. 
Numerous fiwtors contributing to a reduction of output at ultra-high 
frequencies can l»e listed. The total number of contributing factors can 
be ^vudeii into roughly three groups. These are 

1. ('ireuit-reactancc limitations. 

2. Circuit- and tulie-loss limitations. 

■* 3. Kloctron-transit-tlme limitations. 

At the ultra-high frequencies there exists a situation which is quite 
different from that which exista at low frequencies. At low freipiencies 
the eleetrieid circuits and the tube are (piite distinct. As frequency 
increaaoB, this ceases to lie true and it is found that part of the resonant 
circuits exist inside of the litlm. This comes about Iwcause electrode 
leads liave a small but finite inductance. As frequency rises into the 
ultra-high classification, the rciwtance of this iniluctance liecomos 
appreciable. This means that the voltage across the external terminals 
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■will not appe&r across the electrodes In addition, ■while the inter- 
electrode capacities may be small, at the ultra-high frequencies they may 
be a large fraction of the capacity required to give resonance m an 
external circuit As such, they represent a limitation in terms of actual 
operation The combmation of the electrode-lead inductance and the 
interelectrode capacity may give rise to resonances in the ultra-high- 
frequency region Even if resonances do not occur, the combmation of 
the reactances within the tube may constitute a network that nusmatches 
the equivalent tube generator and the load All m all, there are a number 
of respects in which the circuit reactances combine to hmit tube per- 
formance at the Ultra^high frequencies These detrimental effects can 
be combated m two ways, (1) by makmg the tube smaller, which reduces 
■the mductances and capacities m direct proportion to the 1iTifta.r dimen- 
sion, and (2) by makmg the tube structure such that the electrode leads 
can be mcorporated mto external concentnc-hne resonators 

The power losses associated with a tube and circmt all tend to mcrease 
with frequency At ultra-high frequencies all currents flow m t.lmi 
surface layers because of skin effect The associated resistance and 
losses mcrease with the square root of frequency because the thmlmftpg 
of the layer m which the current flows decreases m this mftTinftr as 
frequency mcreases Glass and other msulatmg supports have losses 
associated ■with the molecular movements produced by the electnc fields 
These “dielectric hysteresis losses,” as they are called, will usually vary 
approxunately as the first power of frequency In addition, there will 
be appreciable radiation from an exposed piece of ■wire such as an electrode 
lead The power radiated from a short length of ■wire carrymg current 
mcreases as the square of the frequency All the above factors con- 
tribute to a general reduction m tube efiiciency as frequency is mcreased 
Resistance losses may be made low by mcreasmg the area of the surfaces 
carrymg current Dielectnc losses may be reduced by proper positiomng 
of glass ■with respect to points of low electric field Radiation losses 
can be reduced by enclosing the tube and circuit or by usmg a concentnc- 
hne construction so that the tube and circmt fields are entirely confined 
Electron-transit-time effects can contnbute to reduced tube output 
m many ways If the transit times of the electron are appreciable 
fractions of the ultra-high-frequency cycle, then plate current ■will lag 
negative gnd voltage and there ■will be a reduced output in an oscillator 
because plate current and voltage are out of phase Associated ■with 
mcreased transit time there is a dispersal, or debunchmg, of electrons, 
which has the result that plate-current pulses are not so sharp as the 
pulses hberated from the cathode In addition, there ■will be an energy 
mterchange between the electnc fields and the electrons m flight so that 
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as frwjuency increases the grid-input impedance will have a resistance 
component which decreases with frequency even though no electrons 
Htnke the grid. Furthermore, all the tube constants such as the amplifi- 
cation factor will liecome complex instead of real numbers as a result of a 
shift in phase and what is generally a reduction in magnitude. There 
is not much that can l>o done about electron-transit-time effects except 
to nusc the voltagi's and reduce the dimensions, both of which processes 
have definite limitations In addition, certain tube types are less 
adversely affeeted by electron-transit-time effects than others The 
tetrode, for instance, suffers less from the adverse effects of electron 
transit time Hum dm>s the triode. 

In the suhsec|uent sections there will be given a brief analytical 
treatment of all the above effects. No complete analysis that embraces 
all aspects of ultra-high-frwpieney tube operation is available Rather, 
the process of estimating the situation is that of looking through different 
windows, corresponding to different avenues of approach, and then 
trying to piece the complete picture together from the partial revelations 
obtaineti. 

16.S. Onset of Tubo-resct&nce Limitations. The most important 
reactance encountered in a vacuum tube is that associated with the lead 
inductance. It is possible to speak of the inductance of a piece of straight 
wire or of an unclosed eireiiit in general It must be borne in mind, 
however, tluit the inductance of the unclosed circuit is considered as part 
of some clowd circuit -the total inductance of which is equal to the sum 
of the self-inductances of all its parts plus the sum of the mutual induct- 
ances of each one of the component parts relative to every other part. 
In eases where the mutual inductances between various parts of the same 
closml circuit are small the total intluctance is simply the sum of the self- 
induftanees of the e<imponent parts. Taken m this sense, the induct- 
ance of a straight piece of wire at very high frequencies is 


L - 0.006081(2.303 log 


41 




10 


I + 


% 


) 


microhenrys (16.1) 


where I is the length of the wire in inches and d is the wire diameter in 
inches. The lost term in the parentheses is negligible if I is less than 
lOOd. A family of curves giving the dependence of inductance upon wire 
length and dlami'Uw is shown in Fig. 16 1 . The inductance is seen to 
increase as the wire diametiw is made smaller or as the wire length is 
increased. In tubes, therefor**, leads slumld bo as largo as possible in 
diameter and as short as posstlUe in length As an example of how large 
leati reactances can lie, consider the case of a load that is 100 mils in 
diameUT and I in. in length, us frotiuently occurs in small transmitting 
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tubes This lead has an inductance of approximately 0 015 microhenry, 
as may be seen from Fig 16 1 At 500 me this represents a reactance 
of 47 ohms, which is fairly high 

Limitations Smee the tube lead, react- 
ances are mtemal to the tube, there will be couphng between the input 
and output circuits due to gnd and plate currents flowing through the 



common cathode lead inductance. This will have the effect of introduc- 
ing feedback mto the stage mvolvmg the tube and may cause the grid- 
input impedance to be affected adversely K all the tube lead induct- 
ances and mterelectrode capacities are considered, some rather complex 
relations are encountered In general, the effect of the mternal tube 

1 Strutt, M J 0 , and A van dbr Zibl, The Causes for the Increase of the Admit- 
tances of Modem High-frequency Amphfier Tubes on Short Waves, Proc IRE, 
vol 26, pp lOH-1032, August, 1943 ContamS good bibhography 

* Sarbachhr, R I , and W I Edson, “Hyper and Ultra-high Frequency Engi- 
neenng,” pp 431-436, Wiley, New York, 1943 
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reactances Js to decrease the impedances presented at the tube input 
terminals. This may be seen by considering the onset of reactance 
effects in a triode at ultra-high frequencies. 

C’onsider the tricMlo circuit of Fig. 16.2, in which there are considered 
only the effect of the cathode lead inductance and the cathode-grid 
capiu’ity.' 'Phen the signal voltage V, differs from the voltage that 
sppt'ars iM'tween the gri<l and the 
cathtsle by the voltage* tlrop m the 
cathode lead inductauct*. 'rims 

r. -Vb+JwWp (16.2) 

But the plate current will Im> approxi- 
mately proportional to the negative of 
the prtxiuct of the grid input voltage 
and the mutual conductance of the 
tulw since at ultra-high fret}Uoncie3 
the plate-load resistance will usually 
tie small. 

“ OmV, (16.3) 

The input current to the tube will produce a voltage drop across the grid- 
cathode capacity that is (Kpial to the tube input voltage 



Fici. 1B.2 — The equivalent circuit of 
a triodo amplifier at ultra-high 
frequencies 


V, 



(16.4) 


where /i is the input-circuit current. Making this substitution into 
Kq. (10.2) along with Kq. (10.3), 


J|(l -h JuL/ifm) 


(16.6) 


in wWch the second term in the numerator is numerically small compared 
with unity. Accordingly, the input admittance of the tube is approxi- 
mately 


Yin 




(16.6) 


since (1 ■+■ o)'‘ is approximately equal to 1 — a when a is small com- 
pared with unity. The first term of the input admittance will be recog- 
nised as the normal capacitive suscoptance of the tube. The second 
term is a real positive term representing a conductive component of input 
admittance and Itaving the value 

a,n - ( 16 - 7 ) 

• PsssMAN, H. El, Input (londuotanoo Neutralwation, Sleclronictf vol. 17, pp. 24— 
35, October, 1030. 
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This input conductance corresponds to a resistance in parallel with 
the input capacity whose value decreases inversely as the square of the 
frequency This resistance consumes power, which increases as the 
square of the frequency for a given driving voltage There is no real 
loss of power involved here The driving power consumed in this 
fashion is simply transmitted to the plate circuit The equivalent input 
resistance encountered here can be fairly low For a tube with a cathode 
lead inductance of 10~® henry and a mutual conductance of 9,000 
rmcromhos operating at a frequency of 30 me the equivalent input 
resistance is of the order of 25,000 ohms In addition to the input 
conductance due to cathode-inductance feedback there is a similar compo- 
nent of conductance due to electron-transit-time effects, as will be seen 
The transit-time conductance varies in the same fashion with frequency, 
ie , as the square of frequency The equivalent resistances that are 
due to cathode-inductance feedback and electron transit time are in 
parallel, and any measurement will involve the effect of both In 
triodes the equivalent resistance due to transit-time effects may be 
smaller than that due to cathode-inductance feedback. In multi- 
electrode tubes the transit-time resistance will usually be much larger 
than the feedback resistance The components of the input conductance 
can be separated by making measurements with and without a bit of 
external inductance inserted in senes with the cathode lead 

Interelectrode-capacity LimitaHons In addition to the lead induct- 
ance, the mterelectrode capacitances play an important role in the 
operation of tubes in the ultrarhigh-frequency region Interelectrode 
capacitances due to active parts of the tube structure are incapable of 
reduction beyond a certain point. However, in many tubes the inter- 
electrode capacity results largely from capacity between the leads in 
parts of the tube where electrons do not flow Thus the receiving-tube 
practice of bnnging all the tube leads out through a single glass stem at 
the bottom of the tube is very bad from the standpoint of the inter- 
electrode capacity 

Arrangements that bnng out the leads separately as much as possible 
are preferred from the standpoint of low mterelectrodq capacity. 
Examples of such arrangements are to be found in the acorn tube, the 
doorknob tube, and certain low-power radiation-cooled tubes (see Fig 
16 3) In the acorn tube the leads are brought out radially in such 
a way that the capacity between them is greatly reduced The leads of 
the doorknob tube likewise are brought out rather well spaced In the 
radiation-cooled tubes the leads are brought out widely separated In 
addition, in some forms there are double leads, which can be paralleled 
to reduce the inductance When this is done, the intereleotrode capacity 
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is almost entirely that found in the active portion of the tube where the 
electron flow is concentrated. Further reduction here is possible only 
by scaling down the size of the tube, which m turn hunts the power the 
tube can develop because the heat-dissipation capacities are reduced 
If the resonant circuits of the tubes are made of lumped reactance 
elements, then the lead inductance and interelectrode capacity determine 
the highest frequency at which the tube can be operated This highest 
frequency is the frequency at which the interelectrode capacity resonates 
with the shortest external connection between the tube electrodes For 
the tubes shown in Fig 16 3 this frequency will be of the order of 2,000 



Fig 16 3 — Common ultra-high-frequency tube types 


me for the acorn tube, 1,000 me for the doorknob tube, and 500 me for the 
radiation-cooled tube These frequencies may be exceeded if a trans- 
mission-line type of resonant circmt is used, for then the connecting hnk 
between electrodes may effectively be pushed inside the tube 

The interelectrode capacity is an important factor in determinmg 
what plate-load resistance can be realized This in turn determines the 
gain and power output that can be made available The equivalent 
shunt resistance of a parallel resonant circuit can be written in a number 
of ways, among which there are 


Eah 

Rah 


1 

CJq^RC 

Q 


o)qCI 


(16 8) 
(16 9) 


where R is the equivalent senes resistance, C is the total capacity deter- 
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mining the resonance, and wo is the angular resonant frequency For 
operation at a given frequency it is seen that in order to increase the shunt 
resistance it is necessary to decrease the capacity This can be done up to 
a point by reducing the capacity and increasing the inductance to main- 
tain the same frequency of resonance Eventually, this process is limited 
by the fact that the capacity external to the tube has been reduced to 
zero and the shunt resistance is determined by the tube interelectrode 
capacity The larger the interelectrode capacity, the smaller the shunt 
resistance that can be realized Accordingly, the power output tends 
to drop off as the load resistance or as the square of the frequency as 
frequency increases 

For amplifier operation the gain-band-width product is of considerable 
importance This product is one that depends upon the ratio of the 
tube mutual conductance to the circuit capacity, various numencal 
coefficients applying for different circuits ‘ Consider the case of a tube 
with a simple single tuned circuit as a coupling and frequency-deter- 
mining element between it and the next stage. The gam of such a stage 
IS approximately equal to the product of the tube mutual conductance 
and the circuit shunt resistance 

(16.10) 

where A is the stage voltage gam The corresponding band width 
depends upon the circuit Q and the operating frequency according to 

= ^ (16 11) 
Accordingly, the gain-band-width product is 

The gain-band-width product can be increased by reducing the circuit 
capacity up to the point where that capacity is the intereledtrode capacity 
of the tubes involved Accordingly, it is again desirable to have tubes 
with well-separated leads to reduce the mterelectrode capacity. 

18.4. The Nature of Currents Induced by Electron Motion at tUtra- 
high Frequencies. The Plane Diode "without Space Charge At low 
frequencies, the current flowing to any electrode in a vacuum tube is 
considered as resulting from the arrival of electrons at the electrode in 
accordance with the equation 

i “ nev (16.13) 

1 Whbblbr, H a , Wide-band Amplifiers for Television, Proc 1 R E., vol 27 
pp 429-438, July, 1939 
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wht>re n in the nttmiMT uf clri’tronH per unit length of beam, —e is electron 
charge, and v ia the eloetron veliM'ity. This concept ia satisfactory os long 
as the lime nMiuirtHi for an electron to move from one electrode to another 
IS HO short that it eun Ih* consiiiered as living virtually instantaneous. If, 
however, the time re4|itmHl is uppnirmbte whi*n measured in time units of 
the jieriisl of the alternuting freijueney involvinl, then this eoneept is no 
longer iMieiinnte, 'I’he ({itestion arisi’s ns to 
tthetlier then* is any current in the elect risle 
eircuit while the eleetron is en route. It 
turns out tliat tiiere is sueh a current; and 
since the elwlron transit time may lie an 
appreciable frui’tion of the jM*rl«Kl involvwl 
it nmls to U* considertHl. When the «*lec- 
tron transit lime is appreciable, it Is no 
longer true that the eleetnxle current is 
determinwl by the rate of arriv at of clw’trons 
at the eleetro«le. The current may Im> 
greater or h'ss 

The correct eoneept tif electrode current 
is that It IS determined bv rate uf change of 
the charge on the eleetrisie inditeiHl by the 
elcH'tron in (light. This induced etirront is 
the real current, and its magnitude is readily 
deterniineil {'onsider the situation shown 
in Figs. Id 4a, h, and r. Here there is shown 
an eleetron moving from the eathiMle to the 
plate of a plane-electrode dttxie. From the 
electron there emanate — « lines of elei'trie 
flux, w-hich terminate on a like amount of 
positive charge on the cathode and plate, 

When the electron is close to the cathixle 
as in Fig. t6.4o, then most uf Uie lines from 
the eleetron terminate on the cathode, with 
the result that the ptisitive charge so induced 
on the cathode is larger than the positive 
charge induced on the plate. When the eleetron Is midway between 
catluxle and the plate as in Fig. 10, 4fc, then half the lines terminate on 
the eatiuHie ami half terminate on the plate, with the result that the 
induced charges on cathixle and plate are e<{ual. When the electron is 
close to the plaU' os shown in Fig. I0.4r, then more lines terminate on 
the plate than on the cathixle. 

The exact magnitude of the induced charges diweribed above may be 





Fill. I0 4(«,6,c).-— The sleotria 
flelii nf s single eleetron in 
flight Iwtween parallel plsnee. 
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calculated from the equality of the work done m transferring the charge 
from cathode to plate to the energy gained by the electron in its move- 
ment, Let qi be the charge mduced on the cathode and qi the charge 
induced in the plate As the electron moves across from cathode to 
plate, the battery effectively transfers a charge from cathode to plate. 
This means that the battery does work of the amount Vqt At the same 
time the electron has moved a distance x under the influence of a field 

— V Vex 

of strength -j- so that work of the amount - ^ - has been done on it. 

Accordingly, 


Vq^ = 


Vex 

d 


(16 14) 


from which 


a* 



(16 16) 



x^O of cathode 
x*d of plate 


Since the total charge induced on 
both cathode and plate must equal 
+e, it must be true that 




0 - 1 ) 


(16 16) 


Fig 16 5 — Charges induood on the elec- 
trodes of a plane diode by a single electrode 
in flight 


This means that the induced 
charge on the plate grows linearly 
with electron position from a value 
of zero to -t-e as the electron 
moves across the diode from cath- 


ode to plate At the same time the induced cathode charge decreases 
from +e to zero. These relations are shown in Fig, 16.6 

The current associated with the induced charges resulting from the 
motion of an electron is given simply by the time rate of charge. Thus 


dqt € ^ £v 

* “ di d dt d 


(16.17) 


This is the current flowing to the plate The above is one of the most 
important fundamental relations in the field of high-frequency-tube 
behavior The magnitude of the circuit current associated with the 
electron flight is shown in Fig. 16 6 For the parallel-plane diode con- 
sidered here, the field will be linear, and the velocity of the electron if 
emitted with zero velocity will increase linearly with time. This gives 
nse to a triangular-shaped pulse of current. Furthermore, the induced 
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current depends only on the electron velocity and is independent of 
electron position to the extent that the position is independent of the 
velocity It IS seen that current starts to flow the moment the electron 
enters the interelectrode space and continues until it reaches the plate 
It IS not true that current flows only when the electron reaches the plate 
The area under the current pulse is from Eq (16 17) 

The total current that flows to any electrode is found by adding up 
the triangular pulses of current 
associated with each electron 
This summation will generally 
result in a current curve that lags 
the emitted-electron current by 
an angle proportional to the 
product of the angular frequency 
and the transit time Currents 
may even be induced in electrodes 
to which no electrons flow if the 
number or velocity of the electrons 
approaching the electrode is dif- 
ferent from the number or velocity of the electrons receding from it This 
IS the case with the control grid in ordinary triodes and multielectrode 
tubes when operating Class A 

The General Case The relations given' above are a special case of 
a more general relation in that they are restricted to the plane-electrode 
diode in the absence of space charge The general relation that applies 
for any field configuration is 





d^P 


No space charge 
T=ZcL/vp 


Fig 16 6 — Induced current resulting 
from an electron in transit in a parallel- 
plane diode without space charge 


= (16 18) 

where i is the induced current flowing to any electrode, e is the magmtude 

of the electron charge, and is the gradient of potential in the direction 

of the electron velocity that would exist at the electron’s mstantaneous 
position if the given electrode were raised to unit positive potential and 

1 North, T> 0 , Analysis of the Effects of Space Charge on Grid Impedance, Proc 
I RE 24, pp 108-136, January, 1936 One of the earliest papers to make use 
ev 

of the relation ^ 

^ Thompson, B J , Review of Ultra-high Frequency Vacuum Tube Problems, 
RCA Rev , vol 2, pp 146-155, October, 1938 
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all other electrodes were grounded It will be noticed that the relation 
of Eq (16 18) reduces to the relation of Eq (16 17) for the plane-electrode 
case From the general relation of Eq (16 18) it is seen that the induced 
current is maximum when the electron is moving along a path for which 
the gradient of potential resulting, when the electrode in question is 
raised to unit positive potential and all other electrodes are grounded, 

IS itself maximum If the electron were to follow an equipotential line 
under the conditions stated above, the induced current would be zero 

Induced Currents tn the Space-charge-hmited Diode The shape of 
the induced-current pulse associated with a single electron transit in a 
plane diode is slightly different when the diode is space-charge-limited ' 
from what it is when it is not This comes about because the potential 
variation with distance is a four-thirds-power law in the presence of 
space charge, while it is linear in its absence As a result, the electron 
velocity follows a two-thirds-power law of variation with distance for the 
space-charge-limited case, whereas it follows a one-half-power law in 
the absence of space charge Accordingly, the velocity of an electron 
varies with the square of the time in the space-charge-limited case, 
whereas it varies linearly with time in the absence of space charge In 
addition, the transit time in the presence of space charge has been 
shown in Sec 8 10 to be 50 per cent greater than in its absence. As a 
result, the potential, velocity, and mduced current in the space-charge- 
limited case will have the form shown in Fig 16 7 For comparison, 
the corresponding relations that hold in the complete absence of space 
charge are shown dotted The current pulse with space charge is sharper, 
which means that its fundamental component is smaller and is retarded 
more than in the space-charge-free case The difference between the 
behavior with and without complete space-charge saturation is, however, 
small enough so that for most qualitative evaluations the triangular 
• 

^ ShockX/BY, W , Currents Induced by a Moving Charge, Jour AppL Phys , vol 9, 
pp, 635-636, October, 1938 

* Ramo, Simon, Currents Induced by Electron Motion, Pror, LR E , vol 27, 
pp 684-685, September, 1939 

® Jen, C K , On the Induced Current and Energy Balance in Electronics, Proc 
I RE.yoI 29, pp 345-349, June, 1941 

* Jen, C K , On the Energy Equation in Electronics at Ultra-high Frequencies, 
Proc I RE f vol 29, pp 464-466, August, 1941, 

® This relation results from the fact that the charge induced on one of a system of 
grounded conductors by an electron is eVn, where Vn is the potential to which the 
location point of the electron is raised when unit potential is applied to the electrode m 
question and all other electrodes are grounded The induced current is then simply 
the time rate of change of charge See Shockley and Ramo, op cit 
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current pulse is suflB.ciently accurate The area under the current pulse 
in this case is again +e 

Currents Induced in the Electrodes of a Tnode The relations discussed 
above may be applied to tnodes quite successfully to give an indication 
of the magnitudes and phases of the currents induced m the different 




Fig 16 7 — Induced current resulting from a single electron 
m transit in a plane diode whose emission is space-charge- 


limited 

electrodes Between the electrodes the potential fields will resemble 
those of a diode in that potential will vary linearly with distance except 
in the immediate vicimty of the grid wires The gradients of potential 
will be determined by the ele trode voltages and the tube dimensions 
The currents induced in any electrode can be calculated from the 
relation of Eq (16 18) To find the current induced in the cathode it 
18 necessary to know the gradient of potential which exists at the elec- 
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tron’s location when the cathode is raised to unit potential and the other 
electrodes are at zero potential. The potential contours in a tnode for 
this condition are shown in Fig. 16.8a. The effects of space charge have 
been neglected in setting up these profiles When the gradient of 
potential is known, the induced current is simply the product of the 




Vp^l 

CO p 

Pio 16 8. — Potential contours in a triode 
. used in determinbg the currents induced m 
the electrodes by the transit of a single 
electron 

gradient, the electron charge, and the actual velocity. Since the gradient 
of potential is negative in both the cathode-grid and in the grid-plate 
region, the induced cathode currents will always be negative Further- 
more, the induced current will be greater in magnitude by approximately 
the amplification factor of the tube when the electron is in the cathode- 
grid region than when it is in the grid-plate region. 

To determine the currents induced in the gnd wires, it is necessary 
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to know the potential distribution that results when the grid is at unit 
positive potential and the cathode and plate are at zero potential 
The resulting potential profiles are shown in Fig 16 8& The induced 
grid current will be positive when the electron is in the cathode-gnd 
region but negative when the electron is in the grid-plate region The 
magnitudes of the currents wnll be approximately m the mverse ratio of 
the cathode-gnd, distance and the grid-plate distance for a given electron 
velocity since the magmtudes of the potential gradient are in this inverse 
ratio 

To determine the induced plate current it is necessary to consider 
the potential configuration that results when the plate is at umt positive 


TABLE X 

CURRENTS INDUCED IN THE ELECTRODES OF A PLANE-ELECTRODE 
TRIODE BY THE PASSAGE OF A SINGLE ELECTRON 



Cathode current 

Ic 

Grid current 

Iff 

Plate current 

h 
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cathode-gnd 
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potential and the grid and cathode are at zero potential The resultmg 
potential profiles are sketched in Fig 16 8c Then, by Eq (16 18), the 
induced current to any electrode is simply the product of the electron 
charge, the electron velocity, and the corresponding gradient of potential. 
The resulting electrode currents are hsted in Table X It will be noted 

that the induced electrode current is always of the form For any 

position of the electron it will also always be true that the sum of the 
cathode, gnd, and plate current is zero 

Expressions similar to those for the plane-electrode tnode can ^so 
be worked out for the cylindrical-electrode tnode These expressions 
will be more involved than those for the plane-electrode tnode and will 
involve the radial position of the electron This comes about because 
the gradient of potential is not constant m the interelectrode spaces 



490 


VACUUM TUBES 


For the cylindrical diode, for instance, the induced cathode and plate 
currents are 

and 

- 7 In (;') • (>«■“) 

16.6. Onset of Transit-time Effects m Triodes. As the frc(iuon(‘y of 
operation of a vacuum tube is raised, there is finally reached a frequency 
at which electron-transit-time effects make themselves felt These an* 
evident first with the appearance of a conductive component of the grid 
input admittance, t.c., a definite amount of power is required to drive the 
grid even though it does not intercept any electrons In addition, the 
mutual conductance and amplification factoi become complex and smaller 
in magnitude, having a negative phase angle that increases in magnitude 
with freciuency. Of those various effects the appeaiance of a conductive 
component of grid input admittance is most impot tant This component 
is one that at first grows as the square of the frequency The existence 
of this component and its dependence upon frequency and other factors 
can bo demonstrated by examming the induced grid currents along the 
lines indicated in the previous section 

Consider first the grid current induced by the transit of a single 
electron from cathode to plate. Ordinarily the grid will be negative, 
but above its cutoff value The electron, however, passes readily through 
the space between grid wires where the potential is positive. In the 
cathode-grid region the gradient of potential is nearly constant at a small 
pomtive value determined by the cathode-gnd distance and the mean 
potential of the gnd plane In the gnd-plate region the potential 
gradient is again positive, but at a much higher value Potential con- 
tours for a typical condition are shown in Fig 16 9a. The associated 
electron velocities will as a first approximation be considered linear with 
time in both the cathode-gnd and the gnd-plate region because the 
potential gradients in these regions are nearly constant The electron 
velocity IS as shown in Fig. 10 96. It is seen to increase linearly with 
time at a relatively slow rate in the cathode-gnd region and at a rela- 
tively faster rate in the gnd-plate region 

The corresponding current induced in the grid electrode will be as 
shown in Fig 16 9c The induced current has the form of the product 
of the electron velocity as in Fig. 16 96 by the potential as shown m Fig. 
16.86 The sign of the current changes as the electron passes the gnd 
plane, for here the electron changes its relative direction with respect to 
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the gnd The induced-current pulse as a result consists of a positive 
triangular pulse foUo-wed by a negative trapezoidal pulse The areas 
of the positive and negative pulses will be equal to plus and minus e 
respectively, yielding a net zero direct component as expected from physi- 
cal considerations 

C G P 





If it is assumed that there is one electron hberated per cycle a,t the 
same time after the maximum value of gnd voltage, then the pulse of 
Fig 16 9c will occur once each cycle and will have a fundamental compo- 
nent of current of the frequency of the excitmg voltap The fun ^ 
mental component of current of the induced-current pulse will 
position shown in Fig 16 9c This fundamental component of current 
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mil change from positive to negative at about the same tyne as the 
induced-current pulse itself changes from positive to negative As a 
result, the fundamental component of grid current will lead the gnd 
voltage by 90 deg minus some small angle 6 The total grid current 
will be made up of the sum of all the induced currents resulting from the 
total electron flow Smce the electron current will be nearly sinusoidal 
and in phase with the gnd voltage, the resultant fundamental component 
of gnd current mil have the same location as that shown for the single 
electron of Fig 16 9c This is because most electrons will flow at the 
peak of the grid voltage, and as a result any summation of pulses will 
favor those associated with the peak of the gnd voltage 

The magmtude of the resulting fundamental component of grid cur- 
rent will be proportional to the product of the mutual conductance, the 
frequency, the electron transit time, and the grid voltage ^ 

I.i = kGmfTVo (16 21) 

This occurs because the magmtude of the induced current depends upon 
the change m the number of electrons m the stream, which m turn depends 
upon the product of mutual conductance and voltage The fundamental 
component of induced gnd current depends upon the frequency, for the 
length of the current pulses induced by the individual electrons relative 
to the period of the exciting voltage is directly proportional to this factor, 
as will also be the area of the pulse The fundamental component of the 
induced grid current will also depend upon the transit time of the electrons, 
for this will determine the area of the pulses of current induced by the 
passage of each electron 

The grid mput admittance will be defined as the ratio of the gnd 
current to the grid voltage 


y, = = hGJT (16 22) 

This admittance will have a conductance component and a susceptance 
component If the grid current led the grid voltage by 90 deg, the mput 
admittance would be purely imaginary, corresponding to the susceptance 
of the cathode-grid capacity, juCco Actually, this will be the larger 
component of the input admittance However, the admittance will 
have a conductance component of the form 

Gg = Yg sm 9 (16 23) 

where 9 is the angle of Fig 16 9c by which the fundamental component 
of the mduced gnd current fails to lead the grid voltage by 90 deg For 
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small angles, sm d can be replaced by 6 The angle 6 itself depends upcm 
the product of the frequency and transit tune of the electron, 

BOid = d = k^T (16 24) 

This 13 evident from Fig 16 9c, it being remembered that the angle of 
a full penod is 2ir radians and that if the fundamental period is changed 
the angle d will be changed even though the electron transit time is not 
changed* As a result of Eqs (16 23) and (16 24), the mput conductance 
is given approiomately by 

0„ = k^J^T^ (16 26) 

to a Li gli degree of approximation ‘ Equation (16 25) shows that the gnd 
input condiMtance increases as the square of the frequency for a given set of 
operatmg conditions This is to say that the equivalent mput resistance 
considered to be m parallel with the mput capacity decreases as the square 
of the frequency Some experimentally determined values are given m 
Fig 16 10 The mput resistance encountered here is such that thednvmg 
power required for a given degree of excitation increases as the square of 
the frequency This rapidly becomes a hmitmg factor of considerable 
seriousness 

Althou^ space-charge effects have been neglected in the above 
development, their presence will merely change the numencal constant 
If the mduced-current pulse of Fig 16 9c had been drawn to mclude the 
effect of space charge, the positive part of the pulse would have had 
the form of the sohd curve of Fig 16 7c instead of the triangular form 
given The shape of the negative portion of the pulse would not have 
been much changed The constant of Eq (16 25) can be evaluated to 
include the effect of space charge * The specific form of the gnd con- 
ductance IS 



where jP,, is cathode-gnd transit time, is gnd-plate transit time, Vp 
is electron velocity at the plate, and v, is mean electron velocity m the 


1 See Fxkeis, W R , Input Resistance of Vacuum Tubes as Ultra-high Frequency 
Amphfiers, Prod RE, vol 24, pp 8^-105, January, 1936, for an alternative denva. 

'tion of Eq (16 25) 

® North, op cfU 



494 


VACUUM TUBES 


grid plane The numerical value of the constant given by the first term 
only of the expression in brackets is approximately 2, that is, kg in Eq 
(1625) IS approximately 2 when T is the cathode-grid transit time 



A number of factors conspire to prevent Eqs. (16.7) and (16.26) from 
being fulfilled exactly The actual situation with respect to input con- 
ductance IS extremely complicated ' As a result the above equations 

‘ “Input Admittance of Receiving Tubes,” Tube Department, Radio Corporation 
of America, Harrison, New Jersey, November, 1946 
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indicate only first-order effects Departures from the simple theory 
indicated, above are due to the followmg 

1 The mput capacity of a tube is nonlinear with transconductance 
This IS a low-frequency effect due to space charge It con- 
tnbutes to a nonlmeanty between mput conductance and tube 
transconductance 

2 Partial resonance between lead mductance and interelectrode 
capaaty may change apparent input capacity 

3 There may be a negative mput-conductance component due to 
screen lead mductance m pentodes 

4 There are cold-tube mput-conductance components due to lead 
resistance and dielectnc losses that obscure lead-mductance and 
dectron-transit-tune effects The lead resistance yields an mput- 
conductance component that mcreases as the five-halves power 
of frequency as a result of skm effect and the senes combmation of 
resistance and mductance Dielectnc losses yield a comp'onent of 
conductance that mcreases hnearly with frequency. 

16.6. Transit-tune Effects m the Space-charge-lumted Diode In 
the discussions thus farj relatively httle attention has been paid to the 
effects of space charge The effect of space charge may be eicpected to 
be considerable, particularly m the vicimty of the cathode, where the 
space-charge density is very high Before gomg mto this subject it wiU 
be weU to emphasize the distmction between the vanous components of 
current encountered 

The general form of current mvolves a combination of conduction 
current and displacement current 

J (1627) 

The first term here is the conduction current and is proportional to 
the number of electrons amvmg per second at any reference plane The 
second component of current is the displacement curr^t This is the 
current that fiows as a result of changes m the electric-field strength 
In vacuum-tube problems the resultant current will ordmanly be a 
combination of conduction and displacement current At low frequencies 
the current will be nearly all conduction current, but at sufficiently high 
frequencies the displacement current wffi be considerable This occurs 
because of the fimte transit time required by the electrons to pass from 
one pomt to another Thus, if a group of electrons is hberated at a 
cathode of a diode, it will be a while before they arrive at the plate 
This does not mean that the plate current is zero until the electrons 
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amve True, the conduction current wUl be zero until the electrons 
arrive, but in the meantime there will be current m the form of dis- 
placement current (the induced current of the previous sections) The 
totid. current in the general case is the sum of the conduction current and 
the displacement current and ts the same at any 'point in the cur emit 
Thus in the diode the current at the cathode is virtually all conduction 
current because the field there is zero At the plate, in the presence of an 
alternating voltage, the total current will be the sum of the conduction 
current at the plate and the displacement current associated with the 
nhqTigiTig electric field resultmg from electrons en route to the plate 
To examine the relations m the plane-electrode diode with space 
charge it is necessary to know the equation of motion of the electron in 
addition to the general defimtion of current flow The equation of motion 
is simply 

—eE = e ^ = ma (16 28) 


dV 

where e is the magnitude of the electron charge, is the gradient of 

potential, m is the mass of the electron, and a is its acceleration In 
addition, Poisson’s equation will be involved to take account of the effect 
of space charge upon the potential distribution For the plane-electrode 
case with the various quantities varying in the x direction only, 

dlVeoJE = = p (16 29) 

where p is the space-charge density and co is the dielectric constant of 
free space Combining Eqs (16 27) and (16 29) gives 

- / dE dx , dE\ dE 

Refemng back to Eq (16 28), it is now apparent that 

(1631) 

The previous five equations are the fundamental ones upon which 
all electron-transit-time studies involving space charge are based Equa- 
tion (16 27) 18 essentially Maxwell’s defimtion of current in its general 
form Here it is necessary only to remember that current m general may 
be either displacement or conduction or a combination of both Equations 
(16 28) and (16 29) are relatively well known and deserve no particular 
comment Equations (16 30) and (16 31) are the new relations of 
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ngnificance These give current as a function of time only, directly 
proportional to the time rate of change of electric field or of acceleration 
Smce electric field is a function of both time and distance, the total 
denvative with respect to time has mvolved partial denvatives with 
respect to each Fortunately, the combination of partial derivatives 
given m Eq (16 30) is exactly the total denvative of the electnc field 
It IS the last of the above equations that is really new and significant 
From this it is seen that if the acceleration or for that matter any of its 
denvatives be known then the current can be determmed From this 
equation all the dynamic properties of space-charge flow can be 
determined 

Let us test the power of Eq (16 31) by obtaimng some basic relations 
Let it be assumed that the current density is made up of a constant 
component plus an alternating component of the form 

J = Jo -h Ji**" (16 32) 

where Jo is a direct component of current density and Ji is the magnitude 
of an altematmg component, p bemg equal to ju, and it is understood 
that we are deahng with only the real part of the exponential factor 
This IS a well-known procedure m network theory, and it is used 
here because it simphfies the wntmg of the associated equations 
The differential equation corresponding to Eq (16 31) becomes 

^ = :z« (/. + J,eP*) (16 33) 

at W 2 eo 

Let this now be mtegrated to obtain the acceleration, velocity, and 
distance m a parallel-plane diode under the assumption that the mitial 
velocity and acceleration of the electrons are zero With these restnc- 
tions, a first mtegration of Eq (16 33) ^ves 

Jo(« - <«) + ^ (16 34) 

meo L P J 

where «« is the time when the electron leaves the cathode A second 
integration gives 

„ = ({ - -t- ^ (e"‘ - j (< - *«)*”'•] (1® 

A third mtegration gives 

- p (« - O**"- - ^ (« - (16 36) 
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These equations give acceleration, velocity, and distance as a function of 
the tune, the starting time, and the current-density components Let the 
validity of these equations be tested by examimng the direct components. 
If the above equations are restricted to the case m which the alternating 
component of current density J i is zero and if t — ta be considered the 
transit time toj then the above equations reduce to 


— bJ oto 

Xq = 

(16 37) 

mtQ 


_ —eJQto^ 

2meo 

(16 38) 

_ —eJoto^ 

6m£o 

(16 39) 


Of these, the last equation will be recognized as giving the proper varia- 
tion of distance with time To bring the above equations into a more 
famihar form it is desirable to obtain an expression of the voltage differ- 
ence corresponding to the distance xq This is readily obtained from the 
defimtion 

7o = - Eo dx (16 40) 

which by virtue of the equation of motion (16 28) is the same as 

Vo = - laovodt (1641) 

e Jo 

This 3 aelds 

= (16 42) 

to our small surprise If now the expression for vo from (Eq 16 38) 
be substituted in this and the value of io as determined from Eq. (16 39) 
be applied, there results 

which IS Child^s law as previously given by Eq (8.7), Apparently 
Eqs (16 33) to (16 35) can be trusted to give some reliable answers if 
properly interpreted 

In the same way as the direct current was found as a function of the 
direct voltage, the alternating component of current can be found as a 
function of the alternating component of voltage In this case the 
electron transit time is expected to be involved, and it is When the 
voltage and current are known, their ratio gives the equivalent imped- 
ance, a factor of great importance in tube application problems The 



ULTRA-HIGH-FREQUENCY EFFECTS 


499 


denvation of the impedance of a diode whose emission is space-charge- 
hmited has been given many times and is much too lengthy to be mcluded 
in the text The specific formula for the diode impedance is 

= I + P (2 - - /3 - (16 44) 

where = iB, 6 bemg the transit angle from cathode to plate, that is, 
6 = Wr, where T is the transit time Ro is the low-frequency dynamic 
plate resistance of the diode as determined by the slope of the voltage- 
current characteristic This expression separates readily into real and 
imaginary parts corresponding to senes resistance and reactance 
components 

^ ^ [2(1 - cos fl) - e sm B] (1645) 

jKo " 

1;;= -^-^[e(l + cos0) -2sind] (1646) 


Curves of and ^ are given, in Fig 16 11 as a function of the transit 

angle 6 These components are part of the series representation of 
impedance and indicate that the diode impedance is equivalent to a 
resistance in senes with a capacitive reactance, X bemg always negative 
Also shown as a dashed curve in Fig 16 11 is the high-frequency asymptote 
of the reactance curve This has the form of the reactance curve of a pure 
capacity The resistance component drops from a maximum value for 
zero transit angle to a zero value for a transit angle of 2ir After that, it 
assumes alternately negative and positive values but never exceeds a few 
per cent of the maximum value in magmtude It is mteresting to note 
that the resistance changes from positive to negative at transit angles of 


27r, 47r, 6 t, etc , whereas the change from negative to positive resistance 
occurs for transit angles of Stt, Stt, Ttt, etc This means that the region in 
whmh the diode resistance is negative is smaller than the region m 
which the diode resistance is positive The negative resistance pre- 


dicted by the form of Fig 16 11 for transit angles between 2t and 3 t is 
qmte real, and special diodes have been made to oscillate by virtue of 


1 Bbnham, W E , a Contribution to Tube and Amplifier Theory, Proc IRE, 
vol 26, pp 1093-1170, September, 1938 This article summarizes work m earlier 
British publications 

® Llewellyn, F B , Electron Inertia Effects,*' Cambridge, London, 1941 (dis- 
tributed m the United States by Macmillan) This tract summarizes the work 
covered m Llewellyn's numerous papers pnor to 1941 

® Muller, J, Eletronenschwingungen im Hochvakuum, Hochfregue^ und 
Elektroakushc, vol 41, pp 166-167, May, 1933 
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this negative resistance i The fiiute velocity of emission of the electrons 
tends to reduce the magnitude of the negative resistance predicted by 
Eq (16 46) 

The nature of the reactive component of diode impedance is beat 
understood by examining the imaginary component of the reciprocal 



Fia, 16 11. — Components of the equivalent series 
impodanco of a piano diodo whose omission ts apaco- 
charge-limited. (After Llewellyn ) 


of iitipodfitixco, i 6 f th6 adDcuttancB. A plot of tho roftl (conductance) 
and imaginary (susceptance) components of admittance of a plane- 
electrode diode whose emission is space-charge-limitod is shown in Fig. 
16.12. From this it is seen that the susceptance of the diode is ciosely 
represented by that of a capacity m shunt with a resistance for small 
transit angles At low frequencies or small transit angles, the capacitive 

zs 

susceptance ratio is even approximately by The proportionality with 

1 Llbwkul^vn, F, B., and A E Bowkn, The Production of Ultra-high Frequency 
Oscillations by Means of Diodes, Bell Bye Tech Jour , vol 18, pp. 280*‘291, April, 
1939 



TJLTRA-HIGH-FREQUENCY EFFECTS 50J 

transit angle and frequency means that the susceptancq can be repre- 
sented by a fixed capacity The size of this capacity happens to be H 
of the cold capacity of the tube This amounts to saying that the 
electron charge acts like a dielectric with a dielectnc constant of % 
For higher values of frequency and transit angle the susceptance departs 
from the low-frequency value and finally becomes asymptotic to the 
value correspondmg to the cold capacity 



0 I 2 3 4 5 6 1 8 9 10 11 12 B 


Transit angle 0, radians 

Fio 16 12 — Components of the equivalent shunt 
admittance of a plane diode whose emission is 
spaoe-charge-hmitcd (After Llewdlyn.) 


It is possible to work out equivalent circuits for the diode admittance 
over a large range of transit angles For low frequencies the parallel 
combination of a resistance equal to the plate resistance m paralld with a 
capacity equal to H of the cold capacity works very weU For fre- 
quencies giving rise to transit angles greater than 90 deg it is best o 

refer to the curves of Figs 16 11 and 16 12 , . j 

16 7. Small-signal Transit-tune Effects m the Space-charge-lumted 
Tnode. Much of the information obtained m the previous sectio-n can 
be applied to the case of a tnode operatmg with small signal voltages 
and with its emission space-charge-hmited Here it is expected that 
there will be something hke a diode action between the cathode and ^d 
This will mfluence the input impedance of the tube Further, it is 
expected that the tube capacities will play an important role In 
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addition, it is .to be expected that the mutual conductance of the tube 
will be changed by transit-time effects Vanous equivalent circuits 
Y have been proposed for tnodes operating under 

y the above conditions, one of the most successful 

^ ^ i f [I ^ being that shown in Fig 1613^ ThisisaTsec- 

II Qf admittances with an internal generator m 

the plate lead to represent the effect of the volt- 
^ age applied m the gnd circuit The junction of 

C the adimttances occurs, not on any of the elec- 

Pia 16 13 — Bquiva- trodes, but in the grid plane between the gnd 
lent circuit of a triode The admittance Fn is the admittance 

operating at ultra-high jjgtween the cathode and the grid plane and is the 
frequencies given by Fig 16 12 for a plane- 

electrode diode The admittance F 22 is simply the admittance of the 


electrode diode 
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Fig 16 14 — Small-signal transadmittance of a tnode as a 
function of cathode-grid transit angle {Aft&r Llewellyn ) 

plate-gnd-plane capacity The admittance Yg is the capacity from the 
gnd wires to the gnd plane and is mu times as big as the plate-gnd-plane 

iLlbwblltn, F B , and L C Pstbrson, Vacuum Tube Networks, Proc I RE ^ 
vol 32, pp 144-166, March, 1944 
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capacity The transadmittance Y w replaces the Gm used at low frequen- 
cies The transadmittance can be evaluated by an extension of the 
arguments used to obtfun the diode admittance On the assumption 
that the grid-plate transit time is small compared with the cathode-gnd 
transit time the transadmittance is given by the curves of Fig 16 14 ^ 
The magmtude of the transadmittance is seen to fluctuate with transit 
angle, but not excessively The magmtude never differs from the low- 
frequency value by more than 25 per cent This is apparently due to 
something like the bunching action that occurs in klystrons m the pres- 
ence of space charge where there is a periodic variation of the effective 
bunching parameter The phase of the transadmittance, however, is 
continuously retarded with transit angle The first mimmum of the mag- 



G S 


Fio 16 15 — ^Equivalent circuit of a tetrode at ultra-high 
frequencies 


nitude occurs for a transit time of approximately one cycle m the cathode- 

gnd region , , , , 

With all the elements of Fig 16 13 given it is a relatively simple 
matter to compute the performance of the tube under any conditions 
Thus the predictions of Sec 16 5 on the input impedance of a triode may 
be verified by mspection The mput impedance of the circmt of Fig 
16 13 18 essentially that of the gnd-plane capacity m senes with the 
cathode-grid-plane diode impedance At low frequencies this acts hke 
a capacity m series with a resistance This is readdy shown to be the 
same as the impedance of a capacity paralleled by a resistance whose 

magnitude vanes inversely as the sqWe of the frequency 

Multielectrode tubes can be treated by an extension of the ideas 
applied above to the tnode Here it is merely necessary to add another 
L section for each additional gnd to the circmt of Fig 16 13 Thus *he 
equivalent circmt of a tetrode is as given in Fig 16 15 Here the first 


^Ibtd. 
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branch point Ai is located m the control-gnd plane between wires The 
second branch point A a represents the screen-grid plane between wires 
The admittances Yo, Faa, and Tsa are the admittances of the simple 
capacities between adjacent electrodes. T. is the admittance of the 
screen-grid-screen-grid-plane capacity, which is larger than the scrcen- 
grid-plate capacity by the screen-gnd mu Fi, is the transadmittanee of 
the hrst-grid relative to the sccond-gnd current Y n is the transadmit- 
tance of the plate current relative to the grid potential. 

16.8. Similitude and Scaling in Ultra-high-frequency Tubes. It is 
frequently of interest to consider the eifect of changing the size of tubes 
or of operating given tubes at a different voltage or frequency A study 
of such changes is well worth while, for it lays a basis for design and also 
aids greatly in the understanding of the operation of tubes at ultra-high 
frequencies 

It IS recogmzed that there is a relation between voltage, frequency, 
and the distance that an electron must travel in a given length of time 
A basic relation between these factors can be obtained from the equation 
of motion of an electron subjected to an electric field 

-eE (16.28) 


Dimensionally, this is of the form 


r _d* 
m “ Vl^ 




(16 47 ) 


Since -■ IS a numcncal constant, it follows that is also a numerical 
m V 

dtp 

constant Dssontially, this makes the combination -y- a dimensionless 

parameter that applies to the problems of motion. Thus, as long as 

the factor is constant, no matter what the value of the individual 

factors it will always be true that an electron will require the same frac- 
tion of a cycle to travel corresponding distances. This same conclusion 
IS arnved at by considering transit angle as being equal to 2irfT, where T 
IS the transit time. Since the transit time is proportional to the ratio 
of distance to velocity or the square root of voltage, transit angle is 

proportional to the factor which is simply the square root of the 

dimensionless factor given above Hence to get tubes that will have the 
same impedance at any given frequency, if tube o is twice as big as tube 
6 it must operate at four times the voltage of tube b. Likewise, to keep 
transit time constant, it is necessary to build tubes smaller in inverse 
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proportion to frequency for operation at a given voltage or operate at 
voltages that are higher in proportion to the square of frequency for a 
given size of tube 

Other factors besides the transit an^e are involved m high-frequency 
operation If the size of tubes is chained, then power-dissipation 
capacities are changed So likewise are the actual inductances and 
capacities of the tube AH these factors may be studied by settmg up 
some scaling factors with respect to the basic equations that determine 
ultra-high-frequency operation These equations are two, the equation 
of motion of an electron and Poisson’s equation Let there be considered 
two tubes whose dimenaons are m the ratio of D operating at wave 
lengths in the ratio of W Thus the defimng relations for D and W are 

D = (16 48) 

and 

= (16 49) 

Al 

If now an electron moves between corresponding pomts of two similar 
tubes in the same fraction of a cycle, 

dti^Wdti (16 50) 

The equation of motion for an electron m the second tube is 

(16 51) 

dt2^ * 

The corresponding equation of motion in terms of an electron m the first 
tube IS 

= -eE, (16 52) 

W ‘ 

For these two equations to yield similar paths with the same dependence 
upon transit angle at the respective frequencies it is necessary that 

^ = R (16 53) 

El 

Refernng now to Poisson’s equation m the form of Eq (16 31), , 

dJB^ 
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In like manner the ratios of all the cntical quantities may be obtained 
m terms of the factors D and W The resulting relations are sum- 
manzed in Table XI below 


TABLE XI 

SCALING FACTORS FOR UI.TRA-HIGH-FREQUENCY TUBES* 





Complete 

Voltage 

Wave-length 

Quantity 

Ratio 

General 

scaling 

sealing 

sealing 




W 

W - 1 

1) « 1 

Inductance 

Li 

Li 

D 

WO 

W 

J) 

1 

Capacity 

Ci 

c, 

D 

WO 

If 

D 

1 

Field 

M% 

Wi 

D 

1 

"W 

D 

1 

w* 

Voltage 

V, 

Vi 


1 


\ 

Current density 

Ji 

Jl 

D 

w^ 

1 

I) 

1 

Current 

h 

h ■ 

w^ 

1 

W 


1 

Power 

Fa 

Fi 


1 

H 

1>^ 

1 

Power density 

hi 

hi 


1 

1)^ 

1 

ir* 

Conductance 

Gi 

1 

w 

1 

1 

1 

1 

1 


* D = 22, pfT _ 


It is interesting to note that this same table applies for magnetron 
tubes, it being necessary only to add a row for the ratio of magnetic-flux 
densities The ratios in the column entitled “General” apply for similar 
tubes operating at different frequencies but with electrons moving 
between corresponding points in the tubes in the same fraction of a 
cycle The ratios in the column entitled “Complete scaling” apply for 
similar tubes with dimensions proportional to wave length, the usual 
case If a tube is simply changed m size and the voltage adjusted accord- 
ingly but operation is had on the same frequency, then the values in the 
“Voltage scaling” column apply If dimensions are not changed but 
wave length and voltage are changed to g^t the same electronic action, 
then the values m the “Wave-length scaling” column apply 

In the case of complete scaling, increased power output is actually 
obtained up to the pomt where one of the requirements indicated by 
the table is violated This will usually be either the current-density 
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requirement, which mcreases as the square of the frequency, or the power 
dissipation per umt area requirement, which mcreases as the cube of 
the frequency 

In the case of voltage scalmg an excellent ^ain in performance charac- 
tenstics IS achieved Tubes scaled on this basis will usually be limited 
either by voltage breakdown or power dissipation Note that the power 
output goes up as the fourth power of the size The reqmred voltage 
goes up as the square of the size Inductance and capacity go up 
hnearly with size but will usually be the same percentage of the associated 
external values 

Wave-length scahng amounts to operatmg a given tube at a variable 
frequency but chfl.n ging the voltage to compensate for transit-tune effects 
This requires that the voltage be increased as the square of the frequency 
This requues emission-current density that mcreases as the cube of the 
frequency and power dissipation per umt area that increases as the fifth 
power of the frequency Ordmanly, one cannot go very far m this 
direction 

16 9 High-frequency Lumt of Tnode Oscillation. The operation of 
power oscillator tubes at ultra-high frequencies is considerably more 
comphcated than that of receivmg tubes The mcrease in complexity 
results from the fact that the alternating voltages are usually large and 
therefore current will flow for only part of a cycle Electrons flowing at 
different times dunng the cycle will have widely different behavior as 
far as transit times are concerned The general treatment of large signal 
effects will be left for the next section, and this section will be devoted 
to some observations that can be made m limiting cases 

It IS well known that transmitting tubes whether operating as oscil- 
lators or as amplifiers suffer from a loss of output as the frequency is 
raised Figure 16 16 gives some curves showmg the power output 
of a number of different oscillator tubes as a function of frequency All 
these curves have the same general shape At low frequencies the output 
IS constant As frequency is raised, the power drops off, slowly at fimt, 
and then very rapidly UsuaUy the power output will have dropped to 
zero within a factor of 10 of the frequency at which a decrease m output 
IS first detectable Of considerable importance is the observatim that 
there is a power-frequency hmit for tubes of the same type ^ This is 

evident in Fig 16 16 , j., i „ 

Although the curves for different tubes overlap, there is an envelope 

that can be drawn to the family of curves as a whole The basic trend 


1 Wagenzh, W G , The Developmental Problems and Operatmg ChaTac^txcs 
of Two New Ultri^high Frequency Tnodes, Proc J B B , vol 26, pp 401-414, April, 
1938 
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is that tubes designed to produce high power arc not able to go to as high 
frequency as tubes designed for a lower power output. A better state- 
ment of this effect is that as tubes are designed to operate at higher and 



of frequency 

higher frequencies tiioir output is inherently reduced. This is in accord 
with the observations made in connection with the scaling values of 
Table XI The envelope for the water-cooled tubes is approximately a 
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straight Une with a slope of — 6 This is the proper hmit for tubes whose 
output 18 hmited by a given power dissipation per unit area From 
the Complete scalmg column m Table XI it is seen that the power density 
varies as the cube of the frequency Since the actual allowable dis- 
sipation IS fixed by the coohng system, the power must be decreased 
inversely as the cube of the frequency to keep the dissipation per umt 
area constant In addition, the area vanes mversely as the square of 
the frequency, and as a result the power output obtainable with a water- 
cooled tube of optimum design operating at a given fraction of its high- 
frequency limit 13 eicpected to vary as the mverse fifth power of frequency. 

The air-cooled tubes have a high-frequency limit that vanes approxi- 
mately as the mverse square of frequency This is not greatly different 



Pig 16 17— Power output of ooutmuoua-wave oscillators as a 


function of frequency 

from the relation that is expected from complete scalmg when the 

cathode emission is the limiting factor , , . 

Recent developments m tubes have pushed the high-frequency 
envelope appreciably to the nght In Fig 16 17 is shovm the power 
output as ^function of frequency of vanous types of continuous-wave 
tubes as of early 1946 ‘ Undoubtedly, further advances wiU push these 
to the nsht, hut fte bjg 

come from the development of new types of operation rather than from a 

refinemeBt of conventional tubes - . 

Not too much 18 known about the operation of tubes 
nlete ranee of frequencies from a low-frequency range of constant output 
imut ot eutmchou At low lre<iueue.ee where the 

xBrmm, John, Power I^ts of Coutmuous Weve Tubes, EUc^or^, vol 19, 
p 91, January, 1946 
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transit time of the electrons is negligible the performance is well under- 
stood in terms of Class C amphfier theory As frequency is raised, some 
phase shifts are encountered as a result of the fimte transit time of the 
electrons and the performance can still be estimated This takes one 
out to frequencies where the output has dropped off to about 80 per cent 
of the low-frequency value As frequency is increased still further, 
there are pionounced phase-shift and transit-ti m e effects associated with 
largo alternating voltages and the resulting operation is at best pooily 
understood This covers the frequencies from about 80 per cent to about 
5 per cent of the low-frequency output When the output has dropped 
to about 5 per cent of the low-frequency output, the alternating voltages 
will be quite small and the small-signal theory of Llewellyn, Benham, and 
Mueller will apply 

Frequency at Which Efficiency Begins to Fall Off It is of mterest 
to identify some reference points on the curves of Fig 16 16 One 
such reference point is the frequency at which the output has dropped to 
some given percentage of the low-frequency value, say 90 per cent This 
can be done fairly satisfactorily by the application of some simplifying 
assumptions ^ Let it be assumed that the oscillator is operating Class 0 
and that the plate-current pulse is a rectangular one which flows for a 

quarter of a cycle Thus lot ip » for “ 5 < ^ < | and » 0 for 

other angles of the cycle where 6 = ut Let the corresponding plate 
voltage be 

Vpit) - Vpo - Vpi coa'e (16 66 ) 

The plate power loss for these assumed conditions is as shown in Fig 
1618 


Wpi ”■ 2 )r _/ “ ^J>i COS 9) dB 

Wpi = p^ 

^ \/ 2 *‘ 


(16 66 ) 
(16.67) 


Let it now be assumed that electron-transit-time effects set in as a 
result of an increase m frequency and that the only effect is to cause 
the plate-current pulse to lag the alternating plate voltage by the angle 
wT, where T is the cathode-plate transit time The plate loss under 
these conditions corresponding to the dotted curves of Fig 16 18 will be 

* Gavin, M E, , Triode Oscillators for Ultra-short Wave Lengths, Wtreleet Eng , 
vol 16, pp 287-296, June, 1939 
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Fio 16 18 — ^Effect of transit tune upon the 
plate loss of a Class C amplifier 



(16 58 ) 
(16 59 ) 

(16 60 ) 

(16 61 ) 


(16 62 ) 
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where W’’o is the input power and Wpi and Wp% are the plate losses for 
the two cases Accordingly, the difference ip, efficiency is 


~ 


Zei usys 
IT VpO 


(16 03) 


which indicates that the decrease in efficiency is proportional to the square 
of the frequency, to the square of the transit tiino, and to the ratio of 
peak alternating to direct plate voltage A further assumption that is 
reasonable is that the ratio of peak alternating to direct plate voltjige is 
0.9 This corresponds closely to the opeiating condition for maximum 
efficiency over a wide range of conditions of volt.a 4 ?e, loa<l, and tube 
selection. With this assumption Eq (16 63) reduces simply to 


1JJ - S 0 


(10 64) 


Let now some voltages be assumed so that the transit time T can 
_ be determined. A representative 
operating condition is that 





Jio 


- F„„to - jg (16.66) - 


Fio 16 19 — Potential profile deter- 
mining; low-frcquency transit time in 
a Class C oscillator 


This means that the transit time will 
be determined for a potential profile 
like that shown in Fig 10.19. Here 
it IS assumed that the current flow in 
the cathode<grid region w space- 
charge-limitod while that in the grid- 
plate region is not. Actually, the presence of space charge will depress 
the voltage in the grid-plate region slightly as shown by the dotted 
curve, but the error made m assuming that there is no space charge 
present in this region will not be great. The cathode-plate transit time 
for this condition is 


T„ s sec (16.66) 

6 93 X 10^ 

where dee cathode-grid and gnd-plate distance's in centimeters, 

respectively, and Fpo is the direct plate voltage m volts 

If now it IB desired to determine the wave length at which the 
efficiency has dropped 10 per cent from the low-frequencv value, then 
III — 111 is set equal to 0 1, as a result of which 


Xj iwCTep 


(16.67) 
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where c = 3 X 10“ cm per sec is the velocity ol light When now the 
value of Tcf from Eq (16 66) is substituted, it is found that 


20,200(3^+ d»,) 

\/F7o 


cm 


(16 68) 


This IS the relation that has been sought It gives the wave length at 
which the efficiency of a Class C oscillator will have dropped 10 per cent 
from its low-frequency value The assumptions made were that the 
plate current was a rectangular pulse of a quarter-cycle duration which 
was shifted m phase but not changed m shape by electron-transit-time 
effects and that the gnd and plate voltage at the peak of the alternating 
gnd voltage were each one-tenth of the direct plate voltage While 
these assumptions are somewhat rough, the answer depends upon the 
difference between the two quantities amved at by makmg the same 
assumptions and so the errors involved tend to cancel The largest error 
probably lies m the assumption that the shape of the plate current does 
not change The formula is probably accurate only withm 10 per cent 
but IS still useful in estimating ultra-high-frequency behavior Inspection 
of Eq (16 68) shows that the lower wave-length hmit of tubes may be 
extended by reducing the interelectrode spacmgs, with the cathode-gnd 
distance more cntical than the gnd-plate distance, or by mcreasing the 
plate voltage 

Frequency at Which OsallMim Ceases Another reference pomt 
on the curves of Pig 16 16 is the frequency at which the tube ceases to 
oscillate This ‘is determmed by circuit as well as electron-transit-time 
considerations, but with proper design of tubes it is always the electron- 
transit-time effects that finally dominate m reducmg the output It may 
therefore be expected that whatever mdchanism reduces the tube output 
IS some function of the total transit time from cathode to plate If this 
can be specified m terms of operating conditions at the hmiting frequency, 
then the extinction frequency can be related to the cathode-plate transit 
time by experimental observations ^ 

Since most oscillators denve them gnd bias from a resistor m the 
gnd circuit, it is expected that as frequency is raised and the oscillations 
become weaker until finally they cease, the gnd-bias voltage wffi be 
reduced until at the extmction frequency it has become zero Under this 
condition the potential profiles along which the electrons must move will 
be as shown in Fig 16 20 The electrons will prefer to move between 
the grid wires, taking the path that has the most positive potential 
For the case under discussion it will be assumed that the current flow^m 
the cathode-gnd region is space-charge-limited while that m the grid- 

^Ihtd 
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plate region is not. This, as we shall see later by a comparison of transit- 
time formulas, is a reasonable approximation to the true condition As 

a result of these assumptions the potential 
will vary as the four-thirds power of the 
distance from the cathode in the cathode- 
grid region and linearly in the grid-plate 
region 

At the extinction frequency, with the 
grid electrode at zero voltage, the average 

potential of the grid plane will be where 

Vp is the plate potential and /u is the ampli- 
fication factor of the tube With this mfoi^ 
mation the transit times can now be 
calculated Tho transit time in the cath- 
ode-grid region will be 



determining the high-frequency 
hmit of triode oscillation. 


T, 


3d. 


00 


6 93 X 10' 




sec 


(16 69) 


since the transit time in the absence of space charge is the distance divided 
by the average velocity and with full space charge is 60 per cent greater. 
The transit time for the grid-plate region is 


Tap 


2d(,p 

6 93 X 10' VVp ( Vm + 1) 


(16.70) 


since the transit time is the distance divided by the average velocity. 
Adding the results of Eqs. (16.69) and (16.70), there is obtained 

If the oscillator ceases to oscillate when this transit time b some 
fraction A: of a cycle, then the limiting wave length of oscillation is 

Xo - ^ (16.72) 


where c - 3 X 10‘® cm per sec is the velocity of light. In terms of 
the specific value of T.p this becomes 
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This IS the relation for the limiting wave length of oscillation that has 
been sought It gives the limiting wave length in terms of the plate 
voltage of the tube in volts, the mterelectrode distances in centimeters, 
the amphfication factor, and the fraction of period required for an 
electron to travel from cathode to plate, k Gavm found that the limiting 
total electron transit time was approximately half a cycle, = 0 5, for a 
senes of tubes of the radiation-cooled type with single grid and plate 
leads brought out the top of the tube For tubes of the hghthouse type, 
to be described, the hmiting fraction of the cycle required by an electron 
to travel from cathode to plate is greater, of the order of % 

It IS possible to evaluate the transit time in the gnd-plate region 
more accurately than was done in Eq (16 70) The ratio of the gnd- 
plate to the cathode-gnd transit time as obtained from the assumption 
that there is full space linutation of emission in the cathode-gnd region 
and no space charge in the gnd-plate region is 



where Va is the effective potential of the grid plane, Vp is the plate 
potential, dgp is gnd-plate distance, deg is cathode-grid distance, Tgp 
IS gnd-plate transit time, and Teg is cathode-gnd transit time This 

T 

expressioii is accurate within a few per cent for values of less than 

For cases in which the effective gnd potential is relatively large compared 
with the plate potential a more accurate expression that considers space- 
charge effects m the grid-plate as well as in the cathode-gnd region is 
needed Such an expression has the form' 



(16 76) 


This IS a cubic equation, which is a little inconvenient to solve, but the 
relation between the different variables is represented by the nomographic 
chart of Fig 16 21 It will be recogmzed that Eq (16 75) reduces 

T 

approximately to Eq (16 74) when the ratio is small enou^ so that 

J. eg 

the third term on the nght-hand side of Eq (16 76) may be neglected 


1 Llbwblltn, op ai , p 36 
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16.10. Large-si®aal Effects. The analysis of the previous sections 
has been mostly restricted to small signal voltages, with the attendant 
assumption that none of the electrons were ever turned back In actual 
tubes these assumptions will often not apply because of the large signal 
voltages developed When large signal voltages are developed, a new 
set of considerations apply and it is of some interest to examine these 
bnefly. Unfortunately, the analysis of large-signal effects is so com- 
plicated that only relatively simple cases can be solved ‘ 

Transit-time Effects in Diodes The simplest ease of large-signal 
effects that can be handled yielding some geneially useful information 



Fia 16 21. — Nomographic chart relating tno<le traniut times m the presence of 
space charge to electrode dimensione and voltages as given by Kq (16.76) 

is that of the unbiased diode Even here, it is not possible to take into 
account the effect of space charge because of attendant complications 
of the analysis. Accordingly, let it bo assumed that the omission is 
temperature-limited This means that the same number of electrons 
per second will be liberated whenever the potential gradient at the 
cathode is positive This assumed condition is often realized in pulsed 
oscillators, where the voltages are so extremely high. Of principal inter- 
est is the behavior of the electrons with regard to such matters as their 
transit time, conditions for graveling a certain distance before turning 
around, and so on The voltage will bo assumed to be of the form 

r(0»ysin«« (10 76) 

> Wano, C C , Large Signal High Frequency Electronics of Thermionic Vacuum 
Tubes, Proc IRE, vol. 29, pp. 200-214, April, 1941 
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rrhe oorreQ)ondiiig differential equation of motion is 

* (16 77) 

■where s is the distance between cathode and plate of the diode The 
starting conditions are that the initial velocity and acceleration of the 
electron are zero As a result, a first integration of Eq (16 77) gives 

i) = ■ (cos (ati — cos (at) (16 78) 

m(a8 j 

where v is the velocity of the electron and is the starting time A 
second integration gives 

5 = -i 4^ (9 COB Si - cos fli + Bin Si - sin S) (16 79) 

■where S = «« is a transit angle This equation gives the fractional 
distance from cathode to plate m terms of the elapsed transit an^e and 
the starting an^e Note that as a coefficient of the right side of the 
equation there appears the dimensionless parameter of Eq (16 47) 

It 18 eonvement to express the distance a in centimeters and the frequency 
in m^acycles, in which case Eq (16 79) takes the form 

X ^ 0 2327 g^ + sm Si - sin S) (16 80) 

The behavior of electrons m an unbiased diode is best studied by 
plotting their position as a function of time from Eq (16 79) Such a 
plot IS given m Fig 16 22 ^ It looks different from the more commonly 
presented figure that results when the voltage is a square wa've, but it is 
the true representation for the unbiased diode without space charge with 
an apphed sme wave of voltage This figure contams a great store of 
useful information from which many mterestmg properties of the electron 
trajectones may be observed. Curves are shown for electrons emitted 
every 30 deg of the plate-voltage cycle The most important observation 
IB that electrons wiU flow only when the plate voltage is positive or 
between 0 and 180 deg for the sme wave of voltage assumed. In the 
second place, all electron curves consist of a strai^t line with a supers 
imposed smusoidal component The d.ope of the straigiht-hne portion 
of the curve is proportional to the rate of change of voltage with tune 
at the instant of emission This makes the slope maximum at the 

‘'Curves Buoh as those of Ag 16 ^2 are readily plotted by graphical means See 
EoHrawBR, RunoiiP, Transit-tuhe Phenomena m Electr<auo Tubes, Wtnieaa Sng, 
vol 19, pp 2-7, 1942 
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beginning of the sine-wave cycle, zero at the positive peak of voltage, 
and negative for the rest of the positive half cycle. Any electrons 
emitted during the first half of the positive cycle will eventually reach 
the plate, no matter how far distant Ellectrons emitted during the 
second half of the positive half cycle of voltage may return to the cathode 
if they do not strike the plate electrode first This means that the plate, 
no matter how situated, will always receive at least half the emitted 
electrons. 

The curves of Fig 16.22 are universal because of the fact that the 
distance and the time are expressed in units of frequency, cathode-plate 



Fio. 16.22 — Distance-time behavior of electrons in an unbiased diode without space 
charge. 


distance, and voltage Increasing the frequency increases the time 
parameter in direct proportion and the distance parameter in proportion 
to the square of the separation. Ii^j^easing the voltage decreases the 
distance parameter inversely as the ^ol,tage. 

The point at which any curve of Fig. 16.22 reverses direction is given 
by 

e - 360° - di (16.81) 

The locus of the reversal points is shown by a dashed line in Fig 16.22 
up to the curve for the 90 deg electron, beyond which no electrons will 
return to the eathode. The starting time of a grazing electron for any 
plate distance, voltage, and frequency may be calculated from the above 
relation. 
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The ouirent associated, with the electron movements of Fig 16 22 

may be computed by s nmmm g the quantity — for aU electrons m transit 

over a cycle of voltage This is rather difficult to do analytically because 
different conditions hold for different parts of the cycle Suppose, for 
instance, that frequency, voltage, and electrode separation are such 
that the electron liberated at the peak of the voltage wave {6 = 90 deg) 
just grazes the plate Then in eyaluatmg the current the first electron 
requires 150 deg of transit angle to arrive at the plate During this tune 
the current increases rapidly As soon as the first electron strikes the 
plate, the current drops, quite rapidly at first, and then more slowly 
because the contribution to the total induced current made by the 
electrons striking the plate is much greater than that of the new electrons 
liberated at the cathode The mduced current then drops because the 
velocity of the electrons drops progressively from the beginning of the 
cycle After the voltage reverses, some of the electrons reverse direction 
and return to the cathode so that some electrons are mducmg positive 
current while the returmng electrons are mducmg negative current 
Eventually, the current will become negative but will reach a fimte 
magmtude and then decrease Although anal 3 rtical treatment of the 
current is difficult, the shape of the mduced-current pulses is readily 
obtained by graphical methods ^ Some of the resultant shapes of the 
induced-current pulses are shown m Fig 16 23 Curves are labeled with 
values of the distance parameter of Fig 16 22, with x set equal to s, 

that IS, values of ^^st be rememberei tha^ the diode emis- 

sion IS temperature-hroited, which means that for small transit angles 
the current pulse is expected to be square 

The curves of Fig 16 23 show the degeneration of the square pulse 
of current, which exists for short transit times, mto a nearly triangular 
pulse with a negative tail as the transit angle mcreases For very short 
values of the determimng parameter the current pulse is very nearly 
square except for a sharp spike at the front of the pulse, ^hich rises to 
twice the height of the rest of the pulse This occurs because the imtial 
induced current is made up of the contributions of a large number of 
high-velooity electrons, which are bunched at the front of the electron 
stream When these are retired from action on stnkmg the plate, the 
current drops very rapidly because the successive electrons come along 
at a lower velocity and are not so strongly bunched This bunching 

1 Kompfner, Rudolf, Current Induced in an External Circuit by Electrons Mov- 
ing between Two Plane Electrodes, Wireless Eng , vol 19, pp 62-56, February, 1942 
Figure 16 23 is from this paper 
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action is evident from the curves of Fig. 16 22, where it is seen that the 
electrons liberated at 0 and 30 deg are separated by a time interval, over 
most of their path, which is less than half that between any two successive 
curves corresponding to electrons liberated at adjacent 30 deg intervals 
As the transit angle increases, the peak is reduced somewhat and the 
subsequent current falls olf more gradually. At the same time a negative 
pulse of current forms, due to electrons falling back on the cathode as 
the plate voltage becomes negative 

Transrmt-iime Effects tn Triodes Although the a\)ove remarks have 
been restneted to the diode, they are readily extrapolated to cover the 



Fia 16 23 — Induced-current pulioa m an unbiuecd diode without space charge 

behavior of a triode. For a triode operating Class B the electron behav- 
ior may be expected to be very similar to that of the diode under the 
conditions just discussed As a result, the distance-time pictut^ for 
the cathode-grid region will be very similar to that of the corresponding 
portion of Fig. 16 22. On passing through the grid plane the electrons 
will encounter a positive gradient of potential that is quite large and 
varying sinusoidally with time The plate voltage will adjust itself in 
an amplifier so that it will be minimum when the fundamental component 
of plate current is a maximum This means that the plate voltage lags 
the negative grid voltage and the first electrons passing through the grid 
plane will encounter a voltage gradient which is higher than the minimum 
As a result, the first electrons passing through the grid will bo accelerated 
more than the electrons immediately following The resultant distance- 
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time diagram will take the form shown m Fig 16 24 Here it is seen 
that the plate-current pulse has been stretched out considerably by 
what IS essentially a debunchmg action m the gnd-plate space The 
length of the plate pulse is detenmned by the mterval between the 
times when the first electron enters the gnd-plate space toll the last 



Fig 16 24 — Distance-tune diagram of elec- 
trons in a tnode 


electron leaves it The corresponding plate-current pulse is shown m 
Fig 16 25 For companson, there are shown m this figure the plate 
current and plate voltage that would exist at low frequencies for a given 
gnd dnvmg voltage The plate-current pulse is seen to be displaced 
and distorted The displacement takes the form of a phase lag, due both 
to the gnd-plate transit time and to the debunchmg action of the field, 
which causes the electrons to be progressively retarded throughout the 
current pulse. The distortion is due primarily to the debunchmg action 
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The phase shifts which occur in the plate current because of transit- 
tune effects are sufficiently pronounced so that there is a considerable 
difference between the operation of amplifiers and oscillators. In an 
amplifier the plate voltage will adjust itself to the phase lag of the plate 
current In an oscillator the plate is coupled to the grid so that the two 
electrode voltages are ordinarily 180 deg out of phase As a result, the 
output of an oscillator falls off more rapidly with frequency than does 
that of an amplifier This is because in the amplifier the output is 
decreased only as the reduction in the fundamental component of plate 

current ansing from pulse distortion 
but IS independent of the phase of 
the plate current In the oscillatoi 
the output IS reduced because m 
addition to the reduction of the fun- 
damental component of plate cur- 
rent the phase of the current 
relative to a plate voltage of fixed 
phase causes a further lowering of 
the output power As a result, the 
general experience is that amplifiers 
will give output when the transit 
angle is increased 60 per cent 
beyond that at which oscillators 
cease to operate.* 

Transit-time Effects in Tetrodes 
Tetrodes have inherently better 
operating characteristics than tn- 
Fin 1 6 26 -—Distortion of the plate-cur- odes as far as transit-time effects are 
rent pulse m a Class C tnodo amplifier concerned This is because the con- 
oaused by transit-time effects trol grid is followed by a positive 

screen grid maintained at a fairly high potential As a result, the elec- 
trons arc accelerated fairly uniformly as they pass the control grid and 
the attendant debunching action is much less than is the case with the 
tnode In addition, the over-all transit time from control grid to plate 
of the screen-grid tube may actually be less than is the case for the tnode 
because the electron is moving in regions of higher potential most of the 
time In the screen-plate region of the tetrode the electrons will encoun- 
ter a retarding potential gradient that will exert some debunching action 
but that will not be as strong as is the case with the grid-plate region 
of the tnode A typical set of distance-time curves of a tetrode is shown 
in Fig 16 26 These curves exhibit all the properties mentioned above. 

‘ Wagbnbb, op ea 




ULTRA-HIGH-FREQUENCY EFFECTS 


523 


To be a satisfactory tube, a tetrode should be built on the principle 
of the beam-power tubes, ^ e , with aligned control and screen grids 
This alignment, along with proper interelectrode dimensions, serves two 
purposes (1) It reduces the direct current to the screen (2) It pro- 
duces a strong enough potential minimum by virtue of space-charge 
effects to suppress secondary emission from the plate The beam tetrode 
has a number of advantages for ultra-high-frequency operation in 
addition to the favorable transit-time characteristics mentioned above. 
In the first place it is possible to attach separate resonant circuits to 
the cathode and control grid on the one hand and to the screen gnd and 
plate on the other hand By means of concentric lines or cavity reso- 
nators it IS possible to separate almost completely the fields of what are 



Fig 16 26 — Distance-tune behavior of elec- 
trons m a tetrode 


then the input and output resonators The only interaction that exists 
IS through the medium of the cathode-plate capacity, which is inherently 

small , , , 

Beam tetrodes built so that they may be connected to concentnc-lme 
resonators have been very successful as ultra-high-frequency oscillators 
Such tubes, known as “resnatrons,”‘ have been built to give contmuous 
power outputs of 60 kw at frequencies of 600 me In the form of 
> The resnatron, also known as the “Sloan-Marshall tube,” was develop^ at the 
University of California It underwent further development both at the W^tog- 
house Laboratories and at the Radio Research Laboratory during the Second World 

" War 

* Salisbury, W W , The Resnatron, EUctronws, vol 19, pp 
» Dow, W G , a Hok, and H W Walsh, “Very 
(report of the Radio Research Laboratory), Chaps XVIII, XIX, McGraw-Hill, N 

York, 1947 
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a very large tube operating continuously at voltages of 10 to 16 kv the 
resnatron takes advantage of the inherent benefits of voltage sealing. 
The large size makes possible water-cooled screen grids, thus removing 
what might otherwise be a limiting factor in the tube design In addi- 
tion, the high voltage reduces secondary emission since at high enough 
voltages the ratio of secondary- to primary-electron currents goes down 
again Evidence of this is found in the fact that sealed-down tubes 



Fio 16 27 — ^Lighthouse tube — external 
view Tyge 2C30 — plateat top. 


designed to give about 1 kw of continuous power have shown efficiencies 
of only about 20 per cent, whereas the large tubes have given efficiencies 
of the order of 60 to 60 per cent 

16 11 Disk-seal Tubes. There have recently been developed a 
number of tubes known as “disk-seal” or “lighthouse tubes.”*-* Kssen- 

‘ Disc Seal Tubes, Qen Elec, Rev , vol 48, pp. 60-61, January, 1&48. 

• McArthur, B. D., Disc Seal Tubes, Blectromes, vol 18, pp. 98-102, February, 
1045 
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tiaJly, the lighthouse tube is a tube with so many leads brou^t out 
from a single electrode that the leads become a disk The external form 
of the tube is shown in Fig 16 27 In small power tubes the plate is 
brought out through a cap at the top of the tube The gnd is brought 
out through a disk at the center of the active tube structure, and the 
cathode is brought out through a cylinder at the base of the tube The 
electrodes are separated by cyhndncal sections of glass, which are butt- 
sealed to the metal disks with which they are m contact The mtemal 
electrodes are of a plane-parallel design The gnd is of parallel wires 
supported over the hole m a disk m which currents flow radially to the 
outside circmt The cathode and plate are the ends of small-diameter 
cylmders, which are supported by the glass tubing A cutaway view 



Fia 16 28 —Lighthouse tube— cutaway 
view Type 2C40 

of a low-power lighthouse tube is shown in Fig 16 28 In high-power 
lighthouse tubes having plate dissipations between 20 and 100 watts, 
the position of the plate and cathode is reversed, with the result that the 
plate IS at the large end of the tube This penmts radiatmg flns to be 

attached to the plate for air coohng 

By virtue of the electrode arrangement of hghthouse tubes, lead 
inductance is cut to a nummum Therefore, operation is possible to 
much higher frequencies than with tubes havmg smgle or even double 
wire leads Lighthouse oscillators have been made that will operate to 

3,000 me (1946) . v i. j. i 

A further advantage of the electrode arrangement is that it mafces 

the tube suitable for use m a double concentne-hne structure such as is 
shown m Fig 16 29 The line type of resonator makes it possible to 
operate at higher frequencies than the natural resonant frequency of 
the shorted tube This is possible with resonator operation on a three- 




526 


VACUUM TUBES 


quarter wave-length, mode, for which it is possible to go to such high 
frequencies that the voltage node is pushed mside the tube In addi- 
tion, it IS possible to gang the cathode and plate resonators for broad-band 
operation. This has been done successfully over a 3 to 1 band of fre- 
quencies If m inor trunming adjustments are permitted, it is possible 
to produce an oscillator that will operate at 300 to 3,000 me Not 
shown m Fig 16 29 are the input and output couplmg devices and the 
intercavity couphng These, however, are usually loops or probes of 
conventional form and can readily be imagined 

In addition to the somewhat conventional resonator arrangement 
* 



Fig 16 29 — Double concentric-lme oscillator^ utilizing a 
lighthouse tube 

of Fig 16 29, various special methods of coupling the cathode and plate 
lines for oscillator operation may be used 

Lighthouse-tube amplifiers have found some use in the ultra-high- 
frequency band Here the operation is that of a grounded-gnd amplifier, 
with the attendant advantages of low input impedance, high output 
impedance, low interaction between input and output circuit, and the 
relatively low noise associated with a triode At frequencies below 
1,200 me an amplifier-converter combination using lighthouse tubes is 
superior in its noise figure to a crystal mixer There will undoubtedly 
be advances in tube design, which will extend appreciably the present 
limits of such tubes 

1 General Electric Company, Electronic Tube Eng Bull ET-Bl, June, 1946 

* Gurbwitbch, a M , Cavity Oscillator Circuits, Electronics, vol 19, pp 135-137, 
February, 1946 

® Guarrbra, J J , Tunable Microwave Cavity Resonators, Electronic Ind , vol 
5, pp 80—82, March, 1946 

* Gurbwitsch, a M , and J R Whinnery, Microwave Oscillators usmg Disk 
Seal Tubes, Proc I R E , vol 36, pp 462-473, May, 1947 

^Dishal, Milton, Gain and Noise of Grounded Grid Amplifier at Ultra-high 
Frequencies, Proc I RE ,yol 32, pp 276-284, May, 1944 

6 Jones, M C , Grounded-gnd Radio Frequency Voltage Amplifiers, Proc IRE, 
vol 32, pp 423-429, July, 1944 
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VELOCITY-MODULATED TUBES, OR KLYSTRONS 

17 1 The Bunching Principle. We have seen m the last chapter that 
there are some severe hmxtations on conventional tubes which conspire 
to make their operation relatively poor at ultra-high frequencies The 
principal limitations arise from electron-transit time, lumped electrical 
reactances, and low-Q resonant circuits With negative-gnd tubes each 
of these factors has been pushed considerably beyond conventional 
form, and yet the performance characteristics of these tubes leave much 
to be desired at the ultra-high frequencies It was not Strange, therefore, 
that various investigators sought means of efficiently generatmg and 
amplifying power at ultra-high frequencies by a totally new attack 
on the utilization of electronic pnnciples This new attack, which 
resulted m the modem klystron, mvolved a combination of the elec- 
tronic-bunching pnnciple and the cavity resonator Both were neces- 
sary for the production of a successful tube The bunching pnnciple 
overcame the transit-tune difficulties, and the use of cavity resonators 
largely ehmmated lumped reactances and produced high-Q resonant 
circuits 

In negativ6-gnd tubes the transit-tune difficulties encountered anse 
largely because the electrons m the cathode-gnd space start at zero 
velocity, hence mherently move slowly, and thus take a large fraction 
of a cycle to get from cathode to gnd as the frequencies get up mto the 
ultra-high region Since the method of producmg variations m plate 
current is mextncably associated with the large cathode-gnd transit 
angle, the negative-gnd tube always operates poorly if the frequency is 
raised high enough Means are therefore sought for producmg varia- 
tions m current that are not hmited by transit tune Such means were 
independently conceived by the Hed brothers and the Vanan brothers * * 
Both these pairs of men proposed devices utihzmg an electron beam 

1 a a, and 0 Hbil, Erne neue Methode zur Brzeugung kursier ungedampf- 

ter elektromagnetishen Wellen von grosser Intensitat (A New Method of Generatmg 
Short Undamped Electromagnetic Waves of High Intensity), Zed /fir Phyt , vol 96, 

pp 762-773, July, 1936 ^ ^ 

* Vaeian, B, H , and S E Vaeian, A High Frequency Oscillator and Amplifier, 

Jour Avfl Phyt , vol 10, pp 321-327, May, 1939 
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similar to that in a cathode-ray tube and then obtaining current pulses 
by periodically varying the beam-electron velocity a small amount 
about its average value When the velocity of the beam electrons is 
varied, those which have been speeded up will subsequently overtake 
those which have been slowed down The result is that a short distance 
beyond the point where the electron velocity is varied there will appear 
bunches of current from which power can be extracted This in its 
essence is the bunching principle. The formation of electron bunchek 
is illustrated in Fig 17 1 In this figure there is shown the behavior 
of a senes of electrons, represented by dots, released at uniform intervals 


BUNCHER 


CATCHER -r 

m * 

• • * 


1 


^ • S 




TIME 

Pia. 17 1 — Elemeatary representation of bunching 
action. 


through a cycle of alternating voltage, which is applied between two 
closely spaced grids of an input resonator known as the buncher. The 
voltage between the grids of the buncher serves to modify the velocity 
of the electrons as they arrive from the cathode. Some electrons are 
speeded up a little, and some are slowed down a little. The bunching 
action resulting from the regrouping of the electrons of different velticity 
is evident from the figure. Thus, the application of the bunching 
pnnciple utilizes transit-time effects, whereas in negative-grid tubas 
transit-time effects are detnmental. 

To utilize the current bunches that are formed along the beam of 
electrons it is necessary to extract energy from this current stream 
This 18 done by passing the bunched beam through the grids of an 
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oritput resonator or catcher As the electrons pass through the grids, 
charges are induced on the grids that change m magnitude and sign as 
each electron passes through In effect, this causes the induced charge to 
flow through the resonator to produce a current flow that dehvers power 
to the resonator by passing through its equivalent resistance Tubes 
utihzmg the velocity-modulation pnnciple are generally referred to as 
k]^strons after the Greek verb “klyzem,” expressmg the breakmg of 
waves on a beach 

The physical form of the klystron has been described briefly m Sec 
2 7 Further information with speciflc reference to klystron amphfiers 
18 given in Sec, 17 5 The klystron differs from negative-gnd tube 
amphflers and oscillators in two respects First, the current pulses are 
produced by a velocity variation rather than by an mtensity variation 
Second, energy is extracted from the current pulses by the charges mduced 
on passmg the beam through a short region of varying field mstead of a 
long one Furthermore, the extraction of energy does not reqmre the 
electrons to stnke the electrodes attached’ to the resonator It is not 
always recognized that energy is extracted from electrons m a negative- 
grid tube by forcing the electron to move agamst an alternating compo- 
nent of electnc field, but this is the case Electrons in a negative-gnd 
tube wiU arrive at the plate with velocities which are on the average less 
those which they would have had if no alternating component of 
electnc field were present The residual energy represents a loss and 
appears as heat liberated at the plate electrode The difference between 
tbe direct power input to the tube and the heat hberated at the plate 
appears as useful output In the klystron the electrons that have passed 
through the catcher gnds emerge with less energy on the average than 
they would have had if the beam had been unbunched The difference 
in energy goes mto useful r-f power The residual energy appears as 
heat on a collector electrode 

17.2. Cavity Resonators. The desirabihty of extracting energy from 
electron's by passmg them through a short region of altematmg electnc 
field, which as we shall see leads to greater efficiency of conversion of 
ener^, requires the use of cavity resonators The outstandmg charac- 
teristic of these devices is that current flow and associated altematmg 
components of field are entirely mtemal to the resonator i-* A con- 
centnc-lme resonator m which the mner conductor is shorted to the outer 
at one end and which is coupled by a small capacity gap to the outer 

iRansun, W W, a Type of Electrical Resonator, Jour Appl Phys , vol 9, 

pp 664-663, October, 1938 «. x i.i r xn + 

* Hansbn, W W , and R D Richtmybb, On Resonators Suitable for Klystron 

Oscdlators, Jour Appl Phys , vol 10, pp 189-199, March, 1939 
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conductor at the other is one form of cavity resonator Such resonators 
have already been referred to in the discussion of grounded-gnd amplifiers 
and oscillators utilizing lighthouse tubes Such a shorted concentric-line 
resonator will resonate when the capacitive reactance of the gap equals 
the inductive reactance of the line and hence if the gap is small will 
oscillate at lengths somewhat less than Hj ^tc , of a wave length. 
In such a resonator the electric and magnetic fields will be totally confined 
to the interior of the resonator In addition, if the wall thickness is 
large compared with the skin depth, ^ as it usually is, the currents asso- 
ciated with the fields will flow in a thin layer on the interior conducting 
surfaces of the resonator — no currents will flow on the outside of the 
resonator The electric and magnetic fields m such a resonator will be 
established 90 deg out of time phase As a result, when the magnetic 
field is a maximum, the electric field is zero, and vice versa The total 
energy stored in magnetic and electric fields at any point on the cycle is 
very nearly constant over a period of a cycle or two. The total stored 
energy of a freely oscillating resonator decreases exponentially over long 

periods of time and drops by a factor of 2 718 in a time of ^ cycles. 

Electric- and magnetic-field components and associated voltages and 
current likewise decrease exponentially with time in a freely oscillating 
resonator. All the curreniBf voltages^ and field components will decrease 

^ ‘‘Skm effotst” m a term applied to the tendency of ultra-high-frequoncy currents 
to flow m a layor on the surf ace of a conductor This comes about because of the 
tendency of the current to flow in such a way that it is encircled by the fewest number 
of magnetic-flux lines. Thus with circular conductors the current tends to flow on the 
surface, and hollow tubes are just as good conductors at sufficiently high frequencies 
as are solid conductors Since the penetration of current at 6 5 me is only 0.001 in 
m copper and is less at higher frequencies, most akm-effeot problems for ultra-high 
frequencies can bo solved by assuming that the surfaces are plane, t e , that the radius 
of curvature of the surface is much greater than the skm depth For plane-surface 
conductors the relations are relatively simple (see Whbbjlhjr, H A , Formulas for the 
Skin Effect, Proc I RE ^ vol 30, pp 412-424, September, 1942) The current density 
drops off exponentially into the conductor, and the effective skm depth is defined as 

that depth at which the current density is g’yjg the surface current density. The 

formula for skm depth is d * meters, where /* is the permeability in mks units 

and <f is the conductivity of the material For copper this reduces to 2 67 X 
in The corresponding surface resistivity is - (wfnp) ^ ohms per unit square, where 
p IS the volume resistivity in ohm-meters and other units are mks For copper this 
reduces to /ii *« 2 61 X lO^y'mij*'^ ohms. The direction of current flow m always 
parallel to the surface and directly proportional to the strength of the tangentifld 
component of magnetic-flux density at the surface. 
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by a factor of 2 718 m a time of - cycles Another characteristic of a 


concentnc-hne cavity resonator is that the magnetic-flux hnes always 
encircle current, whether this be m the form of conduction or displace- 
ment current (displacement current is equal to the time rate of change 
of electnc field multiphed by the dielectnc constant) 

So far, all the remarks on closed resonators have been confined to 
concentnc-hne resonators Many other closed or cavity resonators are 
possible It IS possible to get electromagnetic-field resonances that 
exhibit all the above-mentioned charactenstics m simple cavities such as 
cubes or cyhnders or spheres These have hmited usefulness for elec- 
tronic purposes, for it is not possible to shoot an electron through such 
pure cavities in a sufficiently small fraction of a cycle to secure an efficient 
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Fig 17 2 — Reentrant cavity resonators 

energy exchange between the field and the electron This is because the 
dimensions of pure cavities are relatively large compared with a wave 
length The diagonal of a cubical resonator, for mstance, is equal to 
the wave length of oscillation for operation on its lowest resonant fre- 
quency For this reason, the pure cavity resonators find their prmcipal 
appbcation m such devices as wavemeters and filter elemente rather than 
m vacuum tubes For tube apphcations, cavity resonators that axe 
reentrant, t e , have mtemal projections from the walls, are of “^ost "se 
because this form produces a very mtense electnc field, concentrated m a 
small region, through which it is convement to shoot electrons So^ 
typical resonators of this kind are shown m Fig e res 

and c, shown in this figure have the same 
Extreme forms such as a and c may be conad^ed 
and radial hnes, respectively, with capacity loadmg^ and may be studied 

1 Ramo, S , and J R Whinnbet, “Fields and Waves m Modem Radio,” pp 404r- 
411, Wiley, New York, 1944 
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by conventional transmission-lme formulas Intermediate forms such 
as are shown in Fig 17 26 can be analyzed only by more powerful 
methods. The electric field is almost entirely conhncd to the resonator 
gap The shape and location of the electric- and magnetic-flux lines 
are shown in Fig 17 2d 

Every cavity resonator has an infinite number of resonant freiiuencies 
Of these the lowest frequency of resonance is usually that of most interest 
In terms of response to a sinusoidal excitation, resonance occurs when 
equal amounts of energy are stored m the electric and magnetic fields on 
successive quarter cycles At the fiequoncies for which this occurs the 
impedance, or ratio of equivalent voltage to equivalent current, will be a 
maximum at any point in the resonator In terms of the transient 
response to a shock excitation, currents and voltages will occur as a 
combination of exponentially damped sine waves, provideil only that 
the losses are not excessive. The resonant frequencies are the f roqucncies 
of the individual damped-sme-wave components In terms of field 
theory there will be ceitain solutions of the wave equation that fit the 
resonator shape at distinct frequencies These freiiuencies are the 
resonant freiiucncies For certain simple cavities the shapes of these 
fields are readily found, but in general they are difficult to find 

The longest resonant wave length of a resonator such as that shown 
in Fig 17.2a may be determined (juitc closely by solving for the frequency 
for which the capacitive reactance of the gap equals the inductive react- 
ance of the shorted transmission lino formed by the rest of the resonator 
The formula for tho resonant wave length is approximately 

for dimensions as in Fig 17.2o. This formula gives the resonant wave 
length to within about 6 per cent for resonators of the shape shown m 
Fig 17.2a but will give values that range from 60 to 80 per cent of the true 
value for resonators of the shape shown in Fig, 17.26.* It will be observed 
from Eq. (17,1) that the resonant wave length is proportional to the 
linear dimension of the resonator This proves to be a general property 
so that the resonant wave lengths of geometrically similar cavity reso- 

‘ Hanbbn, W. W , On tho Resonant Frequency of Closed Concentric Lines, Jour. 
Appl Phya , vol. 10, pp 38-46, January, 1039 

* Hahn, W. G., A New Method for the Calculation of Cavity Resonators, Jour. 
Appl. Phya , vol, 12, pp 62-28, January, 1041 

* Curves giving the resonant wave length of resonators having the approximate 
shape of that in Fig 17.26 are given m "Microwave Transmission Design Data,” 
pp 200-204, Sperry Gyroscope Company, Brooklyn, 1944. 
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nators of different sizes are directly proportional to the size of the reso- 
nator Resonators of the general shape shown m Fig 17 2c may be 
treated by radial-transnnssion-lme theory ^ 

In cavity resonators it is difllcult to identify the lumped 
reactance elements that are apparently mvolved This occurs because 
the fields are distnbuted more than they are grouped, ^ e , there are not 
specific regions withm the cavity within which the electric field exists 
alone and there is no magnetic field, and vice versa As a result, it is 
more convement to express the resonator charactenstics m terms of its' 
Q, shunt resistance, and resonant wave length mstead of its mductance, 
capacity, and resistance Some more general defibooitions of circuit 
parameters are therefore required The Q of a cavity resonator, or 
reciprocal sharpness of resonance, is most convemently defined m terms 
of the transient response to shock excitation As previously mentioned, 

the fields within a resonator decay by a factor of 2 718 in a time of — 

TT 

cycles Thus the time variation of any component of field is given by 

E(t) = (17 3) 

where To is the penod of oscillation frequency This is seen to correspond 
to the equation for the voltage decay in a high-Q senes resonant circiut 
that has the form 

7(0 = Vie~^ Bin (174) 

Upon substitution of for Q, Eq , (17 4) may be obtained from Eq 

(17 3) with the further recogmtion that the equivalent voltage of a 
cavity resonator is commonly taken as the hne integral of the electric 
field along the hne of maximum field strength The stored electncal 
energy associated with a transient decay m a resonator will vary as the 
square of Eq (17 3) since the energy stored m the electnc field is obtained 
by integrating the square of the electnc field throughout the volume 
of the resonator 

8.(0 = 8.ie"^* sm* (17 5) 

This is seen to have twice the frequency and to decay exponentially 
at twice the rate of the field Likewise, the energy stored in the magnetic 
field will be similar m form but shifted 180 deg m phase 

1 See Ramo end Whinnbet, loc cU 
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(17 6 ) 

The total stored energy is the sum of the energy stored in the electric 
and magnetic fields and is given by 

- M 

8(0 = 8e(0 + Sm{t) = Sx€ (17 7) 

from which it is seen that the total energy stored in the fields decays 

by a factor of 2 718 in a time of ^ cycles The decay in this case is a 

simple exponential one If the rate of change of stored energy with time 
be obtained by differentiating Eq (17 7) with respect to time and 
solving for Q, there results 

(178) 


which may be written in words as 

0 = V energy stored 

^ energy loss per cycle 

This last 18 probably the most fundamental definition of Q that can be 
written and serves as a basis for the calculation of the Q of cavity reso- 
nators * The energy stored in the field is most readily calculated from 
the peak value of the energy stored in the magnetic field Likewise, 
the loss per cycle can be calculated from the ohmic losses associated with 
current flow, which is directly proportional to the tangential component 
of magnetic field at the inner surface of the resonator The unloaded 
Q’s of cavity resonators will be quite high, for the current flow associated 
with the fields is distributed over a large surface The Q’s of pure 
cavities (about 25,000 at 3,000 me) are about ten times as high as those 
of reentrant cavities as shown in Fig 17 2 The Q’s of reentrant cavities, 
in turn, are at least ten times as high as those of resonant circuits con- 
sisting of lumped inductances and capacities The Q’s of loaded cavities, 
i e., cavities supplying power to an external load, may be calculated 
from Eq (17 9) if the energy loss per cycle be considered as the sum of 
the energies delivered to the walls of the resonator and to the external 
load. In most applications the energy per cycle supplied to the external 
load will be many times that to the cavity itself, and as a result, the Q of 
a loaded cavity is much lower than that of the cavity when not loaded 

1 Hansen, W W , A Type of Electrical Resonator, Jour Appl Phya , vol 9, pp 
654-663, October, 1938 
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Another circuit parameter that is convement m descnbing cavity- 
resonator charactenstics is the equivalent shunt, or parallel, resistance 
It IS possible to talk about equivalent shunt resistance in terms of an 
equivalent voltage and the power supphed to the cavity walls and load 
by the fields This is done m preference to the usual procedure of defimng 
resistance as a ratio of voltage to current, for it is relatively more difficult 
to an equivalent current than to determine the power consumed 

The eqmvalent voltage is 'ogically taken as the product of the negative 
electric field in the reentrant-cavity gap and the gap spacmg It should 
be pomted out that this is not a true voltage but merely an equivalent 
voltage, for the energy mterchange between an electron crossmg the gap 
and the field would be the same as for the low-frequency or direct- 
voltage case only if the electron were able to cross the gap m zero time 
Since the frequencies mvolved in microwave generators are extremely 
high and the velocity of an electron is ordinarily only a fraction of the 
velocity of hght, the electron will generally take an appreciable part 
of a cycle to cross the gap and the energy change of the electron will be 
somewhat less than the corresponding direct-voltage value Nevertheless, 
the concept of an equivalent voltage defined by 

V = -Ed (17 10) 

where E is electric intensity m the gap and d is the gap spacing, is an 
extremely useful one The shunt resistance of a reentrant cavity 
resonator is given by 

R.h — A 

2 X power consumed 

- 5 (17 12) 

from the usual power relation, where P is the power consumed by the 
resonator walls and load and the factor 2 results from the use of peak 
rather than rms-voltage values Equation (17 12) is a fundamental 
definition of shunt resistance thlt is consistent with lumped-reactance- 
circuit formulas The shunt resistance may also be calculated from the 
fields for a cavity resonator As with the Q, the shunt resistance of a 
loaded cavity is lower than that of the unloaded cavity because of the 
fact that the power loss mcludes the power delivered to the external 
circuit as well as that consumed in the cavity walls The shunt resistance 
of pure cavities at freQ[uencies of 3,000 me is of the order of megohms 
The shunt resistance of unloaded reentrant cavity resonators is of the 
order of hundreds of thousands of ohms at the same frequency The 
shunt resistance of a loaded reentrant cavity resonator is hkely to be of 
the order of tehs of thousands of ohms, dependmg upon the degree of 
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loading These values are much higher than can be achieved with 
lumped reactance circuits at this frequency 

When the resonant frequency, Q, and shunt resistance of a cavity are 
known, its behavior in the vicinity of resonance is completely determined 
The impedance of a resonant cavity in the vicimty of resonance is given 
approximately by 

= ^£5— (17 13) 

where R,h is the shunt resistance at resonance and 5 is the fractional 
deviation from resonance ^ It is sometimes of interest to determine the 
equivalent senes resistance, mductance, and capacity from the resonant 
frequency, Q, and shunt resistance, though too much significance should 
not be attached to these equivalents By analogy with the low-frequency 
relations in a closed senes f2,2j,C circuit, the equivalent series elements are 
Equivalent senes resistance 


Equivalent inductance 
Equivalent capacity 


B = 


L = 


C = 


Rsh 

(17 14) 

Rah 

cooQ 

(17 16) 

Q , 

(OoRsh 

(17 16) 


where too is the equivalent resonant angular frequency Because of the 
fact that the circuit elements are not lumped, equivalent values calculated 
by all the methods possible will not agree For pure cavities it is found 

1 This IS arrived at by assuming that the circuit is equivalent to the parallel oom- 
bmation of a resistance equal to the shunt resistance, a lossless inductance, and a loss- 
less capacity whose resonant frequency is the same as that of the cavity The 

impedance of this parallel combuvition is -c , which may bo written as 


Rsh 


jcoL 




Since ao* = and Q = the impedance can be written as - 

juC 1 


R»h 

+ 3 q [i - 


If now — be replaced by 1 4- 5, the denominator expanded into a series, and only the 
coo 

first-power term of 6 retained, then Eq (17 13) results 


VELOCITY-MOt>ULATED TUBES, OR KLYSTRONS 537 

that the equivalent capacities as given by vanou^ arbitrary definitions 
differ between themselves by 60 per cent from a mean value which is 
about 50 per cent of the low-frequency value ^ In reentrant cavities the 
difference between the different values possible will be less, say 10 per 
cent deviation from a mean value that is approximately 80 per cent of the 
low-frequency value 

This has been something of a digression on the subject of cavity 
resonators, but it has been desirable because of the necessity of usmg 
klystron circuits m which the electnc field appears only between two 
closely spaced surfaces Smce only cavity resonators exhibit this 
property m anythmg approachmg its ideal form, an understandmg of the 
pnncipal properties of such resonators is necessary before undertaking a 
complete discussion of klystron prmciples 

17 3. Mechanism of Energy Interchange between Electrons and 
Cavity Resonators. In klystron amphfiers and oscillators, resonators of^ 
the reentrant type are most extensively used In such resonators, the 
gap surfaces are made as grids instead of sohd conductmg material, and 
electrons are shot through the spaces in the grids, with the result that 
the electrons will interact with the electnc field which exists between the 
gnds The gnd structures are shown in Fig 17 2. The gnds may consist 
of a fine mesh of wire that will give about 80 per cent electron transmis- 
sion Those electrons which hit gnd wires wiU be retired from operation 
and give up their kinetic energy m the form of heat In high-power tubes, 
where the heatmg from mtercepted electrons may be appreciable, gnds 
are sometimes made of copper stnps arranged like the spokes of a wheel 
but with the center of the wheel cut out so that the stnps are supported 
only from the outside of the gnd aperture For minimum mterception 
of electrons such stnps should present their thm edge to the onconung 
electrons 

When an electron enters the space between gnds, the hues of flux 
associated with the electron charge will terminate almost entirely on the 
gnd conductors As an electron moves from the first to the second gnd, 
at first most of its flux hues will terminate on the first gnd, where they 
will induce a positive charge This situation is shown m Fig 17 3a 
As the electron advances toward the second gnd, relatively less charge 
wiU be induced on the first gnd and relatively more mduced charge will 
appear on the second gnd, as shown in Fig 17 36 In effect, the passage 
of an electron between the two gnds causes a poative charge equal m 
magmtude to the electron charge to move from the first to the second 
gnd This tranter of charge must occur through the resonator arcuzt 


1 Ramo and Whinnhet, op oU , 
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In the previous chapter it was shown that the charge induced on one of 
two parallel plates between which an electron is passing is 

^ (17 17) 

In the case of the electron passing through the grids of a cavity resonator 
this 18 the charge induced on the second grid when the distance between 



0 — " — ' 

Fio. 17.8 —Charges induced by an electron 
moving between resonator grids 

gnds is d and the distance from the first grid to the electron is x, as shown 
m Fig. 17.3 The charge induced on the first grid is 

«>-'(' -3) 

Since the induced charge results from electnc-flux lines of the electron 
. terminating on the grids, it must be true that 

?i "H ?i ® (17.19) 

which it obviously does, as may be seen from the previous two equationa 
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Smce the electron 'wiU move between the grids with a nearly constant 
velocity, the charge mduced on the second gnd will increase uniformly 
with time, as shown m Fig 17 4 It was also diown m the previous 
chapter that the current associated with the transfer of mduced charge 
from one plate to the other has the 
value 


u\ ^ 

t(<) - 


(17 20) 
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This same value is obtained if the cur- 

rent is defined as ^ and the value of 

this derivative is obtamed from Eq 
(17 17) The current given m Eq 
(17 20) represents a current flowmg 
from the first to the second gnd smce 
the associated charge transferred is positive Curves of t(i) as a func- 
tion of are given in Fig 17 5, m which the time required for the 
electron to move between gnds is represented by T, As far as current 
production goes, the result is the same as though an electron imtaally at 
zero velocity suddenly acquired a velocity v and traveled to the second 


Pig 17 4 — Charge mduced by an 
electron moving between resonator 
grids as a function of tune 
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Fig 17 6 —Induced current resultmg from pas- 
sage of an electron between resonator grids 

gnd, where it was stopped The current form of Fig. 17 5 w^o s^ 
to be that determmed by the slope of the charge function of Fig 17 4 
The sAope of the mduced-cuxrent pulse is mdependent of the mtergnd 
transit time and the voltage between gnds, provided that this is not 
excessively high Thus a slow electron will mduce a rectangular pulse of 
current that is relatively small m magnitude but long m duration A 
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fast electron will induce a rectangular pulse of current that is large in 
magnitude but short in duration The area under the induced-current 
pulse IS numerically equal to the charge of the electron and hence must 
be the same for electrons of any speed 

Since the electron stream has a current density that is periodic with 
time in a penod Ti, there will be a fundamental component of resonator 
current associated with it If one electron arrives at the same point in 
every cycle, it will produce rectangular pulses such as those of Fig 17 5, 
which are penodic in a time Ti corresponding to the r-f cycle. Tlie 
fundamental component of this current is given by Fourier series analysis 
as 


In 



Ti tT, 


Tl 


(1721) 


where In is the fundamental component of current flowing through the 
resonator and the other symbols have their previous significance. I^et 


A 


A 



(1722) 


(1723) 


be the ratio of the fundamental component of current for a finite transit 
angle 6, to that for a zero transit angle for the case of a pulse created by 
the passage of a single electron each cycle between the grids, where 9, 
IB the mtergrid trarmt arigle of the electron in radians, 2r radians cor- 
responding to the period Ti of the radio frequency conmdered. The 
factor A is the function encountered in Eq (15.89) and plotted in Fig. 
15 40 for the ratio of d-c to r-f deflection sensitivity of electrostatic- 
deflection plates in a cathode-ray tube and will not be replotted here. 
It has a maximum value of unity for zero transit angle and first falls to 
zero for a transit angle of 2z- radians. 

The power deliveited to the resonator by the periodic transit of a 
single electron when the resonator is tuned to resonance at the frequency 
correspondmg to the period Ti is 


IrlVl 

2 


P 


watts 


(17.24) 



VELOGITY^MODULATED TUBES, OR KLYSTRONS 541 


when the voltage gradient is m a direction opposite to that of the electron 
flow, ^ e , when the voltage exerts a force on the electron in the direction 
opposite to its motion, and for which condition the fundamental compo- 
nent of induced resonator current and the resonator voltage are 180 deg 
out of phase In Eq (17 24) the values of current and voltage are peak 
rather than rms The above value of power has the value 

P = ^ A (17 25) 


When the grid transit angle is negligible, the factor A is unity and the 

eVi 


power supplied to the resonator is 


Ti 


It is seen that the factor A is 


therefore one which measures the efl&ciency of energy transfer, as such, 
it will be extensively used in subsequent analysis It is frequently 
referred to as the beam coupling coefficient It should be noted that the 
value of A given in Eq (17 22) is only a first-order approximation which 
has assumed that the velocity of the electron has not changed m movmg 
between the grids Actually, the velocity of the electron will change 
as energy is extracted from it ^ A more rigorous analysis leads to the 
same first-order results as those given above ^ 

In an actual tube a fairly continuous stream of electrons passes 
through the resonator grids Each electron of this stream mduces a 
rectangular pulse of current that flows through the resonator The reso- 
nator current will therefore have the same form as the beam current as a 
function of time except that the magnitude of any component will be 
reduced by the factor A computed for the corresponding frequency. 

17 4 First-order Bunchmg Theory. The general picture of the 
bunching principle has been given in the first section of this chapter 
It now remains to give a quantitative analysis of the effects associated 


1 Actually, the velocity of an electron while crossing the resonator gap will be a 
constant plus a sinusoidal variation in accordance with 

[ TiVi 1 

1 "" J 

where U is the time at which the electron enters the gap, the gap voltage bemg 
assumed to be Yi cos wit, T\ is the period of the r-f gap voltage, and is the gap transit 
time of an unmodulated electron Maximum energy will be extracted from the 

T 

electron when it enters the gap at a time -^before the negative peak of the gap voltage 
Under these conditions the mduced current will have the form shown by the dotted 
curves of Fig 17 6 

* Black, L J , and L P Morton, Current and Power m Velocity Modulated 
Tubes, Pror I RE, rol 32, pp 477-482, August, 1944 
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with this prmciple. The bunching principle was studied by the Heil 
brothers, but their work was confined to numencal and graphical com- 
putations on certain special kinds of operation ‘ The first satisfactory 
analysis of bunching was made by Webster, whose work has formed the 
basis for virtually all the subsequent work in this field *•* Webster’s 
attack on the subject has been considerably enlarged by Hansen, Hahn, 
and Feenberg in this country, by Benham, Hartroe, Petrie, Strachey, an<i 
Wallis in England, and by Hollman, BrUche, and llecknagel in Germany. 

The general picture of the bunching action of a sot of resonator grids 
IS well illustrated by a distance-time diagram (attributed to L M 
Appelgate) Let the problem under consideration be formulated 
as follows A beam of parallel electrons which have been accelerated 
through a potential of Fo volts is passed through the grids of a resonator 
across which there appears a voltage Vi sin at Let the resulting electric 
field be parallel to the electron motion Those electrons which pass 
through the resonator gap at the time the alternating voltage has its 
maximum value will emerge with an energy corresponding to Fo + Vi 
volts if the gnd transit angle is sufficiently small More exactly, they 
will emerge with an energy corresponding to Fo -h A Fi if the gnd transit 
angle is appreciable. This occurs because the beam coupling coefficient 
A given by Eq (17 22) applies whether energy is transferred from the 
electron to the resonator, or vice versa Electrons passing through the 
grids when the r-f voltage opposes the electron motion will emerge with 
an energy corresponding to Fo — AFi volts In general, they will 
emerge with an energy corresponding to Fo -1- A Fi sin where U is the 
time at which the electron passes the midplane of the resonator gap 

Since the velocity of an electron is proportional to the square root 
of the voltage through which it has been accelerated, the velocity with 
which an electron emerges from the first, or bunching, resonator of a 
two-resonator klystron will be 

»» ~ Vtyjl + sin at (17.20) 

In all subsequent work the numencal subsenpts will be associated with 
the corresponding frequency components; thus Vo is the d-c component 
of velocity, and Vi is the fundamental r-f component of voltage. The 
letter subscript o will refer to the first-resonator gap transit, and the 

^ Him. and Hnii., op at. 

* WsBBT&B, D L., Cathodo-ray Bunching, Jour Appl. Phyn , vol 7, pp 601-508, 
July, 1939 

'WsBSTiin, D. L, Theory of Klystron Oscillationa, Jour Appl Phy$ , vol lOi 
pp 864-B72, December, 1939 



VELOCITY-MODULATED TUBES, OR KLYSTRONS 543 


letter subscnpt 6 will refer to the second-resonator gap transits Let 

Vi 

the symbol a be used to designate the exaitatiorirvoltage ratio y-, which will 


ordinanly be less than umty The product Aa is known as the depth 
of modulation, since it is the ratio of the peak amphtude of velocity 
modulation m volts to the beam voltage Then if a is small, say less 



voltage 

Pjq 17 g — Distance-time diagram of a klystron ampliner 


than 0 2, the radical of Eq (17 26) is represented within a few per cent by 
the first two terms of its binomial-senes expansion, 

»« = Vo ^1 + ^ sin (17 27) 

From this equation it is seen that for a small excitation-voltage ratio 
the velocities of the electrons emerging from a bunching resonator have 
a value which is a constant plus a factor which is smusoidal with time. 
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It is mstruotive to make a ohart that shows how this variation m first- 
resonator velocity affects the subsequent grouping of electrons Such 
a chart is shown in Fig 17 6. In this chart, distance is plotted vertically, 
the time is plotted horizontally. The distance-time representation of 
any electron moving in the field-free region outside of the bunching- 
resonator grids will be a straight line whoso slope is proportional to its 
velocity. The horizontal axis of this chart corrosponils to zero distance 
from the second-rosonator grid, and oloctrons arc assumiHl to loavo this 
grid at the uniform rate of 40 oloctrons per cycle. Shown along tho 
honzontal axis is a siiio wave corrosponding to tho t-f voltage ladwoen 
the resonator grids Electrons that pass tliiough the giids when this 
voltage IS zero will be represented by lines that have a slope corresponding 
to the original velocity of the oloctrons, which has been undisturbed by 
passage through the resonator at this point of tho cycle All other 
electrons will have either greater or smaller slopes (velocities) than the 
undisturbed electrons. Those electrons which pass through tho resonator 
when the r-f voltage is negative, t,e , has its gradient in tlie direction 
opposite to tho electron velocity, will bo slowed down and will have 
slopes smaller than those of the undisturbed electrons Correspondingly, 
those electrons which pass through tho resonator when the r-f volt^e is 
positive, t e , has its giadient in tho diiection of tho electron velocity, 
will be speeded up and will be represented by lines whoso slopes am greater 
than those of tho undisturbed electrons. In the resulting set of lines 
the density of linos along any horizontal lino corresponds to the magnitude 
of tho current as a function of time Tho bunching action that results 
IS quite evident from tho diagram. A bunch forms about the electron that 
passes through the resonator at the instant the r-f voltage is changing from 
retarding to accelerating As the electrons move along the beam in what 
IB commonly called tho drift space, there is first formed a bunch that is 
very nariow and has a high current associated with it. Farther down 
the beam, the bunch becomes wider and has tho highest current asso- 
ciated with its edges. The corresponding picture of current as a function 
of time for any position on the beam is shown in Fig. 17.7 The particu- 
lar shapes that the bunches of electrons give to tho beam current will be 
demonstrated analytically 

The time it takes any electron to move a certain distance along the 
beam depends upon the point on tho cycle at which it passed through 
tho resonator gap and also upon tho magnitude of the gap voltage. For 
travel a distance I from the first resonator gap, 

(17.28) 
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where ta is the time at which the electron leaves the first resonator, k 
IS the time at which the electron has moved a distance I along the beam, 
and Va IS the velocity with which the electron leaves the first resonator 
Substitutmg the value of Va from Eq (17 27), 

u = + ^ r (1729) 

Vo\l sm atoj 

,If the depth of modulation factor a is small compared with unity, the 



beam 

fractional term is closel;^ represented by the first two terms of its senes 
expansion 

fc S f« + to ^ sm (17 30) 

where the transit time of an undisturbed electron, U, has been written 

for ^ This expression will be accurate withm 6 per cent if A a is less 

than 0 2 In subsequent analysis it is convenient to deal with transit 
angles mstead of transit times Transit angle is simply the transit 
tune multiphed by the angular frequency, 

r^a>t (17 31) 

where r is the symbol that wiU be used for transit angle Other times 
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as well as the transit time are also conveniently represented by the cor- 
responding angle found by multiplying tho time by the angular frequency. 
Accordingly, Eq, (17.30) may be rewritten 

- To + TO - ^ r, (17.32) 

The factor — occurs so frequently in HubwinH'iit work that it will Ik* 



PiQ, 17.8. —Electron arrival time m i^funolinn of 
departure tune m a bunched beam 


designated by the symbol k and called the bunehtng parameter. With 
this notation, 


k m 


Actrt 

2 


(17.38) 


and 


n ■■ T, -f To — A: sin T« 


(I7.3-I) 


This equation gives tho arrival angle r» with respect to travel of a distance 
I in terms of the departure angle r. and the bunching parameter k. 
It is instructive to plot some curves of arrival time in terms of departure 
time This is done in Fig. 17.8, in which there are shown curves of n 
as a function of ra and k for values of tho latter of 0, 0.6, 1.0, and I 6. 
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The bunching parameter h has its value determined by half the product 
of the beam coupling coefficient A, the excitation-voltage ratio a, and 
the d-c transit angle ro To discuss the curves of Fig 17 8, let it be 
considered that the value of 'k is varied by increasing the bunching vol- 
tage 7i For a value of the bunching parameter of zero, ^ e , no bunch- 
ing, the arrival angle (time) is a straight-hne function of the departure 
angle (time) As the bunching voltage is raised from zero, the arrival 
angle as a function of departure angle will be a straight-lme function 
with a superimposed sinusoidal variation whose phase is such that elec- 
trons leaving the resonator gap slightly before the reference departure 
time of zero will have a greater transit time than for no-bunching voltage 
Likewise, electrons leaving after the reference departure time of zero will 
have a smaller transit time than for no-bunchmg voltage Those condi- 
tions are evident for the value of k equal to For a value of k equal 
to unity the properties observed above still hold but are accentuated 
to the point where the slope of the curve of arrival angle as a function 
of departure angle has a zero value at the reference departure angle of 
zero It will be seen later that this has a special significance Up to a 
value of k equal to unity the arrival angle is a single-valued function of 
departure angle, and vice versa The point for which k equals umty is 
marked on the ffistance-time diagram of Fig 17 6 At this value of the 
bunching parameter there is evident a strong bunching action At this 
value of k the electrons that left 3 ust before and after the electron leaving 
at time zero arrive together 

As the bunching parameter is increased still further, the curve of 
Fig 17 8 exhibits a negative slope at the departure time zero, and at this 
point the departure time is a triple-valued function of arnval time 
Furthermore, it will be noted that the electrons near the center of the 
bunch in the distance-time diagram have crossed, and over an appreciable 
region it will be true that electrons leaving after a time zero arrive before 
electrons which have left earlier, and vice versa For still larger values 
of k this property continues to hold It should be noted that although 
the departure time is a triple-valued function of the arrival time, the 
arrival time is always a single-valued function of the departure time 
This is to say that, if the arrival time near the center of the bunch for 
k greater than umty is specified, there will be three different electrons 
which have left at different times in the vicinity of zero arriving simul- 
taneously at this time On the other hand, each departure time has a 
single value of arnval time associated with it 

To find the current associated with the electron bunches it must first 
be observed that the principle of conservation of charge applies to any 
corresponding departure- and arrival-time intervals The electron 
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stream can always be broken up mto increments such that all electrons 
which depart from the the bunching resonator between two particular 
electrons m and n will arrive at a distance I between the times at which 
these two electrons arrive Mathematically, this is written 

I dg6 I = I dqa I (17.35) 

or 

\hdti\ = \Tadfa\ (17.3«) 


Only the magmtudes of the charge inciements are of interest, for it is 
these which will determine the current Even though electrons may 
arrive m a reverse order from that m which they left the bunching 
resonator, their effect in producing output-resonator current is the same 
since they are traveling through the output resonator in the same direc- 
tion From Eq (17 36) the current at a distance I along the beam is 
related to the current at a distance zero by 


Ib = Itt 

/() = /(I 


dta 

dlb 

did 

dtb 


(17.37) 
(17 38) 


since la equals h, the direct current through the bunching resonator 
Prom Eq (17 34), h, the current a distance I along the beam, as a 

function of h may be obtained by making use of the fact that equals 

which in turn is equal to ^ This has the value 

dva 


hita) 


lo 


1 

1 — A cos To 


(17.39) 


Curves of Ji as a function of r* have no great significance. Curves of 
/6 as a function of n as determined by invoking Eq. (17..34) are shown in 
Fig 17 9 (top) for values of A of 0, 0 6, 1 0, and 1.60. For A equal to »ero 
the current is constant This corresponds to an undisturbed beam. For 
A equal to M a cuirent pulse is seen to begin to form. For A equal to 
unity the current exhibits an infinite peak corresponding to the simul- 
taneous arnval of several electrons. For A equal to l}4 the curve is 
double peaked Infinite current peaks will appear at points correspond- 
ing to arrival times for which the slope of arrival time as a function 
of departure time shown m Fig. 17 8 is zero. As A is still further 
increased, the double peaks will spread farther apart and the magnitude 
of the current midway between them will decrease, as shown in Fig. 17 7. 
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The area under any of the curves shown in Fig 17 9 is the same, regard- 
less of the value of fc, since the current distribution resultmg from the 
bunching action always involves the same number of electrons per cycle 
The distance s shown in Fig 17 7 corresponds to a value of k of umty 



Pio 17 9 — a (top) Current as a function of time along a bunched beam, 
for different degrees of bunching h (bottom) Induced resonator current 
as a function of time for different mtergrid transit angles (,After Black 
and Morton ) 

for which a single infinite peak of current first appears It has a value, 
which may be obtained from Eq (17 33), of 

S = (17 40) 

AVica 

The curves shown m Fig 17 9ffl are curves of beam current as a 
function of arnval time The current induced m a catcher resonator 
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by the passage of the beam will not have exactly the same form because 
of the finite time required for electrons to pass between the resonator 
grids. This finite time will have the effect of integrating the current at 
different points on the beam between the resonator gnds The integrat- 
ing effect may be simulated by making a mask with a vertical slit of 
width corresponding to the intergrid transit angle and sliding this along 
the curves of Fig 17 9a Actual resonator currents will be proportional 
to the area under the beam-current curve revealed through the slit in 
the scanning mask Curves of actual induced resonator current obtained 
by this method are shown in Fig 17 9£> Here it is seen that the infinite 
peaks do not appear m the actual icsonator current and that as the inter- 
grid transit angle is increased the resonator-current pulse becomes less 
sharp ‘ Examination of the fundamental components of current cor- 
responding to each of the curves of Fig 17 96 will reveal that they are 
in the ratio of the corresponding A factors as given by Eq. (17,23) to 
the fundamental components of the corresponding curves of Fig 17 9o. 

Several of the parameters which have been used in the preceding 
analysis are used frequently enough so that it is convenient to have charts 
giving their magnitude One of these factors is the d-c transit angle 
corresponding to a distance I This has the value 


_ ul _ 

” 1^0 ~ "n/Fo X 


( 1741 ) 


A chart of this factor as a function of the variables upon which it depends 
IS given m Fig 17 10 Another factor of importance is the bunching 
parameter k given by Eq (17 33) A chart of this factor as a function 
of the variables upon which it depends is given in Fig 17 11. 

The curves of beam current shown in Fig. 17.9 give the bunched 
beam current as a function of time. To find out how this current may 
be used it is necessary to determine its vanous components, of which the 
fundamental component is the most important. The fundamental 
component of the periodic beam current for any degree of bunching may 
be determined from the Fourier senes coefficient formula 

- 1 / /j cos n drt (17.42) 

where hi is the fundamental component of h whose value is given by 
Eq (17 39) Since the curves of h are symmetrical about the bunch 
center, the resultant terms in its frequency composition will be cosine 
terms if the current is arbitranly centered at the bunch center by neglect- 

“ Black, L J , and P L Morton, Current and Power m Velocity-modulation 
Tubes, Proc I R E., vol 32, pp 477-482, August, 1944 
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Fia 17 10 —Nomographic chart giving transit angle as a function of drift distance 
and beaK voltage 


DC Elec+ron transit angle, radians 



\/of+age excj+ation rafio, 
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Fig 17 11 —Nomographic chart giving bunching parameter as a function of beam 
couplmg coefficient, excitation-voltage ratio, and transit angle. 


Drifh fransit angle to, radians 
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mg the d-c transit-angle term This amounts to neglectmg the phase 
factor, but this can be put in by mspection later The fundamental 
component mdicated by Eq (17 42) is not possible of determination m 
the form given, for h is given as a function of t„, whereas the mtegral is 
m terms of n To follow the elegant method proposed by Webster, the 
integral of Eq (17 42) can be placed entirely m terms of ta by using the 
relations of Eqs (17 34) and (17 38) This method ehmmates all 
the apparent diflBiculties associated with electron crossovers, for n is 
a single-valued function of t* When this is done, 

1 T' I 

III = - / Ib cos (to — fc sm To) 7 ^ dTa (17 43) 

which reduces to 

III = ^ j cos (to — k sm Ta) dTa (17 44) 

in which it IS seen that the ro term of n has been dropped When the 
integrand is expanded, the integral assumes the form 

7 

Ibi = — / [cos Ta COS (k sm Ta) + sm Ta sm {k sm Ta)] dTa (17 45) 
'rr J 

This is a somewhat formidable mtegral involving cosmes and sines of a 
sine function Such terms are encountered in frequency-modulation 
studies where the frequency of a wave varies periodically with time 
In the frequency-modulation problem it is found that terms such as the 
above correspond to a carrier and a doubly mfimte set of side bands whose 
magnitude is expressed m terms of Bessel functions The same situation 
applies here Each term of the integrand contains an infinite number of 
terms according to the relations 

cos (fc sm x) == Jo(fc) + 2[/2(fc) cos 2x 4- J^ik) cos 4a; + ] (17 46) 

and 

sm (fc sm x) = 2[Ji(fc) sm x + Jz{k) sm 3a; + ]* (17 47) 

If the above series aie substituted into the integrand of Eq (17 45), 
the mtegral is readily evaluated term by term, all but the sm^ Ta term 
yielding zero The result is • 

7bi = 27oJi(fc) (17 48) 

which IS the most important equation m the first-order bimching theory. 

’•‘These relations are developed in Woods, F S , “Advanced Calculus,” p 281, 
Ginn, Boston, 1932 
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If a curve of /« as a function of k be plotted, the form shown in Fig 
17 12 results.' The ratio of the fumlumentai rt»mpn«jenl of lH<am 
current to the d-c beam current is simply a curve «if the first -order llessi'l 
function multiplied by 2. This curve starts out as a straight line for 
small values of k of the form 

(forsnmlU-) ti7 4«) 

The maximum value of the current ratio occurs for n value of k iHpial to 
1 84 and is ciiual to l.Hi The curve falls to *ero for a value of k isjual 
to 3 83. The significanco of the maximum value is that the fundamental 



beam os a function of butichitiR iwrainctcr /o 

component of current will have its maximum value fur A iH{ual to I 84, 
which is marked on the distance-time diagram of Fig t7.tl. In this 
figure, k varies directly as distance. The maximum value of fuiuiamental 
current is obtained nut when the bunched lanim has its first infinite peak 
but rather when the double peaks have appeared and spread a)mrt 

'The Kcwel functions resemble daniped sine waves exce|tt that they am not 
exactly perioiiic and that the damping is geometric instead of cxiNtiii’iilial The 
order of the Bessel function indicated by the sulmcrlpt tells what the smalUvsJue 

nature of thiwfunction is For smalt vatinw of x, J.{x) which is Ui say that 

the Arst-order Itessel function starts tike a straight line, the second-order fiinciJon 
starts tike a paralmla, etc The functions soon reverse rurvalure and have a sera 
value, after which they approximate damped sine waves and the disiincikm lieiween 
the orders appears merely os a phase factor. For s rompilnlain of I he principal 
properties of Bessel fimctions, see Appendix VI 
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appreciably The maximum value of the fundamental component of 
current occurs for a value of the bunching parameter for which the area 
under the product of the beam current as a function of time muUvphed 
by a cosine wave is a maximum 

The phase of the fundamental component of current relative to the 
peak of the bunching voltage may be determined by mspection from the 
distance-time diagram of Fig 17 6 Here it is seen that the bunch 
center, or peak of the fundamental component of current, forms about an 
electron which leaves the bunchmg resonator a quarter of a cycle pnor 



X 

Fig 17 13 —Curves of the higher order Bessel functions. 


to the peak of the bunchmg voltage Accordmgly, the fundamental 
component of current lags the bunching voltage by to m^nu8 v/2 radians 
The fundamental component of beam current can therefore be written as 

I.. - (17 60) 

m which the exponential factor is one that has unit magnitude and a 
phase factor of — ^to — 

If the harmonics of the beam current were evaluated by the method 
used to determine the fundamental, it would be found that 


Ion = 2IJnink)( 


(17 61) 
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Curves of the higher-order Bessel functions are shown m Fig. 17.13. 
Curves of Jn{nk) as a function of k are shown in Fig 17 14 The peaks 
of the various harmonics are smaller as the magnitude of the harmonic 
increases and occur for values of the bunching parameter closer to unity 
but not less than umty The locus of the peaks of Jn{nk) is shown 
dotted m Fig 17 14 The magnitude of the harmonics as given by Eq. 
(17 51) drops off veiy slowly as the order of the harmonic increases, 
mdicating that the klystron should make a good frequency multiplier 
This IS expected from the shape of the bunched beam current as a function 
of time, for a current pulse with infinite peaks is rich m harmonics 
Maximum values of along with the corresponding values of k 

that produce this maximum for different orders of n, are shown in Fig 



17 15 Maximum ratios of harmonic component to d-c component of 
current fit the empincal function 

Max ^ ^ 1 Ifin-o (17.62) 

within a few per cent out to the tenth harmonic. Values of the bunching 
parameter for which harmonic currents are maximum are given very 
closely by* 

A ^ 1 4- 0 808n“W (for max /jm) (17.63) 

In actual frequency-multiplier tubes the output drops off much more 
rapidly than is mdicated by the relation of Eq. (17 61) This is because 
of various deficiencies in the first-order bunching theory that have not 
yet been considered 

17 6. ^ The Klystron Amplifier. Historically, the bunching principle 
was first' apphed to produce an oscillator tube. Some amplifier tubes 

* Hansen, W W , and J R Woodtakd, A New Principle in Directional Antenna 
Deagn, Proc I BE, vol 26, p 338, March, 1938 
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were then built, using the velocity-modulation pnnciple, and later a 
special kind of klystron oscillator, known as the ^^reflex-klystron oscil- 
lator/' was extensively used In this exposition these three kinds of 
tubes will be discussed in the order, klystron amphfier, reflex-klystron 
oscillator, and (fcwo-resonator klystron oscillator This order is used 
because it makes the explanation of the operation of these tubes much 




Pig 17 16 — Maximum values of Jnink) as a function of the order n and 
correspondmg argument at which the maximum occurs 


easier The amphfier is readily described m terms of prmciples already 
discussed The reflex-klystron oscillator is the simplest kmd of klystron 
oscillator to discuss The methods of analysis used m describing the 
reflex-klystron oscillator are readily apphed to the two-resonator klystron 
oscillator* 

Structure of the Klystron Amphfier The structure of a klystron 
amplifier is shown schematically in Fig 17 16 This type of tube has 
evacuated reentrant cavity resonators, which are tuned by squeezing 
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the cavities mechanically so that the resonator gap spacmgs and hence 
the associated capacities are changed The tuning range made available 
by this means is small, bemg of the order of 10 per cent of the mid- 
frequency The tube contains a cathode gun, which may be of the form 
of the unipotential cathode structures described in the chapter on 



SYMBOL 


Output 
ter mwa! [ ^^1 



Catcher gnd 
Dn ft space 

^Buncher grids 
Smoother grid 


Electron gun 


Fig 17 16 — Structure of the two-resonator klystron am- 
phfier 


Cathode-ray Tubes or which may involve a control or focusing electrode 
The input and output resonators are usually identical and are placed 
back to back so that there is a relatively short drift space between the 
resonator gaps The length of this gap is moderately critical If it 

IS too short, there will not be 
enough time for the electrons to 
bunch suABiciently If it is made 
too long, the bunches are found to 
deteriorate instead of improve 
Power IS transferred in and out of 
the resonators by means of coaxial 
lines, which terminate m small loops 
that provide mductive coupling to 
the magnetic field of the resonator. 
Electrons that have passed through 
both resonators impmge on a collector electrode, which returns them to 
the cathode 

Another form of the klystron amplifier tube is shown in Fig 17 17 
In this form of the tube the resonant cavities are attached externally to 
the evacuated tube and are tuned by plugs inserted into the cavity 



Fig 17 17 — External-cavity klystron 
amplifier 
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This fonn is easier to build but is not as stable as the first type 
described. 

Operabion of the Klystron Amphfier The operation of the klystron 
amplifier is very simple Eadio-frequency power is fed mto the mput 
resonator through the coaxial-hne connection, where it produces fields 
that bunch the electron beam The bunched electron beam sets up alter- 
nating fields m the output resonator Power is extracted from the 
output resonator through the coaxial Ime to a load The amplifier may 
be operated at virtually any beam voltage or current It is necessary 
only that the mput and output resonators be tuned exactly to the 
frequency of the excitation power 

Outpid Power of the Klystron Amplifier If the electron beam passmg 
through the gnds of the output resonator has a fundamental component 
of value Ibi, then the output power will be the same as thou^ a current 
of value AJii were passed through the resonator, where A is the beam 
coupling coefllcient defined by Eq (17 23) and it is assumed that the A 
factor IS the same for both buncher and catcher This follows because 
the current resultmg from the stream of electrons is the simple summation 
of the currents corresponding to the individual electrons Accordingly, 

Pm = R.h (17 54) 


where Pm is the power dehvered to the resonator and R,h is the equivalent 
shunt resistance of the resonator In terms of the eqmvalent output- 
resonator gap voltage 


Pm = 


AhxVn 

2 


(17 55) 


in which 7m is the fundamental component of the second-resonator gap 
voltage In both the above equations it must be remembered that hi 
is the fundamental component of beam current, whereas Ahi is the cor- 
respondmg effective component of resonator current 

Efficfimey of the Klystron Amplifier .The efficiency of the klystron 
amphfier is defined as the ratio of the output power to the mput power. 

Efficiency = (17 56) 

Efficiency = (17 57) 

not mcludmg the power required to bunch the beam The mamm^ 
theoretical efficiency is obtained when each of the factors m Eq (I? 57) 
assumes its maximum value The factor A has a maximum value of 
unity when the gap transit angle is zero The maximum value of hi 
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18 1 167o The maximum value of Vsi is expected to be about Fo, fot 
if this value is exceeded, electrons will be thrown back toward the 
cathode by the output-resonator voltage and the effective output- 
resonator resistance will drop very sharply because of the associated 
increased losses Upon substituting these m a ximum values into Eq 
(17 57) it IS found that the maximum theorehcal efficiency is 58 per cent 
Practical efficiencies are much lower than this because of various second- 
order bunching effects to be descnbed and are of the order of 20 per cent 
Equivalent Circuit of the Klystron Amplifier The equivalent circuit 
of the klystron amplifier is shown in Fig 17 18 The circuit is the same 
as that of an ideal pentode r-f amplifier with a delay circuit between the 
pentode and the output circuit The hsqiothetical pentode involved 



coupling betmen input and outpufcircuiis of electrons m drift space 

Fig 17 18 — Equivalent circuit of the klystron ampliRer. 

» has a virtually infinite plate resistance, for there is no electronic or 
electromagnetic interaction between the input and output circuits 

The delay circuit is one that produces a phase shift of — ^to — 

corresponding to the phase shift between the output current and the input 
voltage 

Mutual Conductance of the Klystron Amplifier An equivalent mutual 
conductance of the klystron amplifier may be defined as the ratio of 
the induced output current to input voltage F«i. From Eq. (17.50) 
this may be wntten as ’ 

1 (?„ I = AJ,{k) (17 58) 

which IS readily rearranged by the application of Eq (17.33) to give 

1(?„| = (17.69) 

where Go is a factor that may be called the d-c beam con- 

ductance The above assumes that the beam coupling coefficient A 
18 the same for mput and output resonators The mutual conductance 
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18 not a constant but rather ia a factor that decreases as the magnitude 
of the excitation voltage mcreases m accordance -with the curve of 
A curve of mutual conductance as a function of the factor k is given m 



Fio 17.19 — ^Transoonductance of a klystaron amidifier 
as a function of the bunching parameter 


Fig 17 19 Since, for the zero value of fc, is small-signal 

value of mutual conductance is the maximum and has the value 

for smal signals (17 60) 

Oo 2 

The value of mutual conductance for maximum current (Ic = 1 84) is 

I 1 =s 0 316AVo for Tna. viTmim output (17 61) 
Go 
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The mutual couductance as used above has a phase an^e associated with 

it that IS — (to — accordingly, we may speak of the transadmittance 

of the ampliher tube as the product of the mutual conductance and the 
phase factor 

^ = Aho (17 62) 

= Ah-o (sin To + j cos To) (17 63) 

where Y„, the transadmittance, is the ratio of the output current to 
the input voltage in phase and magnitude 

Power Required to Bunch the Beam In the input rosunatur of a 
klystron amplifier the bunching action speeds up electrons over half the 
cycle and slows them down over the other half When the intergrid 
transit angle is small, the aveiage energy of electrons leaving the 
bunching resonator over a cycle will be nearly equal to the energy with 
which they enter However, as the intergrid transit angle increases, 
the average energy of electrons leaving the resonator will be greater than 
the entenng energy and as a result the bunching resonator must supply 
power to bunch the beam Therefore, there is an equivalent resistance 
that can be attributed to the power required to bunch the beam. 

The calculation of the power needed to produce bunching action 
requires extensive manipulation of second-order effects and will only be 
indicated here.* It is a simple matter to calculate the velocity of any 
electron passing through the bunchmg resonator as a function of the 
point on the cycle at which it enters the resonator and the subsequent 
time interval Likewise, the distance-time behavior can be calculated 
The resulting expressions give velocity and distance as a function of time. 
However, it is desired to know the velocity of an electron as it leaves the 
resonator, which requires that the above expressions be inverted so 
that exit velocity is given as a function of d-c transit angle. An equation 
for this relation can be obtained in terms of a seiies in powers of the d-c 
transit angle When this is obtained, the average exit energy can be 
calculated from the square of the velocity The difference between the 
average exit energy and the entrance energy is a measure of the bunching 
power required The ratio of the power required to produce bunching 
to the d-c power required to produce the beam has the form 

* See Pbbnbhbg, E , Notes on Velocity Modulation, Sperry Gyrmcope lAtborateriu 
R^pt f 5521*1043^ Ohdip I, pp 41-44 
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(17 64) 
(17 65) 


for values of 


Fai 

Vo 


less than where Po equals Jo Vo 


and the defimtion 



O^^radioins 


Fig 17 20 — Theoretical equivalent bunching resistance of a beam as a 
function of the mtergnd transit angle {After Feenberg ) 


of F{dg) IS apparent The ratio of equivalent beam resistance to bunch- 
ing resistance may be defined as 


Accordmgly, 


Ro Vo» 2 Pi 
Rc ~ Po V«i* 

= F{e,) 

JX/Q 


(17 66) 
(17 67) 


A curve of ^ as a function of is given m Fig 17 20 The justification 

Jtig 

2p 

for defining an equivalent bunching resistance as is that the power 

required to produce bunching is proportional to Vai^ provided that the 
excitation-voltage ratio is not excessive This means that the power 
required to produce bunching is the same as would be consumed by a 
resistance ISff, as defined in Eq (17 67), in parallel with the shunt resist- 
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ance of tho resonator Exaiiiiiiation of Fig 17 20 shows that the equiva- 
lent bunching resistance is ten tunes the beam resistance for an mtergrid 
transit angle of 1 66 radians (95 deg) For transit angles less than a 
quarter of a cycle the equivalent bunching resistance will be greater than 
ten times the beam resistance, and for transit angles greater than a 
quarter of a cycle it will be less than ten times the beam resistance 
The power consumed by the equivalent bunching resistance is by no 
means negligible and will ordinarily be of the same order of magnitude 
as the ohmic power loss in the resonator itself Measured values of 
equivalent bunching resistance range from 20 to 50 per cent of the theo- 
retical values and are not independent of the excitation-voltage ratio ^ 



Fig 17 21 — Structure of the cascade amplifier 


17.6. The Cascade Amplifier. If a three-resonator klystron amplifier 
be made with the first and third resonators used as input and output 
resonators, respectively, but the middle resonator be left unloaded and 
simply tuned to the frequency of the mput signal, very large power 
amphfications are obtamed Such an amplifier has been termed a 
cascade amplifier’’ and has the structure shown schematically in Fig 
17 21 If a small mput signal to 'the first resonator is assumed, there 
IS produced at the second resonator a fundamental component of current 
that, though small, is appreciable The second, or cascade, resonator, 
being unloaded, will have a very high effective resistance, which is deter- 
mmed by the parallel combmation of its shunt resistance and its effective 

^ Hadley, C F , Velocity Distribution of Velocity Modulated Beams, Ph D 
Dissertation, Stanford, 1944, 
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bunching resistance, as discussed in the previous section Both these 
components of resistance can be made quite high As a result, a large 
voltage will be produced in the cascade resonator by a small fxmdamental 
component of beam current Since the exciting current that produces 
the voltage m the second resonator and the resultmg current that is 



' Fig 17 22 — Distance-time diagram of a cascade amplifier (After Hamson') 

produced are 90 deg out of phase, the bunching actions before and after 
the second resonator can be considered independently to a fair degree of 
approximation The ratio of bunching parameters of the first and second 
resonators relative to the second and third resonators will be proportional 
to the square of the transit angle between resonators The ratio of 
the output power of the third resonator to the mput power to the first 
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resonator mil be proportional to the fourth power of the transit anglA 
between resonators 

A distance-tune diagram of a cascade amplifier is shown m Fig 
17 22 In this diagram it is seen that a very small bunchmg action 
between the first and second resonators gives rise to an appreciable 
voltage on the second resonator This m turn gives rise to a higher 
degree of bunchmg The resultant bunching action is not due to that of 
the second resonator alone Those electrons which pass through the sec- 
ond resonator at times when the second-resonator voltage is zero form the 
center of its bunching action, while those which pass through the second 
resonator when its voltage is maximum are at the center of the bunch 
formed by the first resonator The combmed action is much better than 
could be achieved by a single bunchmg resonator and approximates 
that which would result from a smgle resonator which had a saw-toothed 
instead of a smusoidal gap voltage Maximum theoretical efficiencies 
are 74 per cent, though actual efficiencies are much less Cascade- 
amplifier tubes have given power amplifications of the order of 1,000 
to 5,000 tunes Tumng of such an amplifier is quite critical since 
all three resonators must be tuned to exactly the same frequency Such 
amphfiers are essentially single-frequency devices Unfortunately, 
the mtemal noise of klystron amphfiers is so high that the improvement 
in signal-to-noise ratio is much less than the actual power amplification 

17 7 Frequency-multipher Bllystrons Because the harmomc con- 
tent of a bunched beam is relatively high, the klystron makes a good 
nucrowave frequency multiplier The frequency-multipher klystron 
IS si mil ar to the amplifier except that the output resonator is designed to 
be tuned to a harmomc of the input frequency To get a tube with an 
input resonator that tunes to a low frequency it is necessary to use a 
resonator m the form of a concentnc line that is heavily loaded with 
capacity The structure of such a tube is shown schematically m Fig 
17 23 Such tubes are cntical of excitation and beam voltage This is 
because the maximum value of harmomc current for a large frequency- 
multiphcation factor is relatively cntical with respect to the bunchmg 
parameter, as may be seen from Fig 17 14 As input excitation is 
mcreased for a given beam voltage, a frequency-multipher tube will 
pass through its maximum output rather sharply and is easily over- 
dnven For a given input excitation, the power output as the beam 
voltage IS changed will folloifr a curve such as is shown m Fig 17 24 
This curve is hke the curves of Fig 17 13 squared, but with the x axis 
mverted Maximum theoretical efficiencies are equal to half the ratio 
of maximum value of harmonic current to d-c beam current as given m 
Sec 17 4 Actual efficiencies run about one-tenth of the maximum 
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theoretical efficiencies Efficiencies are further found to drop off much 
more rapidly with the order of the harmomc than the inverse one-third 



Fig 17 23 — Struotiire of the frequency-multiplier klystron 

power that is expected from the theoretical maximum values of harmomc 
components of current Frequency multiplication by a factor of 10 m a 
single tube is entirely practical in the range of 300 to 10,000 me and makes 
possible crystal-controlled nucrowave signals 



Fig 17 24 — Power output of a frequenoy-multipher klystron as a function of beam 
voltage 


17 8 Second-order Bunching Effects The theory of bunching that 
has been presented up to this point is what may be called the “simple” 
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or ‘‘first-order theory’’ It gives a correct picture of the mechanism, 
but appreciable departures from it are encountered in actual tubes 

One of the hmitations of the first-order theory is that it has entirely 
neglected the mutual electrostatic repulsion forces between the electrons 
associated with the electron charge This is to say that space-charge 
effects have been neglected The analytical treatment of such effects 
becomes sufficiently involved so that only a description of the principal 
effects will be undertaken here ^ 

Space-charge effects wnll m general have the effect of reducing the 
degree of bunching that would exist if there w ere no space charge For a 
beam that is large in diameter the axial repulsion forces of the electrons 
will be greater than the radial forces except at the edge of the beam For 
such a beam, as electrons tend to come together there will build up 
repulsion forces that oppose the bunching action Near the center of a 
bunch there wdl develop forces that are proportional to the distance of a 
particular electron from the center of the bunch The resultant electron 
action IS similar to that observed in mechanical compression problems 
Imagine an observer nding along with an electron at the center of a bunch 
He observes electrons approaching the center of the bunch in both direc- 
tions These electrons will be progressively slowed down as they 
approach the center of the bunch because the electrostatic repulsion 
forces will build up As a result, the individual electrons before and 
after the center of the bunch will approach to withm a given distance 
of the center of the bunch and will then turn and move away from it 
This action is illustrated roughly in th^ distance-time diagram of Fig 
17 25 Here electrons near the center of the bunch are seen to approach 
each other and then diverge without crossing To a first order of 
approximation the velocity of an electron near the center of the beam and 
the center of the bunch is a constant with a superimposed sinusoidal 
variation Webster has termed this action “longitudinal debunching ” 
From the distance-time diagram it is seen that the maximum degree of 
bunchmg occurs considerably farther along the beam than the distance 
corresponding to the formation of the first infimte peak of current in 
the absence of space charge Furthermore, the maximum degree of 

1 The most complete treatment of bunching theory in all its aspects yet published 
appears in Sperry Research Laboratories Rept 5221-1043 by E Feenberg, 1946 

* Webster, D L, Cathode-ray Bunchmg, Jour Appl Phys , vol 7, 601-602, 
July, 1939 

® Hahn, W C , Small Signal Theory of Velocity-modulated Electron Beams, 
Gen Elec Rev , vol 42, pp 268-270, June, 1939 

^ Ware, L A , Electron Repulsion Effects m a Bdystron, Proc I RE y vol 33, 
pp 591-596, September, 1945 
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actual bunching will be equal only to that which would occur con- 
siderably before the first infinite peak of current m the absence of space 



Time 

. Fig 17 26 — Distance-time diagram of a high-current-density beam showmg space- 
charge debunchmg effects 


charge Infinite peaks of current are, of course, a physical impos- 
sibility, and it IS doubtful whether or not even double peaks occur where 
high beam currents are involved Since the space-charge repulsion 



Fig 17 26 —Picture of a bunched beam showmg radial disper- 
sion due to space charge 


forces near the edge of the beam are less than at the center, the bunches 
will tend to form sooner near the edge and be more intense As a result, 
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the bunches will tend to be crescent-shaped m a plane through the axis 
of the beam, with their concave side toward the cathode 

In Chap 15 it was shown that an unbunched beam would tend to 
spread owmg to radial electrostatic repulsion forces The same action 
occurs in a bunched beam except that it is accentuated by the bunchmg 
action As bunches tend to form, the space-charge density m that 
region will mcrease and the radial expansion will be greatest about a 
bunch center Portions of the beam between bunches will have their 



Fio 17 27 — Electron arrival tune as a function of departure tune for 
a bunched beam with a short drift distance and relatively large values 
of r-f voltage 


space-charge density reduced and wiU not spread so much The resultant 
action IS that the bunches wiU tend to form, achieve a certain degree of 
groupmg of electrons, and then hterally explode radially The actual 
picture of a bunched beam may be expected to look something like 
Fig 17 26 As a result of this action, the current density associated 
with any bunch will frst mcrease as the electrons move along the beam 
and then decrease 

The general observations made about space-charge effects above are 
borne out m the operation of actual tubes Studies of the velocity 
distnbution of bunched beams made with a special tube incorporating 
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a mass spectograph arrangement where the collector electrode is normally 
placed reveal that the actual velocity distribution is quite different from 
that expected from first-order bunching theory neglecting space charge ^ 
Furthermore, it is found that amplifier and oscillator klystrons built 
with relatively short drift spaces give higher output and efficiency than 
do those with long ones, this being particularly true of frequency-multi- 
plier tubes Likewise, the output of almost any klystron amphfier or 
oscillator can be increased by appl 3 ring an axial magnetic field even when 
the cathode design is good 

Since space-charge effects dictate short drift spaces, larger driving 
voltages are required to produce a given degree of bunching Accord- 

7i 

ingly, the limiting value of ^ of 0 2 assumed in the first-order theory is 

y 0 

generally exceeded In general, the resulting action is the same as 
before except that the degree of bunching is less than that predicted by 
the first-order theory Curves of arrival versus departure time for a very 

Vi 

short drift distance but relatively large values of are shown m Fig 

y 0 

17 27 (space-charge effects neglected) According to such a set of 
curves, double peaks occur at smaller values of k than umty, and maxi- 
mum output results at a value of k appreciably smaller than 1 84 This 
tendency is frustrated by the space-charge effects 

17.9. The Reflex-klystron Oscillator The reflex-klystron oscillator 
IS a single-resonator klystron with a reflector electrode, operated below 
cathode potential and located so that electrons are reversed in direction 
after a first passage of the resonator and made to return through the 
same resonator The electron stream is velocity-modulated by its 
first passage through the resonator gaps, and power is extracted from the 
bunched beam current upon the second passage of the electrons through 
the resonator The structure of some typical 10-cm reflex-klystron 
oscillators is shown in Fig 17 28 Tubes are of two types, those in which 
the resonant cavity is sealed to the tube and evacuated and those in which 
the resonant cavity is attached externally to the tube Both types 
utilize a cathode for the production of the beam The magnitude of 
the cathode current is sometimes controlled by a control grid or focusing 
ring The entire resonator is operated at the same potential above 
cathode, and this potential is that through which the electrons are 

1 Hadley, op czt 

^ PrEECE, J R , Reflex Oscillators, Proc I R E , vol 33, pp 112-118, February, 
1945 

8 Ginzton, E L , and a E Haeeison, Reflex-klystron Oscillators, Proc IRE , 
vol 34, pp 97-117, March, 1946 
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accelerated Since the reflex-klystron oscillator is seldom used to 
obtain appreciable power but rather finds its greatest application as a 
local oscillator tube, large currents are not needed and the resonator gap 
faces are made of a fine-mesh grid The tube is usually constructed 
so that immediately beyond the second resonator grid there is a region 
of nearly constant potential gradient The reflector electrode is ordinarily 




{B) 

Fig 17 28 — Structure of the reflex klystron 
(A) evacuated resonator, Sperry type, (J5) ex- 
ternal cavity required 


concave toward the resonator so that there is a focusing effect which 
directs the electrons back toward the center of the resonator grid 

Behavior of Electrons in the Rejlector Space Electrons in the reflector 
space encounter a nearly constant gradient of potential opposing their 
motion In aU the subsequent analyses it will be assumed that the 
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potential variation in the reflector space is linear with distance and that 
as a consequence the gradient of potential is indeed constant As a 
result of this assumption, the laws of motion of electrons m the reflector 
space are identical with those of a ball thrown up mto the air m the 
absence of fnction In this mechamcal analogy the ball expenences a 
constant downward force due to gravity just as the electron expenences 
a constant force directed toward the resonator The equations of motion 
for the acceleration, velocity, and position as a function of time of an 
electron injected into a region of retarding potential gradient of value 

° ^ — ■ with an mitial velocity do are 


dv e(T^o T^r) 

^ ~ di ~ md 

dx _ e<(7o + Vr) , 

^^dt ^ 


(17 68) 
(17 69j 
(17 70) 


where o is acceleration, « is velocity, »o is imtial velocity, t is time, Fo is 
cathode-resonator potential difference, F, is the potential difference exist- 
ing between reflector and second resonator gnd, which are separated a dis- 
tance d, e and m are, respectively, the charge and mass of the electron, and 
z IS distance measured from the second resonator gnd It is seen that the 
acceleration is constant with time, velocity decreases uniformly with 
time, and distance is a parabolic function of time Hence, if a distance- 
time diagram be plotted for electrons m the reflector field, the curves 
will all be parabolas The maximum distance to which an unmodulated 
electron will penetrate the reflector field will be given by 


dFo 

Vr+Vo 


(17 71) 


since at this distance the potential has changed by an amount Fo, as 
IS apparent from Fig 17 29, which shows the potential profile of the tube 
Hence the distance to which an electron penetrates the field is directly 
pioportional to the initial potential through which the electron has been 
accelerated The average velocity of the electron in the reflector field 
will be half of its imtial velocity, and hence the time the electron spends 
in the reflector field will be 


to — 


Vo 


(17 72) 


Vo 


Wo 


/I >7 >70^ 


Since 



574 VACUUM TUBES 

where c is the velocity of light, then 


, _ 2,024d VVo 
~ c(7o + Vr) 


(17 74) 


If both sides of this equation be multiplied by the angular frequency 
£0 and use is made of the relation c = Xf, where X is the wave length, then 
the resulting expression for the d-c transzt angle in radians spent in the 
reflector space is 



Fig 17 29 — Potential profiles of a reflex-klystron 
oscillator 


Distance-time Diagram of a Reflex-klystron Oscillator Since the 
distance to which an electron penetrates the reflector field against a 
constant gradient of potential is proportional to the initial energy and 
since the law of falling relative to the point at which the electron direc- 
tion is reversed is the same for all electrons regardless of their initial 
energy, the distance-time curves of electrons entering the reflector space 
with different velocities will all be parts of the same parabola This 
makes it relatively easy to construct a distance-time chart by means of a 
template since the energy of electrons leaving the resonator will be 

Va = l^o(l + Aa sin (jjt) (17 76) 

where 7o is the voltage equivalent of the electron energy associated with 
the first resonator transit (subscript a) Other symbols have their 
previous significance, that is, Vo is beam potential, A is beam coupling 
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coefficient, and a is excitation-voltage ratio For the present, it is 
assumed that an r-f gap voltage 

Fi(t) = Vismwt (17 77) 

exists, without sa3ung how it is created The distance to which any 
electron penetrates the field will be proportional to the value of 7o 
given by Eq (17 76) The corresponding mitial velocity of an electron 
entenng the refiector space is 

t>o = «o ^1 + ^ sm (17 78) 

which IS identical with the expression encountered m the klystron- 
BTY<phfip.r bunchmg resonator The value of «« from Eq (17 78) will 
detemune the imtial slope of the parabola associated with any dectron 
A sample distance-time diagram constructed by applymg the above 
observations is shown m Fig 17 30 The bunching action is quite evident 

and IS slightly greater m this case than that required to produce a first 
infimte peak of current If the bunch which is formed returns to the 
resonator at such a time that the electrons pass through the resonator 
gap when they are opposed hy the potenMal gradient between the resonator 
grids, then energy will be extracted from the bunched current and the 
tube may oscillate jf other conditions are suitable Of great sigmficance 
IS the observation that the bunch forms about the electron which passes 
through the resonator when the modulating voltage is changmg from 
accelerating to retarding m its action (It will be remembered that m 
the klystron amplifier the bunch formed about the electron which 
passed through the bunchmg resonator when the modulatmg voltage was 
from retarding to accelerating ) This happens because those 
electrons which enter the reflector field with energies greater than the 
average will penetrate farther and take longer to return Accordingly, 
electrons which have been slowed down will overtake those which have 
been speeded up, which is ]ust the opposite to what happens m the 
klystron amplifier A combination of this property and the requirement 
that the electrons return when the resonator voltage opposes their 
motion through the resonator indicates that oscillations can occur only 
when the d-c transit time is in the vicimty of n + ^ cycles, where n is 
zero or any integer The distance-time diagram of Fig 17 30 shows a 
d-c transit time of 1^^ cycles, which admits of oscillation 

Bunching Theory of the Reflex-klystron OsciUator There has already 
been given in Eq (17 78) an expression for the electron velocity resulting 
from a first transit of the resonator For the distance-time diagram 
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of Fig 17 30 the principle of conservation of charge will hold, just as it 
did for the klystron amplifier, i e , Eq (17 37) will again apply, 


Ib 



(17 37) 


where la is again equal to 7o Likewise it will be true that the relation 
between arnval and departure time of any electron will be the same 
as for the klystron amplifier, t e , Eq (17 30) will hold, 


= io -f- to 


11 — 2" y 


(1730) 



Fio 17 30 — Distance-time diagram of a reflex-klystron oscillator. 


Since the equations that determine the shape of the current pulse are 
the same as for the klystron amplifier, it is expected that the resultant 
current will be the same and it is Thus 

hi = 2/o/i(A)r'(”"0 (17.50) 

where all the symbols have their previous significance It must be 
noted, however, that for the case of the reflex-klystron oscillator the 
current of Eq (17 50) is taken with respect to the direction of the first 
electron transit and thus with respect to the positive gap voltage. For 
some purposes it is more convenient to deal with the current associated 
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With the direction of the second electron transit, which will be the negative 
of that given by Eq (17 50) and will have the form 


-In = 2Jo/i(fc)e (17 79) 

In this form it is apparent that the klystron-amplifier and reflex-klystron- 
oscillator bunches form about zero-excitation-voltage points which are 
half a cycle apart 

From Eq (17 50) it is apparent that whenever the d-c transit angle is 

etc , radians the current will be m phase with the gap voltage 

and the beam action will be eqmvalent to that of a positive resistance 

Stt Ttt 1 Itt 

shunted across the gap Whenever the d-c transit angle is 

etc , the fundamental component of beam current will be 180 deg out 
of time phase with the gap voltage and the beam action will be eqmvalent 
to a negative resistance shunted across the gap Under this last set of 
conditions the tube may osciUate if the magmtude of the negative beam 
resistance is less than the positive resonator resistance 

Self-cdmittance of the Beam It is convenient for purposes of analysis 
to speak of the beam admittance, defined as the ratio of the fundamental 
component of induced resonator current to the gap voltage that produces 
it. From Eq (17 50) this is 


7i 

Vi 

y. = 


17 80) 
(17 81) 
(17 82) 


where Y, is the self-, or electromc, admittance of the beam. Go = 

and use has been made of the relation h = — The factor A that 

appears m Eq (17 80) anses from the desirabihty of companng beam 
and resonator adimttances m terms of vnAuced resonator currents 

The ratio of the electromc to the beam admittance is perhaps most 
convemently written in component form by expanding the exponential 
into a complex quantity 

^ = AVo (sin TO +j cos To) 


(17 83) 
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The electronic admittance of the tube is seen to be a function of the d-c 
transit angle and the bunching parameter k, which also involves the 
transit angle Likewise it is seen that the electronic admittance has 
both a conductive and a susceptive component depending upon the value 
of the d-c transit angle Let it bo assumed first that the value of k is 

j n\ 

zero, corresponding to zero r-f gap voltage. The factor ' - then has a 


value of Accordingly, the conductance and suHi*<'ptance of the beam 
have the form shown in Fig 17 31. The zero signal value of beam 



Fia. 17.31 — Eloctronio conduotanoe and eusooptanoe of a roflox klyiitron as a function 
of electron tronsit-anglo. 


conductance is of the form x sin x. It is first positive and then alter- 
nately negative and positive with increasing amplitude. Correspond- 
ingly, the zero signal value of beam suseeptarico is of the form x cos x. 
It IB first positive for a quarter cycle and then alternately negative and 
positive with increasing amplitude as d-c transit angle increaacH (reflector 
voltage decreases) The tube may oscillate whenever the beam con- 
ductance is negative and exceeds the magnitude of the positive resonator 
conductance. The negative of the resonator conductance is shown in 
B'lg 17.31. For the value shown, oscillations will not occur the first 
time the beam conductance is negative, for its magnitude is not large 
enough Oscillations will occur the second time and subsequent times 
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the beam conductance is negative as d-c transit angle is mcreased, for 
the magmtude is then greater than the resonator conductance 

Mechanism hy Which Oscillations Start The above statements about 
conditions for oscillation are readily demonstrated by reference to the 


V(t)^Vie 


-f 


sin copt 





Fig 17 32 — Transient response of an EXC circuit 


transient response of a parallel combination of a resistance, inductance, 
and a condenser Let the circuit be as shown in Fig 17 32 The voltage 
transient across such a circuit that has been shock-excited by some 
disturbance has the form 

& 

7(f) = Vi6 ^ sm (17 84) 

where G is the value of the shunting conductance, C is the capacity, and 
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1 


Wo = 


\/LS 


This equation is quite a good approximation for circuits 


with a Q greater than 10. From the form of Eq (17 84) it is seen that 
the transient response has the form of a damped sine wave, though the 
extent of the damping depends upon the nature of tlic conductance. If 
the conductance is postive, then the response is a damped sine wave, as 
shown m Fig 17 32a If the conductance is zero, the response will 
be an undamped sine wave, as shown in Fig. 17 326 If the conductance 
m negative, then the response is an exponentially increasing sine wave, 
as shown in Fig. 17 32c The circuit here discussed is the equivalent 
of that encountered in the reflex klystron oscillator, the net conductance 
being the algebiaic sum of the resonator and beam conductance The net 
conductance can be positive, zero, or negative. If the lieam conductance 
IS smaller in magnitude than the resonator conductance, then the net 
conductance is positive If the beam conductance is negative and equal 
in magnitude to the resonator conductance, then the net conductance is 
zero If the beam conductance is negative and greater in magnitude than 
the resonator conductance, then the net conductance is negative. 

The mechanism by which oscillations start m a reflex-klystron 
oscillator is evident from the above. Suppose that there is initially no 
r-f voltage but that the beam conductance is negative and greater in 
magnitude than the resonator conductance, as at the second negative- 
conductance peak shown in Fig. 17.31. The net conductance will be 
negative, and hence any small disturbance will start a transient response 
like that shown in Fig. I7.32c. As the transient gap voltage builds 
up, the beam conductance will decrease in magnitude in accordance with 

the factor as shown in Fig. 17.33. The result will be that the 


transient voltage will build up less rapidly, but it will continue to increase 
in magnitude as long as the magnitude of the negative beam conductance 
exceeds the resonator conductance. As the transient gap voltage builds 
up, the beam conductance will continue to drop off until finally it is 
exactly equal to the resonator conductance. At this value of voltage 
the net conductance will be zero, and stable oscillations of constant 
magnitude as shown in Fig. 17 326 will result. 

Variation of Beam Conductance with Amplitude of Oscillation Exami- 
nation of the real part of Eq (17.83) shows that the beam conductance 

varies as the factor with the degree of bunching. Of particular 


St I lit 

interest are the values of transit angle of etc , for which the 

negative conductance has its greatest magnitude. Shown in Fig 17 33 



VELOCITY-MODULATED TUBES, OR KLYSTRONS 581 


are relative values of beam conductance as a function of resonator gap 
voltage for different values of n, oscillations bemg considered possible for 
transit tiTnaa of n + ^ cycles All these curves have the same form 

but differ m their initial magmtude, which is always and m their rate 

of decline, which increases as the value of n mcreases Marked on the 
curves are the abscissas corresponding to maximum power As will 
be shown, this occurs for a value of fc equal to 2 405 and yields a conduct- 



Depth of modulcrfion 

Pig 17 33 — ^Bleotronio conductance of a reflex-klystron 
oscillator as a function of r-f voltage for transit angles 
admitting of oscillation 


ance that is 43 1 per cent of the maximum value The curves are 

extended only to a value of ^ of 0 5, which is weU beyond the hmit of 

accuracy of the first-order theory From the slope of the ci^es it is 
expected that the oscillations for large values of n are more stable than 

for the low values ^ ^ 

The Electromc-adrmttance Spiral The condition for oscillation of a 

reflex-klystron oscillator is that the electronic beam conductance be 
negative and equal in magnitude to the positive resonator conductance 
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For the resultant circuit to be resonant it is also necessary that the net 
susceptance of the parallel resonator-beam combination be zero All 
this can be stated by the smgle equation 

Yr=-Ye (17 85) 

where Yr is the resonator admittance and Ye is the electronic admittance 
of the beam For many purposes it is convenient to plot the locus 



ELECTRONIC ADMITTANCE SPIRALS 
— k -0, Zero modu/afton 

k- 2,405, maximum power, Ye -043IY^ (k^O) 

Fig 17 34 — Electromc-admittanoe spirals of reflex-klystron 
oscillators 

of admittance as frequency is vaned since for ordinary resonant circuits 
the loci will usually be of some simple geometrical form If a locus of 
electron admittance also be plotted, then limits of oscillation can be deter- 
mined by intersections of the resonator and negative-beam-admittance 
loci Pierce has suggested the use of a plot of the locus corresponding 
to Eq (17 83) for the beam admittance For any fixed value of k the 
locus of the beam admittance is a spiral of Archimedes Two such 
spirals are shown in Fig 17 34 The solid curve is the spiral locus for 
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h equal to zero, or the limit-of-oscillation value The dotted spiral locus 
is for a value of fc of 2 405, or the maximum-power value The spirals 
are geometrically similar except that the dotted spiral is only 43 1 
per cent of the size of the solid spiral Transit angle is measured clock- 
wise from the positive susceptance axis, increasing transit angle cor- 
responding to decreasing reflector voltage The beam conductance is 



~0 00 J (between poinis) 

Fig 17 36 — Analysis of oscillations of a reflex-klystron 
oscillator by pieans of admittance loci 


TT oTT 

seen to be negative whenever the transit angle is within ^ radians of 

Vtt 1 Itt . 

” 2 “' 

Reflex-klystron Oscillation with a Simple Resonant Circuit When 
the resonant circuit is lepresentable by a parallel combination of a 
resistance, inductance, and capacity, then the locus of the circuit admit- 
tance IS a straight line parallel to the susceptance axis in the positive 
half of the admittance plane, as shown in Fig 17 35 ^ On this line, 
^ Specifically, the approximate formula for admittance as a function of frequency is 
YrM « (?r(l + 2^05), where 5 is the fractional frequency deviation from resonance 
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frequency increases upward Also plotted in Fig 17.36 is the negative 
of the adnuttance spiral Let it now be supposed that every parameter 
in the oscillating circuit and tube is kept constant except the reflector 
voltage, which is varied from some large negative value to zero Then 
on the beam-admittance spiral this corresponds to a clockwise traversing 
of the spiral As transit angle increases with reduction of the magnitude 
of repeller voltage, the beam admittance will spiral out from a point 



Fig 17 36 — Power output of a reflex-klystron oseillntor as a func- 
tion of reflector voltage 


on the curve near the origin When the beam admittance first has a 
negative-conductance component (right half of Fig. 17 36), oscillations 
will not occur for the case shown because the magnitude of the negative 
beam conductance is less than the positive resonator conductance. As 
transit angle is increased further, the beam conductance becomes positive 
(left half of Fig 17 35) and then negative again. When the transit 
angle has increased to the point o on the spiral, the negative beam 
conductance equals the resonator conductance in magnitude for the first 
time and oscillations will start. As transit angle is increased still 
more, the beam admittance 'will now follow a segment of the resonator- 
admittance Ime from point a to b, the beam-admittance spiral shrinking 
with increased gap voltage and output until it is equal to the resonator 
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admittance at every point Maximum gap voltage and output will occur 
when the beam admittance is a pure negative conductance on the real 
axis of Fig 17 35 As transit angle is further increased, the tube will 
drop out of oscillation at b The admittance will now trace the spiral, 
and oscillations will start again when the point c has been reached As 
transit angle is increased still further, the beam admittance will now trace 
the segment of the straight-line resonator-admittance locus between c 
and d, where the tube will again drop out of oscillation, and so on 

If the power output of a reflex klystron oscillator he observed with an 
oscilloscope connected to a crystal output as the reflector voltage is swept 
sinusoidally, the trace shown in the lower part of Fig 17 36 results Each 
output pulse shown here corresponds to a segment of the resonator 
admittance between intersections with the beam admittance The 
frequency corresponding to the center of the different output pulses is 
the same but changes through the pulses as shown The frequency 
deviation for each mode of oscillation is about the same, but it will occur 
for a smaller change in voltage and be more linear for large values of n 
Power Relahons ^n the Reflex-klystron Oscillator The power trans- 
ferred from the resonator to the bunched electron beam is the product 
of the resonator voltage by the in-phase component of induced resonator 
current This has the value 


or 


p V^Ah, 

r, - 2 

(17 86) 

P, = ViIi)AJi(k) smTo 

(17 87) 

^ = — kJi(h) sin TO 

Jro To 

(17 88) 


by application of the definition of k given in Eq (17 33) The power 
transferred from the resonator to the beam will be negative whenever 
sin TO IS negative, which is to say that the power is actually transferred 
from the beam to the resonator under this condition The power 
delivered to the resonator will be a function of the buifching parameter fc, 
which is in turn determined by the requirement that the negative of the 
beam admittance equal the resonator admittance A set of curves 
showing how power transferred from beam to resonator vanes with 
r-f gap voltage is given in Fig 17 37 The peak power transferred for 
each mode of operatmn shown occurs for a value of k of 2,406 and is 
lower for successively higher values of the transit angle This nught at 
first thought seem to indicate that the maximum power would be obtained 

with the lowest transit angle of the possible oscillation values, 
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etc However, the maximuia power for the lowest transit angle 

occurs at such large gap voltages that the resonator and load demands 
may exceed the power which can be delivered and oscillations will not 
occur at all 



bunching parameter (theoretical) 

Equation (17 88) is really an expression for efficiency The maximum 
theoretical efficiencies apparent here for different values of n where 
oscillations are presumed to occur in n + cycles transit time are 
hsted below 


n 

Efficiency 

AVi 

Vo 

0 

0 531 

1 018 (not valid) 

1 

0 227 

0 436 

2 

0 145 

0 278 

3 

0 106 

0 204 


0 398 

0 767 ^ 

n 

n + K 



In the above tabulation the d-c transit angle has the value of 
{n + %)27r The values for n equal to zero are obviously not valid, 
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for the excitation-voltage ratio greatly exceeds the limit of accuracy 
of the theory Values for higher orders are progressively more accurate 
Actual measured efficiencies are of the order of one-fourth of the theo- 
retical values given above 

In the previous discussion there have been given formulas for the 
fundamental component of beam current [Eq (17 50)], for electronic 
admittance [Eq (17 83)], for electronic power [Eq (17 88)] Each of 
these quantities depends upon the bunching parameter k in some com- 
bination of the first-order Bessel function of the factor k Thus for a 

01 

06 

05 

04 

03 

02 


0 I 

0 

Fig 17 38 — Theoretical current, conductance, and power function in a reflex- 
klystron oscillator 



fixed electron transit time the fundamental component of current is 
proportional to J'i(fc), the electronic conductance is proportional to 

fl-nd the electronic power is proportional to kJi{k) It is of interest 

to plot these functions side by side in order to compare their properties 
This IS done in Fig 17 38 The three functions have in common a zero 
value for a value of k equal to 3 84 The maximum value of current 
occurs for a value of k equal to 1 84 The maximum value of power 
occurs for a value of fc of 2 408, corresponding to 0 431 of the maximum 
value of conductance 

The magnitude of the actual power delivered to the resonator is best 
obtained by plotting contours of equal power output on an admittance 
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diagram. Such contours may be calculated from Eq. (17.88) and are 

1 ilT 

ahown in Fig. 17.39 for transit angles in the vicinity of radians 

(n - 2). Contours for other values of n will be similar. The power 
transferred from beam to resonator for any given load admittance is 



rreqimncy inkrvuf hfimn points 

Fio. 17 89.— Contour# of oloctronic power output of a 
reflex-klyatron oaoill&tor on an admittance plane. Thla 
representation ahowa the power supplied to both 
resonator and load. 

immediately evident from these contours. Of particular intereat arc 
the variations of power output with reflector voltage for difTercnt degrees 
of resonator loading. As the resonant circuit is loaded, ita straight -line 
admittance locus assumes a larger conductance component, while at 
the same time equal frequency increments along the line become smaller 
relative to the conductance. This is due to tlio fact that the conductance 
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IB given by where B is the magnitude of either the circuit mductive or 

capacitive susceptance. At the same time the frequency mcrement 
between values of admittance having angles of plus and mmus 45 deg 

is Hence, as the resonant circuit is loaded the Q decreases and 

the conductance component increases, as does also the frequency incre- 



Fio 17 40 .— Power output of a reflex-klystron oscillator as 
a funotion of loading for variable reflector voltage 


ment between the 46^eg values of admittance. Accordingly, the change 
in susceptance for a g^ven frequency increment decreases Figure 17.39 
fhows admittance loci of a resonant circuit for three degrees of loadmg 
The dots on the straight-line admittance loci of this figure show H P®r 
cent frequency variations. The corresponding curves of power output 
versus reflector voltage are shown in Fig 17 40 

Of interest is the amount of frequency variation between the limits 
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of oscillation for a given resonator loading as the reflector voltage is 
varied This may be calculated exactly from determinmg the frequencies 
correspondmg to mtersections of the zero-signal beam-admittance spiral 
and the straight-hne resonator locus This determination requires 
numencal or graphical computation A good approximation for the 
amount of frequency vanation between limits of oscillation may be 
obtained by nj»aiimiTig that the beam-admittance locus is a circle whose 
radius is that correspondmg to a transit angle of 2ur(n -f- radians 
instead of the actual spiral With this assumption the limiting inter- 
sections of the beam and resonator admittance loci can be calculated 
The errors appearing at the two mtersections as a result of the assumption 
of a circular locus cancel as far as the difference in frequency for the two 
mtersections is concerned and the resulting expression is accurate within 
a few per cent It is 

Half band width between ^ ^ _1_ // roGoA^ V _ . ^7 gm 

oscillation liimts /o ^Qy\ 20r ) 

where the Q is that of the resonator, Go and Gr are beam and resonator 
conductance at mid-mode, respectively, ro is the transit angle at mid- 
mode of value 27 r( 7 i -t- %) \ It will be noted that this expression 
properly reduces to zero when the resonator-adnuttance Ime is tangent 
to the beam-admittance spiral, i e , when 

(17 90) 


This equation represents a limit of oscillation It may also be used to 
determine the TniniTruim beam current required to start the oscillation for 
a given resonator and a given reflector mode of operation Since the beam 
admittance as given by Eq (17 83) is proportional to the d-c beam 
admittance, which in turn is proporl-ional to the d-o beam current, then 
the starting current for any resonator and reflector mode is 

JiriB = amperes (17 91) 

amperes (17.92) 


where B,h 



the i^unt resistance of the resonator. 


> This IS smved at as follows At the intersection of the assumed circular beam- 
admittance locus and the straight-hne resonator locus the equality of the conductance 
component gives Gr cos Aro, whereas the equality of the susceptance 

components gives QOt ^ “ 5 O^roA^ sm Aro, where Ato ^ Squarmg and adding 

these relations and then solvmg for the band width yield Eq* (17 89) 
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Vvltage Stability of Reflex-klystron Oscillators Since the d-c transit 
angle of the electrons in the reflector space depends upon the electrode 
voltages, the frequency of oscillation changes with supply voltage, as 
has already been shown This may be a senous limitation m apphca- 
tion, for a small change in electrode voltage will cause a relatively 
large change in frequency of oscillation If it is assumed that the cathode 
and rebector voltage both change by the same percentage with a given 
change in bne voltage, then the frequency stability at mid-mode with 
respect to voltage is‘ 

^ cycles per volt (17 93) 

Jo 4^0 V 0 

For the 2K28 with the characteristics shown in Fig 17 36, this variation 
IS of the order of K mid-mode 

If the cathode-reflector voltage instead of var3nng proportionally to 
cathode-resonator voltage is kept constant, then the frequency change 
with voltage is zero when the cathode-resonator and cathode-reflector 
voltages are equal This occurs because under this condition the gradient 
of potential in the resonator-reflector space and the distance to the point 
of electron reversal change by the same percentage with a change of 
cathode-resonator voltage, thus keepmg the transit angle constant 
The frequency change with voltage for other conditions can be made 
low by giving the cathode-resonator and cathode-reflector voltages 
different degrees of regulation of the proper value 

The relatively large frequency change with voltage observed m Eq 
(17 93) may actually be of use in some applications, for it mdicates that 
frequency modulation is easily achieved Even in cases where stability 
IS desired, automatic frequency control is easy to apply 

17.10. Broad-band Operation of Reflex-klystron Oscillators Tubes 
of the type shown in Fig 17 28b are frequently used with an external 
resonant cavity in the form of a concentnc line Such an arrangement 
permits of an extremely wide band of frequency operation The low- 
frequency limit of oscillation will be governed by the resonator-reflector 
distance, which in turn determines the largest transit time that can be 
used without the reflector drawing current The high-frequency limit 
will be determined either by the gap transit angle, which reduces the beam 

I Arrived at by applying the relation ^ to the formulas 

= cos TO 
/o 

Vr 

and Eq (17 74) on the assumption that ^ is constant 
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coupling coefficient A and thus reduces the beam conductance, or by 
the resonator sHunt resistance, which may drop off with increasing 
frequency to the point where oscillations cannot be maintained. Opera* 
tion over a frequency band of as great as 2 to I may bo had with this type 
of tube and resonator. 

Equivalent CircwU of Concentric-hne Rvmnator In the ordinary 
reflex-klystron-OBcillator tube built to use an external resonator there 
will be an appreciable capacity across the electron bunching gap. As a 
result of this capacity, the tube will oscillate when the capacitive react- 
ance of the gap is equal in magnitude to the inductive reactance of the 
shorted concentric line attached to it Accordingly, the equivalent 
circuit is that shown in Fig. 17.41. This is simply a capacity in parallel 



Par naonance 

Kio. 17.41. — Kqiiivalcnt circuit of a ooncon- 
trio-lmn rewnator and roflox-klyatron oiinil- 
lator. 


with a shorted section of concentric line, llesonanec will occur whenever 
the gap reactance equals the inductive line reactance in magnitude, 
t.s., when 


( 17 , 94 ) 


where u is the angular frequency, is the gap capacity, Zt is the charac- 


teristic impedance of the line given by 138 logio 



I is the equivalent 


line length, and X is the wave length. Curves of magnitude of capacitive 
reactance and inductive line reactance are shown in Fig. 17.42. Reso- 
nances will occur at the intersections of the two reactance curves shown. 
The resonances are multiple, which means that, for a given line length, 
resonance can occur at a number of different frequencies. The fre* 
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quencies of resonance will occur at frequencies somewhat less than those 
for which the hne is Via etc , wave lengths long 

For convemence in subsequent analysis, Eq (17 94) may be solved 
for Z and wntten in the form 

as a function of wave length, where Co is the distributed capacity of the 
concentnc line per unit of length ^ The general form of curves of Z as a 



function of wave length is shown m Fig 17 43 The vanous branches 
of this curve correspond to the different possible line lengths The 
lowest branch of the curve gives resonant lengths slightly less than 
wave length, the next gives lengths slightly shorter than A wave 

^ and c ■■ — i==* ^ result of which 


1 This follows from the fact that Zx, “ and c - 


cZo - i Utiliaataon of this last relation along with c - X/ leads to Eq (17 96) 
DistnbSed inductance of the hne per unit length is U, velocity of propagation is 
C » 3 X 10‘® cm per sec 
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length, and so on All curves start out hke parabolas from the ongm 
and then become straight hnes parallel to a line whose slope is 54, 

etc respectively for the different curves starting from the bottom 



A, cm 


Fig, 17 43 — ^Length of a capacitively loaded line required 
to give resonance at various wave lengths 

Possible Modes of Oscillation A reflex-klystron oscillator with an 
external concentnc-line resonator has numerous possible modes of 
oscillation Oscillations can occur whenever the transit time of electrons 
m the reflector space is n + ^ cycles, where n is zero or any positive 
mteger, and the cavity length is effectively an odd quarter of wave lengths 
long The tube gap capacity always loads the line resonator so that its 
actual length is less than an odd quarter of wave lengths long, but it is 
convement to speak of the effective length as that corresponding to the 
nearest odd number of quarter waves Accordingly, if the cavity length 
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aad electron transit time m the reflector space are admitted as vanables, 
a considerable number of oscdlation modes are possible Each oscillation 
mode needs to be designated in terms of both the electron transit time 
and the effective cavity length 

The possible oscillation modes of the reflex-klystron oscillator with a 
concentric-lme resonator may be investigated conveniently by applymg 
an alternating voltage to the reflector and observing by means of a 
cathode-ray oscillc^cope the reflector voltages at which oscillations occur 
This IS done by connecting the output of a crystal detector to the vertical 
plates of the oscilloscope while at the same time applying the altematmg 
reflector voltage to the horizontal plates The resultant screen repre- 
sentation on the cathode-ray tube will be like that shown m the lower 
half of Fig 17 36 If now the cavity length is varied, the modes wiU 
change position progressively as the voltage required to give diff erent 
transit times changes A plot can be made showing reflector voltage 
ranges that maintain oscillation as a function of cavity length, which is 
usually nearly linear with wave length It is even possible to record 
such an oscillation mode plot photographicadly by intensity-modulating 
the oscilloscope with the crystal output, applying the alternating reflector 
voltage to the horizontal plates, and obtaining a vertical deflection 
proportional to cavity length by means of a potentiometer connected to 
the cavity-plunger drive The cavity plunger is then moved uniformly 
throuipaout its entire travel while a camera integrates the line mdication 
of the oscilloscope .Such a photographically recorded mode plot is 
shown in Fig 17 44;' The numerous possible modes of oscillation are 
labeled in terms of the^ corresponding electron transit time in cycles 
and their equivalent cavity length in wave lengths For the type 707B 
tube shown, oscillations occur for transit times ranging from 1 75 to 
3 75 cycles in integral steps and for equivalent cavity lengths ranging 
from 0 25 to 1 25 wave lengths in half-wave-length steps Maximum 
output IS obtained for an electron transit time of 2 75 cycles and an 
equivalent cavity length of 0 75 wave length 

Method of CalculaUng Oscillation Mode Plot It is possible to deter- 
mine graphically the form of a mode plot such as was obtained photo- 
graphically in Fig 17 44 on the basis of the simple theory proposed in 
the previous sections Such a determination serves as a check upon the 
yahdity of the assumptions made in deriving the above theory 

There is desired a relation between reflector voltage and cavity 
length for the different cavity-length a-nd electron-transit-time modes 
A relation between cavity length and wave length has already been given 
m Eq (17 96) and shown m Fig 17 43 A relation between resonant 
wave length and reflector voltage has been given in Eq (17 75) From 
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this relation it is seen that for a given transit angle the reflector voltage 
is linear with the reciprocal of the resonant wave length Plots of Eqs 
(17 75) and (17 96) can be combined to give the desired relations between 
reflector voltage and cavity length by means of the construction shown in 
Pig 17 45 In the second quadrant of this chart is given the linear rela- 
tion between reflector voltage and reciprocal wave length In the fourth 



Cavity Length, cms 
Zo'SOohms 


Fig 17 44 — Photographically recorded mode plot of a broad-band reflex- 
klystron oscillator The number pairs give the number of quarter waves 
m the resonator and the value of n respectively 

quadrant is given the relation between resonant wave length and cavity 
length as shown m Fig 17 43 In the third quadrant is given the curve 
relatmg wave length and its reciprocal A set of rectangular con- 
struction Imes tymg together pomts m the second, third, and fourth 
quadrants for a given set of electron-transit-time and cavity-length 
modes yields an mtersection m the first quadrant which is a pomt on one 
of the reflector voltage-cavity-length modes desired 

Differences between the theoretical and actual reflector-voltage- 
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cavity-length curves result from numerous limitations to the simple 
theory. Promment among these is the inadequacy of the assumption 
of the equivalent circuit shown m Fig 17 41 This equivalent circuit 
IS probably adequate at long wave lengths, but not at short ones At 
short wave lengths the effect of the comer of the concentric-lme cavity 
adjacent to the tube needs to be considered The corner has the effect 
of an impedance-transforming network in the form of a ir section with a 
senes inductive reactance and shunting capacitive reactances Another 

fn k) 



Fig 17 45 — Construction of a reflector-voltage-cavity-longth plot 


himtation to the simple theory is the assumption that the reflector field 
IS linear. Actually, the curvature given the reflector electrode to focus 
the electrons on the resonator grids may give an appreciable departure 
from linearity 

Mode Interference Mode interference may exist m reflex-klystron 
oscillators with concentric-line resonators This results from the 
simultaneous resonance on several modes and may be a serious limita- 
tion m oscillator design The mode interferences may be said to arise 
primarily from the external resonator characteristics m that they do not 
exist m an ideal line resonator which has no capacity loading and m 
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ttat they are independent of the reflector geometry For an unloaded 
hne the length will be directly proportional to the wave length, 

Z = ^ unloaded line length, cm (17 97) 


where p = 1,3,5, etc , is the number of quarter wave lengths of field 
variation along the line The transit time of an electron m the reflector 
space wiU be 


_n + % 

~ f 

_ (n + 


sec 


sec 


(17 98) 
(17 99) 


Equations (17 97) and (17 99) can be combined to give the transit time 
in the reflector space in terms of idealized cavity length for the various 
reflector-transit-time and cavity-length modes 


pc 

io = 133 3(n + / 4 )j micromicroseconds 
V 


(17 100) 
(17 101) 


A plot of electron transit time in the reflector space against ideal cavity 
length IS shown in Fig 17 46 ^ Examination of this chart shows that 
ideally there will be no tendency for the tube to oscillate simultaneously 
on two frequencies (An exception is the coincidence of the 1 25-wave- 
length-3 75-cycle mode with the 0 25-wave-length-O 75-cycle mode ) 
However, many of the prominent modes are very close together, and a 
small change in the resonator tuning curve may bring them into 
coincidence 

In reflex-klystron oscillators with concentric-line resonators greatest 
dependence is placed at present upon the 0 75-wave-length-resonator 
modes This is because the line loading by the cold-tube capacitance is 
usually so high that only very low frequencies can be obtained with 
quarter-wave resonance and interest is invariably centered about the 
high frequencies Undoubtedly, the tubes of the future will be made 
smaller for a given wave length of operation so that greater use will be 
made of quarter-wave-length resonances With 0 75-wave-length- 
resonator modes and the usual dimensions, oscillations will ordinarily 
not occur for 0 75-cycle electron transit times, for the beam conductance 
will be lower than the resonator conductance Oscillations wiU not 

1 An alternative form of this type of chart was first proposed by W Huggms and 
H Zeidle?: 
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Equivalent coivitv length, cms 

Fig 17 46 — Electron transit tune as a function of imloaded cavity length for a broad-band reflex-klystron oscillator 
showing the numerous possible modes of oscillation 
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ordinarily occur for electron transit times greater than 4 75 cycles, 
for the electrons will eventually strike the reflector as its voltage is reduced 
to lengthen the transit time The resultant range of frequencies that 
can be obtained with 0 76-wave-length resonators will bracket a 2-to-l 
range of frequencies, though use will ordmanly have to be made of several 
transit-tune modes 



707B 

Capcicaitvely loaded cavjfy 

Cg-7S gg Co off/ne 

1^ — i' »| =0882ju/ifpercm 


Cavity cms length,/ 

Fig 17 47 — Electron transit time as a function of length of a capacitivdy 
loaded Ime used with a broad-band reflex-klystron oscillator 

The chart of Fig 17 46 serves only to give a general idea of the relation 
between the modes The effect of tube capacity is to put a bend m the 
quarter-wave mode hne From Eq (17 96) it is seen that for very short 
wave lengths the cavity length varies as the square of the wave length and 
hence the electron transit time All curves of the form given by Eq 
(17 96) have the same form for any one cavity length when plotted on 
log-log paper, regardless of the ratio of Co to Cg Some sample curves 
of this form are shown in Fig 17 47 Vanous mode mterferences are 
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possible because of the bend in the curves introduced by the tube capacity 
Unfortunately, the bend frequently occurs right m the region of desired 
operation Examination of Fig 17 47 shows that the mode interferences 
are independent of the reflector-field characteristics of the tube This is 
because the possible crossovers m a chart such as that of Fig 17 47 are 
entirely determmed by the geometry of the resonant cavity Smce the 
reflector voltage required to give a certain transit time is always a single- 
valued function of the transit time regardless of the shape of the reflector 
field, it will be true that the mode interferences will not be altered by 
changing the reflector-field characteristics This is to say that, if a given 
gap capacity and resonator dimensions result in mode mterferences, 
merely changing the resonator-reflector distance or the shape of the 
reflector electrode will not ehmmate these interferences All that can 
be done is to change the reflector voltage at which they occur 

The above serves only to introduce the problem of mode interference 
The actual problem is vastly more complicated than mdicated above 
This IS because a simple capacity loading of the Ime is not an adequate 
equivalent circuit Actual circuits may have impedance-transforming 
circuits associated with the corner connection Some tubes will even 
have an equivalent shunting inductance at the resonator gap In addi- 
tion, the reflector field is seldom exactly linear It may be expected 
that in the near future much will be added to the present knowledge of 
mode interferences 

Blind Spots In addition to mode interferences the broad-band 
reflex -klystron oscillator will frequently exhibit blind spots, i e , regions 
of no oscillation In general, such spots will occur when the cavity 
impedance is reduced by the effect of a coupled resonant circuit The 
possibility of such coupled resonances are numerous Most of them can 
be eliminated by proper design, but some cannot be eliimnated by 
resonator design alone since they are inherent in the higher-order oscil- 
lations of the resonator i 

The nature of the change of resonator admittance caused by coupled 
resonances is of considerable interest. The admittance locus of a single 
high-Q parallel resonant circuit is a straight line parallel to the susceptance 
axis in the admittance ^.plane, with frequency mcreasmg uniformly 
upward along the line in the vicinity of resonance Mathematically, 
this may be represented by 

Fr(«) = I; (1 + 2j SiQi) (17 102) 

where Bi is the magnitude of either susceptance at resonance and 8i is 

the fractional deviation of frequency from resonance, - T If now 

fo 
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another resonant circuit is coupled to the above circuit, a bump m the 
form of a protrusion to the nght 'Will appear m the Ime locus of resultant 
admittance as the coupled circmt passes through resonance K the 
coupling to the second circuit be mereased, the size of the bump will 

in PT ftfl fiPi up to a cntical value of coupling, Ki = at which value the 

bump will have the form of a cusp If the couplu^ be mereased still 



Fig 17 48 — Admittance loci of a resonant circuit with a coupled 
resonant secondary 


further, the cusp transforms mto a loop This action is shown m Fig 
17 48 It will be apparent that if the bump, cusp, or loop extends suffi- 
ciently far to the right the resonator admittance may exceed the electromc 
beam admittance of the oscillator tube and oscillations will cease Even 
if the beam adimttance is not exceeded, if the resonator admittance has a 
loop there will be a frequency discontinuity m the oscillations as reflector 
voltage or cavity length is changed because of the mabihty of the beam 
admittance to follow the loop 

The quantitative details of the above phenomena will be indicated 
a httle further The impedance of the secondary circuit in the vicinity 
of resonance is approximately 
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Zs = (1 + 2j S,Q,) 


(17 103) 


where 62 is the fractional deviation of frequency from secondary resonance 
and X2IS the magnitude of either reactance at resonance The imped- 
ance coupled into the primary circuit will be or, in component 

form, 

Coupled resBtauce = TTi La)' 

Coupled reactance - - 1>^M1 , ^ (17 106) 

Accordingly, the series impedance of the primary is 


where 


Zi — i?i(l + a) + — 6 ) + 

^ ^ K^QiQi 
1 + (2 


(17 106) 


(17 107) 


T 2 

1 + (2 52^2)^ 


(17 108) 


C Z 

where use has been made of the relation Since Yr = - 4—^7 

L1L2 Li 

the corresponding resonator admittance across the capacity junction is 
approximately 

Yr = [(1 + a)+ 23 5iQi - jQM (17 109) 

where all the symbols have their previous significance It is seen that 
the effect of a coupled resonant secondary circuit is to increase the normal 
conductive component of the primary admittance by a fractional amount 
a and to reduce the normal susceptive component of the primary admit- 
tance by a fractional amount b/2di The reduction in the susceptance 
component may be so large that the net susceptance actually decreases 
with frequency This happens when the coupling exceeds the critical 
value 

K.± (17 UO) 

for the case of equal primary and secondary resonant frequencies, as 
may be seen by setting the derivative of the susceptance term of Eq 
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(17 109) with respect to 5 equal to zero The values of zero susceptance 
for equal primary and secondary resonant frequencies occur for 


= 0 at maximum conductance (17 111) 

5* = ± at loop crossover (17 112) 

2i \ (^2" 

The corresponding values of conductance are 


and 



maximum value (17 113) 


at crossover when crossover exists 

(17 114) 


Because of the factor in the expression for maximum conductance 
and its nonappearance in the crossover value it is expected that the 
loop size IS a sensitive function of the degree of coupling 

Some typical admittance curves m the presence of a coupled secondary 
resonant circuit are shown in Fig 17 48 for fixed primary and secondary 
Q’s, equal resonant frequencies, and different degrees of coupling The 
transition from bulge to cusp to loop as the coefl&cient of coupling is 
increased is evident It is seen that the loop can be eliminated by 
reducing the coupling It can also be eliminated by decreasing the Q 
of the secondary circuit Examination of Eq (17 109) shows that the 
change in admittance introduced by the presence of the resonant second- 
ary circuit depends only on the frequency parameter ^2 and hence the 
shape of the resultant admittance does not depend upon the primary 
resonant frequency The primary resonant frequency will determine 
only the position of the bulge, cusp, or loop and not its shape In the 
usual case, where the secondary resonant frequency is fixed, the resultant 
bump on the resonator-admittance curve will move up as the resonator 
length is increased 

Resonances may be coupled into the line resonator in many ways 
The resonator load may be resonant Under certain conditions a reso- 
nant load may be connected to the cavity coupling loop through an 
unmatched line, in which case numerous loops may be induced in the 
resonator admittance This is known as the ^Tong-line effect Some- 
times the line plunger is not a perfect short, in which case back-cavity 
resonances may couple m admittance loops, which will cause blind spots 
pr frequency jumps When the resonant cavity is operating on a 0 75- 
wave-length resonance, there may occur a higher-order cavity resonance 
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that will be coupled mto the principal cavity resonance through virtually 
unperceptible asymmetnes m the structure The commonest higViar 
order mode that may occur m cyhndncal resonators is shown m Fig 
17 49 m both the actual and the devdoped form This is a transverse 
electnc mode for which the tube gap is a virtual short circmt, for voltage 
drops resultmg from equal currents flowing m opposite directions cancel 
Its resonant wave length is given approximately from the developed 
rectangular form by the formula 

M* 4 1 

where r% and tx are the outer and inner radu of the concentnc-hne reso- 


Ouhr mdius^r2 
Inner radius* 




On/y JEJ I/nes 
are shown 
(TEax) 



Developed View 

Fig 17 49 — Commonest higher order resonance field of a con- 
centnc-hne resonator 


nator, respectively, and I is its length Resonance in this mnnTiftr cannot 
exist until the length exceeds a half wave length and the mean circum- 
ference of the hne exceeds a wave length Tunmg curves for both the 
desired cavity resonance and the undesired higher mode are shown m 

Fig 17 50 For an equivalent cavity length of the desired hne mode 

will have the shape shown and previously discussed Its slope will be 
dightly greater than % for the axes of Fig 17 60 The first higher- 
order mode will have a curve that starts out with a slope of 2 and 
becomes asymptotic to a wave length equal to the mean circumference 
of the hne It is inevitable that the two curves shown should intersect 
For usual tube dimensions the mtersection occurs at about 70 per cent 
of the maximum wave length of resonance of the highei>order mode 
When the cavity is simultaneously resonant m both modes, a di^t 
couplmg between them throu^ some asymmetry m construction will 
cause a loop to be induced m the resonator impedance with a resultant 
bhnd spot or frequency jump as Ime length or reflector voltage is vaned 
Such a bhnd spot is very difl&cult to ehminate It should be pointed out 
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that this type of blind spot carmot occur when the cavity is operated on a 
0 25-wave-length resonance, for then the resonator tuning curve has a 
slope of about 4 on a plot like that of Fig 17 50, and it is impossible for 
an mtersection with the higher-order resonance to occur This fact gives 
a great incentive for developing tubes which are small enough so that 
they can be operated on a 0 25-wave-length line resonance ^ 



Fig 17 50 — Tuning curves of a concentnc-luie cavity for the desired mode and the 
first higher order mode 


17.11 The Two-resonator Klystron Oscillator. A picture of an 
early type of two-resonator klystron has already been shown in Fig 2 9 
Modern tubes are quite similar except that the resonators are back to 
back so that coupling may be introduced through a set of coupling loops 
instead of by means of loops at the end of a transmission line of 
appreciable length A schematic drawing of a two-resonator klystron 
oscillator and its equivalent circuit is shown in Fig 17 61 The only 
difference between the amplij&er and oscillator is that the oscillator has 
coupling between secondary and primary 

In the equivalent circuit shown in Fig 17.51 several assumptions 
have been made m the interests of simplicity, all of which are justifiable 

1 For further information on the subject of broad-band reflex-klystron oscillators 
see Chaps 31 and 32, Vol II of “Very High-Frequency Techniques,” report of 
the wartime researches of the Radio Research Laboratory, Harvard University, 
McGraw-HiU, New York, 1947 
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It has been assumed that the cauplmg between buncher and catcher 
Resonators is purely inductive This it is in many tubes, though m 
some there is coupling through a transmission line, which merely changes 
the phase of the mutual impedance from 90 deg to an arbitrary value 
It has been assumed that all losses may be inserted in series with the 
resonator reactances This is quite satisfactory if the proper conversion 
factors are always used and if the circuit Q^s are greater than 20 Final 



Fig 17 61 — Schematic drawing of a two-resonator klystron 
oscillator and the equivalent circuit 


answers wiU involve the Q’s of the resonator’s and will be independent 
of whether the loss resistances are in senes or in parallel with the reso- 
nator The resistance in series with the buncher resonator includes the 
effect of the ohmic resonator losses and also the power required to bunch 
the beam The resistance m series with the catcher resonator includes 
the ohmic losses of the resonator and also the lo^d The catcher reso- 
nator will ordinarily be more heavily loaded than the buncher resonator 
so that its Q will be lower 

The analysis of the two-resonator klystron oscillator will proceed 
along the lines used for the reflex- klystron oscillator^ though equivalent 
methods are just as satisfactory The fundamental requirement for 

^Webster, D L, Theory of Klystron Oscillations, Jour A'ppl Phys , vol 10, 
pp 864-872, December, 1939 

2 Harrison, A E , Klystron Oscillators, ElectromcSj vol 17, pp 100-107, Novem- 
ber, 1944 
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oscillation in a klystron is the same as for any oscillator This is to say 
that the transadmittance of the tube must equal the current-voltage 
reduction factor (transfer admittance) of the network 

7m = Y,a (17 116) 

where the transadmittance of the tube 

(17 117a) 


has been given in Eq (17 62) and the current-voltage step-down factor 
of the coupling circuit is 



(17 1176) 


under the condition that all circuit meshes are closed 

The beam transadmittance has a phase angle that depends only 
upon the electron transit angle between resonators, i e , only upon beam 
voltage The magnitude, however, has a maximum value that is 
directly proportional to the transit angle, while the fraction of this value 
that IS realized depends upon the buncher-resonator voltage Va Thus 
Ym IS a nonlmear admittance, decreasing with amplitude of exciting 
voltage The circuit transfer admittance Fta, on the other hand, 
does not vary with electron transit angle, beam voltage, or amplitude 
of r-f voltage It is a quantity that for a given adjustment of the 
resonators, coupling, and loading varies only with frequency Hence 
for a fixed adjustment of the circuit the tube may be expected to go m 
and out of oscillation as beam voltage is varied, for this changes the phase 
of the beam transadmittance progressively The resultant selective 
oscillation with respect to beam voltage has already been shown in Fig 
2 10 It may be expected that the two-resonator klystron can be 
analyzed by a method similar to that used for the reflex-klystron oscil- 
lator, the difference being that instead of equating resonator admittance 
and negative beam admittance for the condition of oscillation we now 
equate beam transadnuttance and the circuit transfer admittance Yha 
In order to specify conditions of oscillation it will be necessary to 
know the form of the factor F&a This is readily obtained by direct 
application of standard circuit theory Let the series self-impedances 
of the input and output resonant circuits be Za and Fb, these circuits 
including all the loss effects in the form of series resistance The input 
and output impedances of the box representing the tube m Fig 17 51 
will be assumed infinite since the beam effects have been incorporated 
into the resistance of the input and output circuits The output voltage 
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IS developed across an admittance F,, which includes the effect of the 
coupled input resonator and has the form 

where Zm is the mutual impedance between the input and output circuits 
In order to establish the relation between output current and mput 
voltage let the sequence of current-voltage relations be traced backward 
from the input The input voltage is related to the current flowmg m 
the mput resonant circuit by 


F a ““ JioLal a 


(17 119) 


to a good degree of approximation for a high-Q circuit The circulating 
current m the mput resonator is related to that m the output resonator by 



(17 120) 


The circulating current m the output resonator is related to the output 
current from the tube by 


h 


T out 

JuLtYr 


(17 121) 


with sufficient accuracy for high-Q circuits Putting these last four 
equations together to obtain the ratio of tube output current to the mput 
voltage that it produces, 


Since wZ/6 = m the vicinity of resonance and since the coefl&cient 
of coupling between buncher and catcher resonators is given by 


then 


= 


Z 2 
(a^LgJLb 


(17 123) 


Pont K} 

Va ~ Zn.» 


{ZaZi — Zm^) 


(17 124) 


This ratio obtained from the circuit action must equal the ratio of output 
current to mput voltage produced by the beam, % e , 


^ {ZJZb - ZJ) 


(17 125) 
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This IS the important defining relation for oscillation, similar to the 
relation 

(17 85) 

that holds for reflex-klystron oscillators 

Conditions for oscillation can now be studied by examining the locus 
of beam transadmittance in the admittance plane and comparing with 
the locus of circuit transfer admittance The beam-transadmittance 
locus will be exactly the same as the self-admittance spiral of the reflex- 
klystron oscillator if the beam current does not change as the beam voltage 
IS varied Under these conditions the locus of the beam transadmittance 
will he a spiral as the beam voltage is varied 

Another type of beam-transadmittance locus commonly occurs If 
the cathode is space^charge-hmitedj the current will increase as the three- 
halves power of the beam voltage For this condition the d-c beam 
conductance will be proportional to the square root of the beam voltage 
Since the beam conductance is also directly proportional to the d-c 
transit angle, which depends upon the square root of the beam voltage, 
this means that the transadmittance magmtude will be independent of 
d-c transit angle for any given value of the bunching parameter As a 
result, the locus of the beam transadmittance will be a circle as the beam 
voltage IS varied The power that the beam can deliver to the circuit 
will, however, vary as the beam voltage, and the maximum power will 
be proportional to the cube of the beam voltage 

The locus of the transadmittance through the circuit given by the 
right side of Eq (17 125) is not so well known It will be recognized, 
however, that the factor ZaZb — Zm^ is one which appears frequently 
in coupled-circuit theory and is the one that contributes virtually all the 
variation of the transfer admittance in the vicimty of resonance In 
the vLCimty of resonance the factor Zm is relatively constant compared 
with the factor ZaZi — Z^^ and will be so considered In particular, the 
factor ZaZh — ZJ‘ appears m the denominator for the expression relating 
secondary current to series primary voltage in coupled-resonant-circuit 
theory ^ It is this factor that gives rise to the well-known double- 
peaked response curves for couplings greater than critical It would 
be expected therefore that the locus of Z^Zb — itself would be such 
as to exhibit two minima for couplings greater than critical This is 
readily shown to be the case 

To examine the defining relation for oscillation given by (Eq 17 125) 
let the mutual impedance be assumed to be inductive of the form 

Zr, = jwM (17 126) 

^Tbeman, F E, “Radio Engineering,” 2ded, p 74, Eq (42), p 82, Eq (46), 
McGraw-Hill, New York, 1937 



VELOCITY-MODULATED TUBES, OR KLYSTRONS 611 

For small coupling factors, coupling of any other form will lead to the 
same result except that the phase of the coupling impedance may be 
different from 90 deg With the above assumed form of the coupling 
impedance, Eq (17 125) reduces to 

= ^3 iZaZt, + (17 127) 

If the input and output circuits have relatively high Q’s then their series 
impedances can be represented by 

Za = ^ a + 2j dQa) (17 128) 

and 

Zi = ^(l + 2j 5Qi) (17 129) 

where 8 is the fractional deviation from resonance and it has been assumed 
that the resonant frequencies of the input and output resonators are the 
same The above are simple linear approximations for the actual 
expressions but hold well enough m the vicinity of resonance The 
effect of different input and output resonant frequencies will be discussed 
later Using Eq (17 125) and substituting Eqs (17 128) and (17 129) 
into Eq (17 127), 

[(1 + K^QaQb - ^QaQi 50 + J2 S(Q„ + QO] (17 130) 

The locus of the circuit transfer admittance is a simple parabola The size 
of the parabola depends upon the Q factors and upon the coupling factor 
The parabola is symmetrically disposed about the imaginary axis when 
the primary and secondary resonant frequencies are the same For a 
given set of Q values the parabola will merely be shifted upward and 
have its curvature increased by an increase m coupling For critical 
coupling 

and smaller values of coupling, the vertex of the parabola will be the 
closest point to the origin For values greater than critical coupling 
there will be two points S5unmetrically disposed about the vertex that 
are closest to the origin, while the vertex itself will be slightly farther 
away 

Some typical parabolic loci are shown in Fig 17 52 These reveal 
-all the well-known characteristics of tuned coupled circuits and some 
of the less well-known. Below critical coupling the transfer admittance 
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IS large, which, means that there is a small huncher voltage for a large 
output current It is convenient to talk m terms of the reciprocal 
magmtude of the transfer admittance smce this gives the ratio of huncher 
voltage to catcher current Assuming a constant catcher current, the 
huncher voltage mcreases as the couplmg mcreases up to the critical 
value and is single-peaked as frequency is varied As critical couplmg 
IS approached, the single resonant peak becomes broader, indicated by 



Arrows show cli rechon of 
increasing frequency 

Fig 17 52 — Parabolic transfer-admittance loci of a two-mesh coupled resonant 
circuit 

the decreased size of a constant-frequency interval on the admittance 
locus Up to and including critical coupling the vertex of the parabola 
IS the pomt on the parabola closest to the origin, which means that the 
frequency response will be single-peaked and that maximum buncher 
voltage will occur at the frequency of resonance of the resonant circuits 
For couplmgs greater than critical, the vertex of the admittance locus 
recedes from the origin, but the parabolas become curved strongly 
enough so that two points symmetrically disposed on either side of the 
vertex are closest to the origin This means that the input voltage is 
double-peaked as frequency is varied and that the response at the peaks 
IS less than for critical couplmg This is a proper characteristic of 
coupled circmts The peak response for couphngs greater than critical 
will be equal to that at critical coupling only if the circuits are the same, 
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^ e , if the are identical ^ The peak response with greater than 
critical coupling drops off more rapidly with coupling as the dissimilarity 
of the two circuits is increased (same resonant frequency but different 
Q s) In addition to becoming double-peaked and smaller in peak 
amplitude as coupling increases, the response curves become broader 
with frequency, as may be seen from the decreased size of the constant- 
frequency interval For klystron oscillators with the Q ratio given, it is 
seen that coupling will probably have to he withm a factor of two of the 



Fig 17 53 — Two-resonator klystron-oscillator operation m terms of ad- 
mittance loci 


critical value in order to give appreciable output The error made in 
using the linear approximations to the correct expressions is quite small 
It IS independent of the Q values and depends only upon the value of 5 
The error is equal to three-halves of the 5 value Thus the maximum 
error for any of the loci shown m Fig 17 52 is about two per cent 

The two-resonator klystron oscillator will oscillate whenever the 
beam-transadmittance locus enters the area outside the circuit-transfer- 
admittance parabola (the area outside of the parabola is that in which all 
the possible tangents to the parabola he) This requires that the cou- 
pling between buncher and catcher circuits be great enough, that the 
beam transadmittance be large enough in magnitude, and that the phase 
angle be correct Shown m Fig 17 53 is the intersection of a beam- 

^ Aiken, C B , Two Mesh Tuned Coupled Circuit Filters, Proc I R E j yo\ 25, 
pp 230-272, February, 1937 
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transadmittance spiral and the circuit-transfer-admittance parabola 
Whenever the zero-signal beam transadmittance exceeds the circmt 
transadmittance in magmtude, oscillations will build up that will shrink 
the beam-transadmittance locus This has the result that as beam 
Voltage IS varied the beam transadmittance will trace the circuit transfer 
admittance whenever the latter is smaller than the zero-voltage beam 
transadmittance Oscillations will in general occur whenever the 
electron transit angle is m near equality with the phase of the circuit 
transfer admittance, t e , whenever 

-(ro-|) = « + 2Tn (17132) 

where <j> is the angle of the circuit transfer and n = 1, 2, 3, etc For the 
particular case shown in Fig 17 53 this will give oscillations in the vicinity 
of 

ro = 2im (17 133) 

In general, oscillations will occur for values of the transit angle differing 
by integral multiples of 27r 

For any one loop of the beam-transadmittance locus, relative powfer 
contours can be drawn, as for the reflex oscillator in Fig 17 39 Positive- 
power-output contours will occur only m the upper half plane of Fig 
17 53, because as may be seen by comparing Eqs (17 118) and (17 127) 
the circuit transfer admittance equals the output admittance multiplied 
by some numerical factors and rotated 90 deg in the counterclockwise 
direction This means that the positive-conductance region of the output 
admittance appears m the upper half plane of the circuit-transfer- 
admittance plot The relative power contours will have the same general 
shape as those of the reflex tube 

The beam-transadmittance locus is traced m a clockwise direction as 
the beam voltage is decreased Hencq, for a constant current, the 
magmtude of the beam transadmittance will decrease as the beam voltage 
IS increased This means that there is a highest voltage at which the 
tube will oscillate which occurs when the transit angle is so small that 
the magmtude of the beam tmnsadmittance is reduced to the point 
where it does not intersect the circuit-transfer-admittance parabola 
With actual tubes it may not be possible to reach this voltage without 
exceeding some design limitation of the tube 

The selective oscillation with voltage is shown in Fig 2 10 Output- 
power loops as shown in Fig 2 10 may be single- or double-peaked If 
the resonator coupling is much below critical, the mode loops will gener- 
ally be single-peaked However, with critical coupling the output-power 
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pulses may be either single- or double-peaked In general, if the vertex 
of the circuit-transfer-admittance parabola is exceeded only slightly in 
magmtude by the zero-signal beam transadmittance, the power loops 
will be single peaked If the vertex of the circuit-transfer-admittance 
parabola is greatly exceeded m magnitude by the zero-signal beam 
transadmittance, the output loops will generally be strongly double- 
peaked When the resonator coupling is considerably above critical, 
the power-output loops will generally be double-peaked 

As the beam voltage is changed during a condition of oscillation, the 
frequency of oscillation will change slightly The curves of frequency 
deviation will resemble the curves of phase shift through the coupled 
resonant circuits as a function of frequency When the resonator 
coupling IS critical or less, the frequency deviation will be nearly linear 
with transit angle or beam voltage everywhere but at the edges of the 
oscillation modes The frequency will increase as the beam voltage 
increases When the resonator coupling is in excess of the critical value, 
there will be a strong kink in the frequency-deviation curve near the 
middle of the mode due to the fact that the frequency changes more 
rapidly there Of interest is the rate of frequency change at mid-mode 
with beam voltage By a method similar to that used in obtaining Eq 
(17 93) it IS readily shown that 


df _ (l + K^QaQ^r.dVo 
fo \ Qa + Qi J 4: Vo 


(17 134) 


at the mid-mode The frequency stability will ordinarily be of the order 
of tens of kilocycles per volt 

If all operating conditions of the two-resonator klystron oscillator 
but the magmtude of the beam current are kept constant, it will be found 
that there is a minimum beam current which will sustain oscillations 
The limiting condition for oscillation is that at which the beam-trans- 
admittance spiral is just tangent to the circuit-transadmittance parabola 
This point of tangency will be near the vertex of the parabola for all 
cases except coupling greatly m excess of critical For the usual condi- 
tions the limiting condition of oscillation, from Eqs (17 60) and (17 130), 


QoAV, ^ 1 -b K^QaQi 
2 uMQaQi 


(17 135) 


from which the minimum current that will sustain oscillations is 


2 1+K^QaQly 
~ AVo (cMQaQi “ 


(17 136) 


Two-resonator klystron oscillators have been built for frequencies 
ranging from 600 to 4,000 me In power output they have ranged from 
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a fraction of a watt to one kilowatt In the United States the develop- 
ment of these tubes has been pioneered by the Sperry Gyroscope 
Company, which has specialized in tubes with evacuated resonators 
European tube developers have favored tubes with cavities external 
to the evacuated parts of the tube 

17.12 The Hell Tube Historically, the first tube to use the velocity- 
modulation pnnciple was one proposed by the Heil brothers ^ A diagram 
of such a tube is shown in Fig 17 54 The tube makes use of a beam 
of electrons, which are shot across the ends of a concentnc-line resonator 
Each electron thereby follows a path along which r-f voltage appears 
twice The voltage across the second gap is instantaneously 180 deg 
out of phase with the voltage across the first gap After crossing both 

gaps the beam electrons are taken out 
of action by a collector electrode The 
tube operates by bunching the electron 
beam in the first gap and extracting 
energy from the bunched electrons in 
the second gap As with the refiex- 
klystron oscillator the tube will reso- 
nate when the transit angle between 
gap crossings is n + M cycles and if 
the resonator admittance is smaller in 
magnitude than the beam conductance 
The analysis of the Heil tube proceeds 
along exactly the same lines as does that of the reflex tube Some excel- 
lent Heil tubes have been made, but they seem to have lost the applica- 
tion race in competition with the reflex -klystron oscillator This is due 
to a number of reasons prominent among which are the following The 
transmission-hne type of resonator is not quite as efficient at super- 
high frequencies as is the reentrant-cavity type of resonator, the tube 
is not so well adapted to an external resonator Against these dis- 
advantages, the Heil tube is superior to the reflex-klystron oscillator 
in that multiple electron transits are avoided and that tubes can be built 
to which magnetic beam focusing is easily applied 

17 13. Bunchmg Effects m Negative-gnd Tubes The analysis of 
klystron tubes by means of simple bunching theory is so enlightening that 
the question is raised whether the action of negative-grid tubes cannot 
be explained in similar terms Certainly, when transit times are large 
and voltages are not excessive, there will be a bunching action occurring 
in the electron stream of negative-grid tubes An examination of this 
^ Heil and Heil, op cit , see also Hahn, W C , and G F Metcalf, Velocity 
Modulated Tubes, Proc IRE, vol 27, pp 106-116, February, 1939 
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bunching action should reveal some relations that will tie in with the 
observed action of such tubes at ultra-high frequencies 

In attempting to analyze the action of negative-grid tubes m terms 
of velocity modulation one immediately encounters the diflBiculty of 
accounting properly for space-charge effects However, even though 
the neglecting of space-charge effects is bound to lead to large errors, it is 
mstructive to examine tube behavior under the assumption of their 
absence Let it be assumed that the potential variation from cathode to 
gnd plane and from grid plane to plate is linear Let it further be 
assumed that bunching action occurs only in the grid-cathode region, a 
reasonable assumption since the a-c components of field will be larger 
here and since the time spent in this region will be larger too Let it 
further be assumed that alternating components of voltage appear only 
on the grid and that these are small compared with the direct potentials 
involved The final assumption is that the emission is directly propor- 


tional to the equivalent grid' voltage Vg + — 


In addition to space 


charge, the displacement components of current are neglected 

If with the above assumptions an analysis of the electron action is 
made, it is possible to solve for electron arrival time at the plate in terms 
of its departure time from the cathode Plate current can then be solved 
for by allowing for variation of emission over the cycle The resulting 
expression for plate current is expected to be a function of the amplitude 
of grid voltage and of the transit angles involved It should reduce 
properly to approximate expressions for current flow for negligible transit 
angles and should exhibit some bunching effects 

The resulting expression for plate current obtained by neglecting all . 
but first- and second-order terms m grid voltage is 

I'm phase “ U COS Tcp V Sin Tcp (l^ 137ci) 

I’out of phase ~ ^ Sin Tgp V COS Tcp (17 1376) 


where the phase is taken relative to the grid voltage and rep is the cathode- 
plate transit angle and where 


a - -20 (1* + 7.) J-. (s^) /. (1 «r.,) 

+ (17138) 

and 

r.2o(r* + 7.)/.(2!jt’)y.(i„.) 

- GV,Ji (17 139) 
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where G is mutual conductance, V b and V c are d-c components of plate and 
grid-plane potentials, a is the ratio of a-c to d-c grid-plane potential, 
Tc, IS cathode-gnd transit angle, Vg is a-c component of grid-plane poten- 
tial, and Jo and Ji are the zero- and first-order Bessel functions of the first 
kmd From the above the expression for magnitude of plate current 
can be wntten 

1 1 I = V2U^ + 272 (17 140) 

and the corresponding phase by which plate current lags grid voltage is 

<l)p = Tcp — arctan (17 141) 


The above expressions reveal much about the nature of the plate 
current as affected by the transit time and the bunching action In the 
first place the magnitude of plate current as given by Eq (17 140) is 
independent of the cathode-plate transit angle and depends only upon 
the magnitude of the a-c component of grid voltage and the cathode- 
grid transit angle The dependence is partly in terms of the well-known 
first-order bunching parameter y^ctrco and also in terms of the second-order 

bunching parameter The components of plate current given by 


Eqs (17 137a) and (17 1376) each contain two types of terms The first 
term gives the a-c components of current that would result if the emission 
were constant over the cycle and the plate current were produced only by 
bunching action These terms properly reduce to zero for zero transit 
angle The second terms give the current components resulting from 
the normal grid action but reduced by the dispersing effect of the bunching 
•action The normal-current ' terms are correctly maximum for zero 
transit angle and drop off m magnitude as the transit angle increases 
The bunching terms initially are zero, increase, and then decrease again 
The nature of the plate current is best illustrated by some specific 
examples In Fig 17 55 are shown the magnitude and phase of plate 
current for a typical tube under the conditions that a = 0 2 and 
Tcp = 2Tcg The magnitude is seen to drop off more or less gradually 
Undoubtedly this should be a smooth curve, but it exhibits some small 
ripples because higher-order effects have been neglected The phase 
of the current initially is — 180 deg and then drops back progressively 
as the cathode-plate transit angle is increased The change of phase is 
always less than the change of cathode-plate transit angle but has its 
principal dependence upon this angle 

In Fig 17 56 is given another set of curves showing magnitude and 


phase of plate current for the conditions that a = 0 5 and Tcp = 


4Tcfif 

3 
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This IS a rather large value of a for bunching relations but is not too large 
in this case because second-order effects have been included The 
magnitude in this case exhibits a striking decrease with transit angle 
and then a slight increase The locus of plate current in amphtude and 
phase IS agam a form of spiral, but with the second turn not enclosing 



<^-02 ^cp~^'^cg 



plate current 

Fig 17 55 — Triode plate current as a function of transit angle 
for relatively small excitation 

the origin As befoie, th^ magnitude depends only on the cathode-grid 
transit angle, and the phase has its principal dependence upon the 
cathode-plate transit angle, though the actual phase is always somewhat 
less than this value The plate-current spirals, which are really trans- 
admittance spirals, bear a striking resemblance to the transadmittance 
spirals for klystron tubes 
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The above analysis must not be taken too senoudy because it has 
neglected space-charge and displacement currents However the 
nature of the variations m plate current is qmte possibly not too different 
from that shown m Figs 17 56 and 17 66 Correlations with reduction 



G^JOOOjuaA^ Vg^/Sv 



ploite curren+ 

Fig 17 56 — ^Tnode plate current as a function of transit angle 
for moderate excitation 

m «Tn plifipr output With inoreasmg frequency and reduction of oscillator 
output as a result of both reduction m magmtude of current and change 
m phase are evident • 
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M \{ ;n KTHON OSCILLM'OHS 

18.i. Introduction. A hrirf ttcttrriitiioii uf the* muKiu'tron hiiH already 
liwn given in the rhapter on Hiwic Tiiiio Typea. ItnHically, the mag- 
netron le ft liilie euntniiiing a rnthiKle ami what la uauully a Hymmotrical 
tirntnliiitinii of an<Mle« in winch elwlruna move under the influence of an 
intemoi eleetrie fiehl nnd a croHiwd externnlly Hupplied atutic magnetic 
field. The eleclnmn move in complicated curved piitliH, and under certain 
conditiona powerful uNcilhitiona will iw Huatamed. 

The magnetron untlerwent n tromondoua development during the 
Beoond World War. Ita development made poHHihle the numerous 
micrownve mdnni, which umhI it as a Hourco of extremely high power 
pulseti in the frecpieticy range of 7(X} to 2},fXX) me. It Iioh amased every- 
one by Its efTiciency, relatively high for an electronic device. Efficiencies 
are of the ortler of 50 to 80 per cent, and thcHo am obtained at roaaonablo 
valiiee of current, voltage, and magnetic fiehl. Furthermore, the physical 
dimensiona of magnetrons are of the order of the wave length, so that 
even the highest freipiencv magnetrons are not too hard to build. 

A brief study of electronic motion of the ty|>e encountorwl in mag- 
netrons has already lavn made in ('hup. 0. Here it was found that 
electrons in comliineil elei-fric ninl magnetic fields will move in atrongly 
purvwl paths with fierhsls of rotation corresponding to microwave 
frecpiencies Thus, an electron in a uniform magnetic field of 1,070 
gausses mtalea in n eirciilar path at a fretpiency of .’i,(XX) me per nee. 
By the use of mtillisegmenUHl amMies, oscillations at freipiencicH higher 
than that corresjamding to the simple mint urn cun Ik* ohtainwl. Inher- 
ently, then, electron motion in magnetic fields is of the right nature to 
produce microwave oscillatinns 

Many kinds of tnagnetron lubes can lie built, ranging from a single- 
anisie Uilie to multisegmenl-aniHle tidies. Many kinds of twciilations 
are also possible. The nature of the electron paths is such that a negative 
resistance can be ubtaineii from the division of current between anode 
segments. This loads to ncgulive-msistanco oseillations. This type 
of oseiilntinn is effective only at lowf frequencies and is no longer oon- 
sideretl of great imjairtance. Early work in the field was largely con- 
fined Ui osi-illntions of two- and four-sogment-anode tubsa Involving 
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electron-transit-tinie charactenstics Later development showed that 
such tubes were the least efficient of the entire class of magnetrons, and 
they are now not of much mterest except for special applications ^ 
Present mterest is concentrated mainly m electromc oscillations of multi- 
segment cavity magnetrons, and most of the comments in this chapter 
wdl be restricted to this case 

The complete theory of magnetron operation is not known at present 
Wartime developments were largely of an empirical sort Even a large 
fraction of the present information available on the subject is based upon 
specific calculations and tests ® It will probably be some time before 
the great mass of information on this subject is reduced to a simple 
organized treatment The most complete organization of this sort 
appears m the report of the wartime researches of the Padiation Laborar 
tory * The complete story will, of course, have to be written by the men 
who are responsible for most of the recent development and by their 
successors who will carry on this work There will be given in this 
chapter only those fimdamental relations which are fairly well estab- 
hshed This wiU obviously be insufficient as a basis for the design of 
tubes but wiU serve as an introduction to the subject, which will furnish 
a basis for understandmg the detailed reports on this subject 

18.2. Structural Form of Magnetrons. All magnetrons have in 
common a cathode, an anode, and an output-couphng device In 
addition, magnetrons may have tuning mechanisms, mode suppressors, 
and end plates Early two- and fouiHsegment magnetrons were housed 
in glass envelopes with the cathode m the form of a tungsten filament 
and the anode segments supported from a two-wire transmission hne 
brought out through the end of the tube opposite to that at which the 
filament leads were brought out In some tubes, special end plates 
supported from leads brought out at the filament end of the tube 
were used to remove out-of-phase electrons from the cathode-anode 
region * * 

Modem multicavity magnetrons are housed m metal and use glass 

1 Bibhographies of magnetron articles prior to 1941 are given m “High Frequency 
Thermionic Tubes” by A F Harvey, Wiley, New York, 1943, and “Einfuhrung m 
der Theorie und Technik der Dezimeterwellen” by 0 Groos, Herzel, Leipzig, 1937 
* Fisk, J B , H D Haqstbam, and P L Habtman, The Magnetron as a Gen- 
erator of Centimeter Waves, Bell Sya Tech Jour , vol 26, pp 1-188, April, 1946 

^BaduOum Laboratory Senea, 28 Volumes, -McGraw-Hill, New York, 1947-1948 
^ LiNn-n-B, E G*, Description and Characteristics of End Plate Magnetrons, Prod 
IRE, vol 24, pp 633-658, April, 1936 

“Linder, E Q, Anode Tank Circuit Magnetron, Proc I RE , vol 27, pp 732- 
738, November, 1989 
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only around the high-voltage filament leads and at the pomt where the 
output power is taken from the tube The multisegmented anode is 
commonly formed of lammations having one of the forms shown m Fig 
18 1 Each of these consists in effect of a number of parallel resonant 
circuits m senes around the inner circumference of the anode In form 
a the individual resonant circuits are nearly lumped, ^ e , there is a 



(c) (d) 


Voine type Rising sun type 

Fig 18 1 — ^Vanous forms of mtiltisegment anodes 

capacity across each gap in parallel with the inductance formed by the 
inner surface of the circular hole Actually, such a circuit is not truly 
lumped, for the dimensions of the various parts may be an appreciable 
fraction of a wave length long In other forms of the anode the resonant 
circuit consists of a shorted section of strip transmission line 

The cathodes of multicavity magnetrons are usually of appreciable 
diameter and in tubes for pulsed operation are indirectly heated and make 
use of oxide emitters The cathode is usually supported by the filament 
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leads, which are brought out at right angles to the axis of the tube The 
cathode usually extends on each end about 25 per cent m length beyond 
the stack of anode laminations Great precautions are taken to msulate 
the cathode leads for the high voltage that the tube must withstand, 
often the cathode lead insulator take? up about one-third the volume 
of the tube 

The output-coupling device in a multicavity magnetron is commonly 
a loop located at the base of one of the resonant radial anode spaces and 
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Fig 18 2 — Output-coupling schemes for multicavity 

magnetrons 


leading out of the tube through a concentric line with a vacuum 
glass seal Such an arrangement is shown in Fig 18 2a, In some tubes 
the output coupling is accomplished by means of a tapered transmission 
hne feeding from a narrow slot at the base of one of the radial resonant 
spaces and leading to a wave-guide section, with the vacuum seal effected 
by a window at the end of the guide section as shown in Fig 18 26 
Numerous variations of these two basic schemes, including aperture 
coupling to a wave guide, form the bulk of the output-couphng 
arrangements 




MA.r.NRTnON OSCILLATORS 


625 


Multioavity magnotrona will frequently have iron pole pieces built 
into them, with the iron brought cluae to the cathode and arranged so 
that a magnetic held parallel to the cathode is created. The pole pieces 
are brought to the c\ternal surface of the tube so that a magnet can be 
attached cvternnl to the vacuum In some tubes the cathode leads are 
brought out axially through a hole in the iron pole pieces 

In adthlion, there are fre«iuently straps interconnected between the 
anode p<»!e pieces in onler to wparato the 
various natural resonant freciuenctes of the 
resonant circuit. Various tuning devices arc -/y iV-Wi 
also used These willlie described meonnee- ^ == (/V 

tion with the resonant pruiMirtics of the multi- y 

cavity circuit. j 1 

18.8. ReBontnt PropertieB of Multicavity % £ 

Magnetron!. The resonant systems shown 
in Fig. 18.1 will have a senes of natural 
resonant frequencies. These frequencies are , 
most projx*r!y determmwl by an analysis of ^ ~ Approximate 

the electromngnt'tic fields of the system. wtuivaent circuit o the 
,, . . magnetron of Fig, 18 la 

However, since most engineers are more 

familiar with circuits than with fields, a partial approximate analysis will 
lie minle in terms of some ociuivulent circuits It must bo recognized, 
however, that the determination of suitable equivalent circuits depends 
originally upon a knowletlgo of the fields. 

The an<Ki(vcath(xle arrangement of Fig, 18.1a is, at first glance, 
expected to have the equivalent eireuit shown in Fig. 18 3. The capacity 
Cl represents the capacity liotweon a polo face and the anode The 

capacity C* represents the capacity 
twti'nRnKrfwts pM(fiitioiiytiwr0MoytR)8i^ between two adjacent pole faces 

11 |i_L|__!|_,._II |«_ The inductance Li m the mduct- 

^^rTTTT 1 TT ± ance of the inner surface of the 
jyTTTTTTT”^ Actually, this is 

F.., l> 4. t.™ rf ih, P”" for it tes; 

l.»t n«,ml rf th. mw.tr., I. rf M, t«. Im tran«miM.on-l.n« effects and 

the large mutual inductance be- 
tween adjacent anodespacos. It will, however, serve as a basis for an initial 
discussion. Ixit the circuit lie develoiied liy unwrapping the structure to 
give the arrangement of Fig. 18 4. This is seen to be a low-pass filter. As 
such, it will hikVfl a pass band in which the attenuation is substantially 
aero and in whicli there is a phase shift per section which increases 
uniformly from zero at zero frequency to x radians per section at cutoff. 
When the total phase shift along the series of N polo faces and hence N 


Fia. 18 4. —Dnvclopwl form of the equiva- 
lent circuit of the nmanetron of Fig 18. In. 
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sections is any integral multiple of 27r, then standing waves can exist in 
the circular arrangement, which is merely the developed form connected 
onto itself. The actual resonant fields are formed by two waves of equal 
amplitude traveling m opposite directions around the cathode Ana- 
lytically, this occurs whenever 




2nir 

w 


(18 1) 


where p is the phase shift per section m radians, n is the number of cycles 
of a traveling wave around the cathode, commonly referred to as the 
mode number^ and N is the number of gaps or pole faces When n 

equals then the phase shift per section is tt radians and the fields will 

reverse at adjacent gaps This mode is called the t mode and is the one 




Fig 18 5 — Fields in multicavity magnetrons 


ordinarily used m multicavity magnetrons In Fig 18 5 are shown the 
fields in a multicavity magnetron of eight segments for n equal to 1 and 
4, the latter being the tt mode The resultant field has the properties 
of a standing wave, t a , it remains stationary and only varies in magni- 
tude periodically with time Such a standing wave can, of course, be 
resolved into traveling waves, and it is the study of the interaction 
of the electrons with one of the traveling-wave components that leads 
to the best picture of magnetron operation 

The phase-shift function of the circuit of Fig 18 4 can be evaluated 
by applying Campbell^ s formula ^ In the pass band this has the form 

cos^ = ! + (§;) (18 2) 

1 Evbritt, W L , “Communication Engineermg,^' 2d ed , p 173, McGraw-Hill, 
New York, 1937 
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where fi is the phase shift per section in radians, Zi is the total senes 
impedance per section, and Za is the total shunt impedance per section 
In this case 


which reduces to 


Zi = 


k 


Cl 

(18 3) 

__ josLi 
- w* 

(18 4) 


1 -—a 


where wi is the angular resonant frequency of the parallel LiCi com- 
bination equal to - 7 ^-— m magmtude The shunt impedance is given 


by 




Za = 


jaCa 


(18 5) 


Making the indicated substitutions mto Eq (18 2), 


cos/J 


1 

2coi»Ci 


(18 6 ) 


If now Eq (18 1) is invoked and the above equation solved for 
there is obtained 




(18 7) 


where u is now the angular resonant frequency correspondmg to a given 
value of n and N The resonant frequencies for the assumed circuit 
will have the form shown m Fig 18 6 The important observation about 
Fig 18 6 IB that the frequency of the tt mode is not very different from 
the next resonant frequency This is a bad situation and cannot be 
tolerated if the frequency separation is too small A 1 per cent frequency 
separation is poor and will give trouble from the oscillation jumping to 
the adjacent frequency A 3 per cent frequency separation is marginal 
A 15 per cent frequency separation is good 

The above analysis is not very satisfactory, fox it neglects the mutual 
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inductance between adjacent slots, which is expected to be quite high 
The magnetic flux lines are parallel to the axis of the tube in the slots 
At the edges of the slots the magnetic flux lines divide and return through 
the adjacent slots Accordingly, the equivalent circuit is expected to 
look like that shown in Fig 18 7a The ratio of the number of magnetic 
flux hnes returning through adjacent slots to the total number will be 
nearly unity, which means that the coupling is nearly unity The mutual 
inductances of Fig 18 7a can be replaced by the T-section equivalent 
of Fig 18 76 ^ This allows the circuit of Fig 18 7a to be represented 
as in Fig 18 7c This circuit has the characteristics of a band-pass 



of Fig 18 7 

filter, the phase shift at the low-frequency cutoff being t radians per 
section For this circuit the resonant frequencies are given by 


0 - 


27m\ 2 1 


(18 8) 


2 + 


where coi^ = 


and 


The relative disposition of the 


MCx """ MC2 

resonant frequencies for the different mode numbers is shown in Fig 
18 8 Again the frequency separation between the tt mode and its 
neighbor is very small 

Actual magnetrons will have characteristics between those cor- 
responding to the two cases discussed, the behavior more frequently 
corresponding to a band-pass filter and the resonant frequency of the ir 
mode occurring slightly above the low-frequency cutoff 

The difficulties associated with closely spaced resonant frequencies 


^ Evbbitt, op , p 232 
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can be greatly reduced by strapping alternate pole tips together The 
commonest form of strapping, known as ^‘double-ring strappmg,’^ 

IS shown in Fig 18 9 In this arrangement two rings are run around 
the pole tips Each ring is connected to alternate pole tips, one ring 
bemg connected to all the odd-numbered pole tips and the other to all 
the even-numbered pole tips In the x mode of resonance, alternate 
poles are 180 deg out of time phase with each other As a result, the 
straps will be 180 deg out of phase with each other, and thus the capacity 
between the straps is added m parallel with the capacity Ci m the equiva- 
lent circmts From Eq (18 8) this is seen to lower the resonant frequency 
of the X mode Because of the symmetry and phasing no current will 
flow in the straps at the resonance frequency of the x mode For other 
modes, the phase shift between adjacent poles is not 180 deg, and so 
currents will flow in the straps This effectively puts more inductance 
in parallel with the inductance of the slots and so raises the frequency 

of the adjacent resonances Both the 
capacity and inductances thus com- 
bine to increase the frequency separa- 
tion between the x-mode resonance 
frequency and the adjacent resonant 
frequency The shorter and heavier 
the strap segments, the more heavily 
strapped the magnetron is said to be 
Another device sometimes used to 
increase the frequency separation 
between the desired resonance and its neighbor is that of making alter- 
nate anode slots of different length, as shown in Fig 18 Id Magnetrons 
using this arrangement are designated as being of the nsing-sun type 
By proper proportiomng of the lengths a very good frequency separation 
can be achieved 

All the multicavity-magnetron resonances correspond to standing 
waves formed by two traveling waves of equal magnitude moving in 
opposite directions These traveling waves will have radial components 
of electric field that are strongest at the plate and drop off somewhat 
toward the cathode They will also have tangential or angular compo- 
nents of electric field that are very strong at the anode gaps and drop off 
very rapidly toward the cathode For the plane-electrode case of Fig 
18 15 the tangential component of electric field will drop off exponentially 
from anode to cathode In the cylindrical case the tangential compo- 
nent will vary approximately as the nth-order Bessel function of the 
radius, where n is the mode number 

Multicavity magnetrons may be tuned over an appreciable range by 
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18 9 — Double-nng strapping 
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changing either the slot capacity or the inductance One way of doing 
this IS to use a set of plugs, in a crown-shaped arrangement, that are 
dropped into the slots at the appropriate point If the plugs are inserted 
near the interaction gap of the anode slots, the capacity of the resonant 
slots will be increased and the frequency decreased If the plugs are 
inserted near the base of the anode 


slots, the inductance will be decreased 
and the frequency increased An 
arrangement using both an L ring and 
a C rmg for timing is shown in Fig 
18 10 Where a very broad range is 
desired, both an L and a C ring are 
used In this case the rings are 
ganged so that the L rmg enters as the 
C nng emerges For a narrow tunmg 
range a capacity tuning alone suflBices 
This tunmg arrangement admits of a 
great variety of forms Numerous 



Fig 18 10 — ^Inductive and capaci- 
tive tunmg nngs 


other methods of changing the slot capacity or inductance are also used 
18 4 Electron Behavior in Crossed Static Magnetic and Static 
Electric Fields Plane Case. The behavior of electrons in combined 


electnc and magnetic fields has already received a bnef treatment m 
the chapter on Laws of Electron Motion This subject will be reviewed 
and extended here 


First review the behavior of an electron moving at nght angles to a 
uniform magnetic field with a flux density B m the absence of an electnc 
field The electron m this case will describe a circular path whose 
radius will be 


3 372 X 


meters 


where V is the potential m volts through which the electron has been 
accelerated and B is the magnetic-fiux density in webers per square meter 
(10* gausses) If this relation is converted to practical cgs umts, it 
becomes 


where B' is m centimeters, V m volts, and B ' m gausses [see Eq (6 62) 
for the development of this relation] 

The frequency of rotation of an electron under the above conditions 
depends only upon the magnetic-field strength This is because the 
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electron velocity and radius are in direct proportion The frequency of 
rotation is given by 


(Oo 



radians per sec 


(18 11) 



netio-flux density 

where B is in webers per square meter In practical cgs units the fre- 
quency of rotation is 

/o = 2 800B' me (18 12) 

where B' is magnetic-flux density in gausses For obvious reasons, this 
frequency will hereafter be referred to as the cyclotron frequency. Note 
that electron rotations in a magnetic field are inherently of the right 
frequency for microwave operation Thus a magnetic-flux density of 
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1,000 gausses gives nse to a cyclotron frequency of 2,800 me or a wave 
length of 10 82 cm A curve of the cyclotron frequency as a function 
of the magnetic-flux density is given m Fig 18 11. 

Another frequency that appears m magnetron electron orbits is the 
Larmor frequency, which is just half {he cyclotron frequency The Larmor 
frequency is the frequency with which atoms ■mil process about hues of 
magnetic flux ^ The atoms may be thought of as httle gyroscopes hav- 
ing the property of magnetic dipoles because of the fact that eachrotat- 
mg electron is equivalent to a small current loop If an external magnetic 
fleld IS apphed, the magnetic dipole of the atom has a torque apphed to 
it, which causes the atom to process like a top The Larmor precession 
frequency is 

eB 

ul = ^ radians per sec (18 13) 

where B is in webers per square meter and — is m coulombs per kilo- 

? 72 » 

gram In practical cgs umts this is 

ft = 1 400B' me 

where B' is m gausses The Larmor frequency as a function of magnetic- 
flux density is also shown m Fig 18 11 Something akm to atomic 
precession is encountered in magnetron orbits If an electron is mo'vmg 
m a circular path under the influence of a radial electnc and an axial 
magnetic field and is then disturbed, it wiU oscillate about the onginal 
circular path at the Larmor frequency It is also found that electron 
rotations in the presence of space charge occur at the Larmor frequency 
An electron starting from rest in a region that has a uniform gradient 
of potential in the positive y direction and a uniform magnetic field m 
the negative z direction will move m a cycloidal path progressmg m the 
positive X direction with components of displacement given by 

a; = «l_iLsm«o« (1814) 

0)0 

and 

y = (1 — COS WoO 

where a = - — and «o = — The corresponding velocity terms are 
m w 

given by 

‘See, for iMtanoe, Habnwbll, G P, “Prmciples of Electricity and Electro- 
magnetism,” p 338, McGraw-Hill, New York, 1938 
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(18 16) 
(18 17) 


a: = — (1 — cos oiot) 

(Of) 

OL 1 . 

y = — sin coqC 

070 

where the dots over the letters indicate derivatives with respect to time 
(See Sec 6 8 for the development of these equations ) Examination 
of the above equations shows that the cycloidal motion is a combination 
of a circular motion at a frequency equal to the cyclotron frequency and a 

o> E 

Imear translational motion at a constant velocity of — or the field- 

0)0 

neutralizing ratio (see Sec 6 8) 

When there is again a y component of gradient of potential and a 
negative z component of magnetic field and the electrons have an imtial 
velocity with components Xq and 2/0 at a point of zero potential, then 
the equations of motion are 

a: = — + (1 — cos woO — — (- sin w (18 18) 

coo ' coo \ 0)0^ / 

y — (1 — cos coo^) + ” Sin coot (18 19) 

^ \ coo^ / coo 

(These were also developed m Sec 6 8) The corresponding velocity 
components are 

X = ~ + 2/0 sin coot — (- QQg (18 20 ) 

coo \ coo / 

2/ = 2/0 cos coot + — ^^0- ^ Sin coot (18 21) 

Consider now only the periodic terms m the displacement 

- ^ cos coot - ~ sin coo^ (18 22) 

2/1 = ^ Sin coo^ - COS coo^ (18 23 ) 

coo \ coo^ / 

This IS seen to be a circular motion with a radius given by 

Ri^ = a;i 2 + 2 / 1 ^ (18 24 ) 

“ (sT 

For zero initial velocity, Ri reduces to which checks the cycloidal 

COo'^ 

case, as may be seen from Eqs (18 14) and (18 16) Note that the con- 
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staut term in the x component of velocity is mdependent of the imtial 

d E 

velocity and is equal ^ '^th the cycloidal case Note also 

that the frequency of the rotational component of the motion is again 
the cycloidal frequency Motion is again a combination of a circular 
motion and a translational one The velocity of the circular motion is 

Vt? =: + 2/1^ (18 26) 

Vt? = (18 27) 

Thus the velocity is proportional to the radius and therefore corresponds 
to motion in a magnetic field alone The resulting paths are those 
generated by a point on a projecting spoke of a rolling wheel and are 
known as trochoidal paths The radius of the rolling wheel and its angular 



Fig 18 12 — Modification of cycloidal path by subtraction of energy 


velocity are determined by the ratio of the fields and the magnetic field, 
respectively, but are independent of the initial velocity, which is to say 
the energy of the electrons The square of the radius of the tracmg circle 
IS directly proportional to the energy of the system and may drop to zero 
if suflficient energy is extracted from the electron 

Because of the fact that the average translation velocity and the 
frequency of rotation do not change with instantaneous velocity of the 
electron, some observations can be made on the electron paths as energy 
IS added or subtracted from the electron by any means Assume an 
electron starting from rest at zero potential Then the resulting path 
will be cycloidal Suppose now that energy is gradually taken from the 
electron by some means The path then becomes trochoidal, with the 
radius of the tracmg circle smaller than the radius of the rolling circle 
but maintaining the same average translational velocity and the same 
cyclotron frequency of rotation This situation is shown in Fig 18 12 
If energy were added to the electron in its original cycloidal path, the 
orbit would again become trochoidal, but with the radius of the tracing 
circle greater than the radius of the rolling circle The resulting path is 
shown in Fig 18 13 Such electrons would be removed from operation 
m an actual tube, for the electrons would strike the cathode as soon as 
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n.'ny energy were Added The above conclusions on the effect of changing 
the electron energy wiU be verified quantitatively m the next section 
18.6. Electron Behavior in Crossed Magnetic and Alternating Electric 
Fields. Plane Case AUernahng Transverse EUctnc Field Consider 
now the case of an electron starting from rest at a point of zero potential 
when the electric field is 2 /-directed and consists of a constant component 
with a superimposed alternating component of a frequency different from 
the cyclotron frequency and when the magnetic field is directed m the 



Fia 18 13 — of oyoloidal path by addition of energy 

negative z direction To treat this problem it is best to go back to the 
onginal differential equations of motion 


and 


X = aoy 

^ = o(l — a cos Wit) — (18 29) 


where Ey = -®i(l - « cos wit), B = -B„ a = — —> and «o = — 

The starting conditions are that the imtial velocity is zero, that is, ® = 0 
and y = 0 for < = 0 Equation (18 28) mtegrates to give 

X = «oy (18 30) 


Substitutmg this value mto Eq (18 29), 

y + < 00 * 3 / = «(! — <* cos Wit) (18 31) 

This IS analogous to the circuit problem of a senes inductance and 
capacity with an impressed voltage consistmg of a direct potential with 
a supenmposed altematmg potential of a frequency different from the 
resonant frequency The solution will consist of two parts The first 
part IS the transient response known as the “complementary function” 
and IS the same as that given in Eq (18 15) The second part is known 
as the “particular integral” and correspomis to the steady-state solution 
in the equivalent electncal circuit It is expected to be of the form 

y% = A cos B (18 32) 
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from inspection of Eq (18 31) Substitution into Eq (18 31) shows that 
the particular integral associated with the a term of Eq (18 31) is of the 
form 

CLOi 

y<’ = ^^2 _ ^2 (1 — cos ait) (18 33) 

The complete solution is therefore represented by the sum of Eqs (18 15) 
and (18 33), 

y = A (1 - cos cooO + — , (1 - cos ait) (18 34) 
Substituting this into Eq (18 30) and integratmg to obtam x, 

+ (18 35 ) 

COO \ COo / COo^ — COi^ \ 0)1 J ^ 

the constant of integration being zero because the initial velocity was 
taken as zero The above equations reduce to the cycloidal form for 



Fig 18 14 — Path of an electron in crossed magnetic and altematmg electric fields 

a: = 0 Each of the coordinate displacements is seen to have alternating 
components with frequencies coo and coi Because of this we expect that 
the resultant path will display some beat phenomena at the difference 
frequency of coo — wi This occurs because the alternations at frequencies 
COo and coi are alternately in phase and out of phase A plot of the 
resultant path is shown in Fig 18 14 The amplitude is seen to be high 
initially, to decrease to a minimum, and then to build up again As the 
amplitude decreases, average kinetic energy of the electron drops and 

then builds up again The translational velocity is ^ 

a value that is maintained constant regardless of the amplitude of 
oscillation It should be pointed out, however, that, although the 
translational velocity will be constant for an electron starting at any 
particular time, the magnitude of the translational velocity will vary 
for electrons starting at different points on the cycle The value given 
above is the maximum translational velocity that will be encountered 
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The minimum value will be occur for electrons 

0)0 c«Jo wr 

that leave half a cycle later than for the case solved above The ratio 
of the alternatmg components of displacement of frequency coo and wi 
will be 


Magnitude of cop component _ coq^ — coi^ /- g 

Magmtude oi oi component acop^ 

When the frequency of the alternating component of electric field is the 
same as the cyclotron frequency, a resonance will occur that will build 
up the oscillations to infinite amplitude For the off-resonance case 
discussed above the instantaneous radius of the rotational motion will 
be given approximately by 

on the assumption that coo and coi are not greatly different This shows 
that the radius changes periodically at the difference-frequency rate, 
which means that the rotational kinetic energy changes periodically at 
the same rate In an actual magnetron, use is made of electrons behaving 
somewhat like the one discussed above Electrons liberated at the proper 
point on the cycle will have high initial kinetic energy, which they will 
lose at first through interaction with the alternating component of electric 
field If such electrons can be removed from the field before they begin 
to take energy from the electric field and if electrons that initially 
take energy from the electric field can be removed quickly, there will be a 
selective mechanism by which the electrons will convert their kinetic 
energy derived from the static field to r-f energy, which is supplied to 
the alternating field This naturally occurs m cylmdrical magnetrons, 
for electrons that lose energy will move away from the cathode, and, with 
proper design, they will be taken out of action by striking the plate 
before they begin to absorb energy Electrons that tend to take energy 
from the field will have the amplitude of their oscillations built up and 
wall usually be removed from action by coming back and striking the 
cathode on the first loop of their orbit 

Effect of a Traveling Electric Field In actual tubes the alternating 
components of field result from standing waves, which may be resolved 
into traveling waves of equal amplitude moving in opposite directions 
Such waves will have both transverse and longitudinal components In 
general, both the transverse component and the longitudinal component 
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of electnc field will increase in strength from cathode to plate If an 
electron moves with a translational velocity corresponding closely to 
the velocity of the travehng waves, then the field components of the 
wave moving with the electron will have a considerable effect, while the 
field components of the wave traveling m the opposite direction will be 
gomg by the electron at twice the frequency of the alternating field and 
wiU merely introduce some perturbations, which will average out over 
short periods of time 

It IS possible to make a reasonably exact analysis of such a case as is 
cited above, though by now enough properties of the electron orbits have 
been pointed out so that a qualitative discussion will reveal the out- 
standmg characteristics of the resulting paths Assume that the transla- 
tional velocity of the electron is nearly equal to that of the travelmg-wave 
components, and neglect the effect of the wave travehng in the direction 
opposite to that of the electron Consider the effect of the longitudinal 
component of electnc force, which mcreases toward the plate An elec- 
tron mitially moving in the same direction as the longitudinal force wiU 
pick up energy on the portion of its loop closest to the plate and lose 
relatively less on the portion of its loop nearest to the cathode There 
will thus be a net gain in energy, and the radius of the rotational part of 
the motion will increase, with the result that the electron wiU probably 
stnke the cathode at the end of its first loop and be retired from action 
Such electrons as tend to extract energy from the travehng wave will 
therefore in general be quickly removed Those electrons which imtially 
move against the longitudinal component of electnc force will lose 
considerable energy on the portion of their loop closest to the plate, 
where the longitudinal field is strongest, and regain relatively less energy 
on the portion of the loop closest to the cathode There is therefore a 
net loss of energy, which will cause the electron to have the radius of the 
rotational part of its motion decreased, indicatmg that the electron is 
giving up energy to the travehng wave If now the associated transveree 
component of force is m the direction to attract the electron to the plate, 
the electron will drift toward the plate, where it will strike with an 
energy less t.ha.n that corresponding to the direct potential of the plate 
Electrons moving under these conditions constitute the useful, or working, 
electrons and serve to supply energy to the travehng wave All other 
groups will be retued from action by striking one of the electrodes in a 
relatively short time, and the energy which they take from the travehng 
wave will be much less than that supphed by the workmg electrons 
The mechamsm by which the nonworking dectrons are retired from action 
18 highly selective and accounts for the high efficiencies obtainable with 
magnetron oscillators 
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The diagram in the upper iialf of Fig. 18.16 is the approximate form 
of the electric field at the peak of a cycle. Both traveling-wave com- 
ponents will have the same shape of field, and the shape of this field 
will be preserved approximately as the waves move along. Shown 
in the figure are lines of electric force on electrons. Tho direction of the 
force on an electron will be opposite to the direction of the flux anil field 
lines. In magnetron tubes designed so that the average tranHlufional 
velocity of the electrons is approximattdy oiiiial to the velocity of tho 
traveling waves the electrons will be subjected to a nearly I’onstant 
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Fia. 18.16. — Force linos in a plano-cloctrmio inultmnoiln maRiictron, 


electric force as they move along, except that tho field strength increiuKHi 
as the electrons move from cathode to anode. 

The direction of the electric force at a point midway lietwccn cathode 
and anode is approximately as shown in the lower half of Fig. 18.16. 
The force is seen to rotate progressively along a line parallel to the 
electrodes. 

Consider now the behavior of electrons emitted at different points 
along the cathode (or at different times on tho cycle). An electron 
emitted in the region B will encounter a transverse force, which will 
tend to drive it back toward the cathode It will also encounter a 
longitudinal force, which will tend to accelerate it This means that the 
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axis of the rotational component of its motion will be bowed, as shown by* 
the dotted Ime of Fig 18 16a Also, because the electron is being 
accelerated m the longitudinal direction the amphtude of its rotational 
component of motion will increase, givmg nse to a trochoidal orbit, 
with the result that the electron will stnke the cathode after a half cycle 
of rotation This is one of the nonworking electrons It extracts a 
little energy from the travding-wave component of the alternating field 

uuuuu 

(a) 
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F 



Fig 18 16 — Approximate electron paths m a plane- 
dectrode multianode magnetron 

An electron exmtted m the region D will meet with accelerating 
components of both transverse and longitudinal forces The axis of 
its rotational motion will be bowed toward the anode, as shown by 
the dotted Ime of Fig 18 166 Because this electron is accelerated, the 
amphtude of its rotation will increase and it will probably strike the 
cathode after a half cycle of its rotational motion This is also a non- 
working electron, and it extracts a httle energy from the alternating 
field 
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An electron emitted m the region F will meet with an accelerating 
component of transverse force and a retarding component of longitudinal 
force As a result, the axis of its rotational motion will be bowed toward 
the anode, as shown m Fig 18 16c Because of the retarding component 
of longitudinal force the electron will give up energy to the alternating 
field and suffer a decrease in its rotational amplitude It will strike 
the anode after about one cycle of its rotational motion, and during this 
time the rotational component of its kinetic energy will be greatly 
reduced This is one of the working electrons, and it is electrons in this 
group that convert the energy of the direct component of electric field 
into r-f energy 

An electron emitted in the region H encounters retarding components 
of both transverse and longitudinal force As a result, the axis of its 
rotational motion wiU be bowed, as shown by the dotted line in Fig 
18 16d Because of the retarding component of longitudinal force the 
amplitude of the rotational component of its motion will decrease 
somewhat, though not very much, for it is forced back toward the cathode, 
where the longitudinal component of force is very weak Such electrons 
will probably strike the cathode after the first half^cycle of rotation, but 
some may drift along the cathode, where they will form a space-charge 
cloud, which will act as a source of electrons at different parts of the cycle 
These electrons are low-grade working electrons in that they will con- 
tribute a little to the energy of the alternating field 

There is a bunching action associated with electrons in the F group 
Those electrons in the F group emitted near the point G will meet with a 
larger retarding component of longitudinal force than those emitted 
near the center of the group Accordingly, they will be retarded more, 
will move more slowly, and will fall back on those emitted near the center 
of the region Those electrons which are emitted in the F group near 
the point E will meet with a smaller retarding longitudinal component of 
force and hence will not be retarded so much, will move faster, and so 
will catch up with those electrons emitted near the center of the group 
Calculations of electron paths show that this bunching action is very 
strong and undoubtedly contributes to the efficiency with which energy 
is transferred to the alternating field 

18.6. Electron Behavior m Crossed Magnetic and Radial Electnc 
Fields The motions of electrons in crossed magnetic and radial electric 
fields are somewhat similar to those for the plane case The similarity 
IS close in the limiting case of very large radii but disappears as the radii 
become small The equations of motion for such fields are best expressed 
in polar coordinates of radius and angle The differential equations of 
motion may be obtamed by transforming the well-known rectangular- 
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coordinate equations to polar coordinates ^ In polar coordinates the 
equations for the case of an axial magnetic field and a radial electric 


field are 




r-r«‘--±r6B. + ±^ 

m m dr 

(18 38) 

and 




i|(r^0)=rd + 2r<l = lrJ5. 

(18 39) 


where the dots over the coordinates indicate derivatives with respect to 
time and the other symbols have their usual significance m mks umts 
The equation for the radial component of motion is seen to consist of two 
acceleration terms and two force terms The first acceleration term is 
the simple radial acceleration The second radial-acceleration term 
represents the acceleration associated with circular motion The differ- 
ence in signs IS due to the fact that a positive radial force is reqmred to 
sustain positive radial acceleration, while a negative radial force is 
required to overcome the acceleration due to circular motion The first 
force term in the radial equation is the radial force caused by the reaction 
of the angular component of velocity with the axial component of mag- 
netic field The second radial-force term is that due to the radial 
electric field The equation for the angular component of motion 
involves two angular-acceleration terms and one angular-force term 
The first angular acceleration results from the change of angular velocity 
with time The second angular-acceleration term corresponds to the 
force required to maintain a constant angular velocity as the radial 
distance changes The angular component of force is entirely derived 
from the magnetic field and results from the reaction of the radial 
component of velocity with the axial magnetic field 

The above equations of motion are more simply written if the cyclo- 

eB 

tron angular frequency coo ~ introduced The equations in terms 

TH/ 

of this frequency are 

r — = —a}or6 + — ^ (18 40) 

m ar 

and 

(18 41) 

r at 

These equations are amenable to a little simplification if attention is 
imtially restricted to cases m which both the radial and the angular 

1 See, for instance, MacMillan, W D , “Statics and the Dynamics of a Particle,” 
p 238, McGraw-Hill, New York, 1927, 
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component of velocity are zero at a cathode, r ^ Tc Equation (18 41^ 
can be integrated to give 

(r2 - reO (18 42) 

or, solving for 6, 

( 1843 ) 

This equation is subject only to the restriction that the velocity be zero 
when the radius is equal to the cathode radius It shows that the angular 
velocity depends only on the radius and the magnetic-field strength 
The angular velocity is seen to rise from a value of zero at the cathode 
to a limiting value of half the cyclotron angular frequency, ^ e , the Larmor 



Fig 18 17 — Angular velocity of an electron moving 
under the mfluence of an axial magnetic field and a radial 
electnc field as a function of radius 


angular frequency, at very large radii A curve giving the relation between 
the angular velocity and the cyclotron angular frequency as a function 
of radius is shown in Fig 18 17 Equation (18 43) does not apply if 
the electron gams or loses energy after its departure from the cathode 
It IS possible to get a differential equation for the radial component 
of motion alone by substituting the value of the angular velocity as 
given in Eq (18 43) into Eq (18 40) The resulting equation is 

'■ + !¥(‘-F) = sf «*«) 

This equation is rather dijSBcult to solve in general because it is non- 
homogeneous and because F is a function of r (usually logarithmic) 
However, many useful deductions about orbits in limiting cases can be 
made from this equation 

The energy equation for polar coordinates is like that m any set of 
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coordinates except that the velocity is expressed in terms of radial and 
angular components It is 


5 (r* + = eV(x) (18 45) 


on the assumption that the velocity and potential are zero at the cathode 
This simply states that the kinetic energy gained is equal to the potential 
through which the electron has fallen The magmtude of the velocity 
IS seen to depend only upon the potential and to be independent of the 
magnetic field and the direction of the velocity The direction of the 
velocity will, however, depend upon the magnetic field With the above 
assumptions it is possible to specify conditions under which an electron 
will just graze the plate of a cylindrical magnetron Substitute the value 
of the angular velocity from Eq (18 43) into Eq (18 45) to eliminate this 
factor There results 



For an electron grazing the plate, t e , for cutoff, the condition that r = 0 
for r = rj, IS imposed, where the subscript p refers to the plate This 
gives 


A _ 
4 V 


" VO 

m ^ 


(18 47) 


or, solving for Vpc lu terms of the other factors. 


Fpo = 



(18 48) 


where Vpc is the voltage below which no electrons emitted with zero 
velocity will reach the plate This equation shows that the voltage 
required to give cutoff in a magnetron increases as the square of the 
magnetic field for a given tube geometry It is often referred to as the 
“cutoff parabola” and was originally derived by Hull ^ For convenience 
m calculation let the magnetic field be expressed m gausses as B/, 
let distance be measured in cms, and let the constant be numerically 
evaluated. Then 

The cutoff equation given above is exact whether there is space charge 
present or not, for it is derived from the energy relation The shape 

1 Hull, A W , Effect of a Uniform Magnetic Field on the Motion of Electrons 
between Coaxial Cylmders, Phys Rev , vol 18, pp 31-61, July, 1921 
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of the potential field between cathode and plate will be influenced by the 
presence of space charge, but the grazing relation will not A nomo- 
graphic chart of the cutoff relation of Eq (18 49) is given in Fig 18 18 
In the absence of oscillations and space charge, electrons will move out 
from the cathode m cardioid-like orbits, returning again to the cathode 
with zero velocity provided that they are not intercepted by the plate 
en route When there is no energy added or subtracted en route, the 
orbits will always consist of single loops between the contacts with the 
cathode For the limiting case of a very small cathode the orbits are 
represented approximately by^ 

(18 50) 

Apother static orbit of interest is that in which the electron simply 
rotates in a circular orbit around the cathode at a constant radius 
In the absence of space charge, it is a little difficult for an electron to 
get mto such an orbit, but such an orbit is possible The equation for 
this case is obtained from Eq (18 40) by setting the radial acceleration 
equal to zero The resulting equation may then be written 

^2 — coqO — = 0 (18 51) 

JTT 

where JSJ = — ^ is directed inward This may be solved for the angular 


velocity to give 


A Wo 1 1 / 2 1 

® - 2 + 2 V " ^ 

(18 52) 

Numerical substitution shows that the second term in the radical is 
invariably much smaller than the first, and thus the first two terms of the 
binomial expansion may be used to giVe 

<> = «0 + ^ 

(18 63a) 

or 

(18 636) 


where B is in webers per square meter (10^ gausses) This shows that 
the angular velocity is a little less than the cyclotron angular frequency 
Numerically, the second term seldom exceeds 10 per cent of the cyclotron 
angular frequency This means that the inward-directed radial magnetic 
force IS much greater than the outward-directed radial electric force 






Cut-off plate voltage, kilovolts 
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Fio 18 18 — ^Nomographic chart of cutoff voltage m a cylindrical magnetron 


Ratio of plate to cathode radius 
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For ordinary purposes the angular velocity for a fixed radial distance 
can be taken as the cyclotron angular frequency 

18 7. The Effect of Space Charge. In an actual operating magnetron 
it IS expected that space-charge effects cannot be neglected Since the 
transit time associated with the curved paths is relatively large, the 
electrons will stay m the mterelectrode space of a magnetron much longer 
than m that of a cylindrical diode without axial magnetic field As a 
result, the space-charge effects should be much more pronounced and 
should exhibit a considerable smoothing effect upon the shape of the 
electron paths The analytical treatment of space-charge effects is 
expected to be somewhat difficult, yet a considerable impression has 
been made on this subject 

The basic differential equations that have been given before are 
expected to apply to the space-charge case, with the difference that the 
potential distribution will be altered by the space charge Specifically, 
the equations involving angular velocity but not the potential distnbu- 
tion [Eqs (18 41) to (18 43)] will be unchanged Likewise, the energy 
equation [Eq (18 45)] and the corresponding differential equation for 
radial displacement [Eq (18 46)] will apply, with the difference that the 
potential function is mfluenced by the space charge The potential 
distnbution will be given by Poisson's equation m polar coordinates for 
the smgle coordmate of radius. 


r dr 




(18 54) 


where p is space-charge density m coulombs per cubic meter, negative 
for electrons, and eo is the dielectric constant of free space m mk^ units 
The radial current through any cyhnder concentric with the axis of the 
tube IS proportional to the radial velocity and the space-charge density, 

Jr = 27rrpr 

With this substitution, Eq (18 54) becomes 

1 i (,dV\ 
r dr \ dr J t,(^trrr 


(18 55) 

(18 56) 


If now the value of r from Eq (18 46) be substituted, there results 

^ -Jr 

dr \ dr ) 




(18 57) 


This is the differential equation for the potential as a function of radial 
distance, mcludmg the effect of space charge 
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A detailed study of Eq (18 57) shows that the radial acceleration 
of an electron is governed by an apparent potential which varies as the 
two-thirds power of the radius near the cathode and as the inverse square 
of the radius close to the plate as long as the current is not cut off The 
apparent potential referred to is the real potential less the critical poten- 
tial that would just prevent an electron from reaching a plate of radius 
r Between the cathode and plate the apparent potential is a 



^ He 2 Hc 

4 

Fig 18 19 —Spiral electron orbits m the cylindrical magnetron m the presence of 
space charge {After Brzllomn ) 

continuously increasing function of radius As a result, the radial 
velocity will always be yositive, increasing rapidly at first and then more 
slowly Since the corresponding angular velocity as given by Eq. 
(18 43) and Fig 18 17 is a continuously increasing function of the radius, 
being small at first and then increasing with the radius, the resultant 
electron paths will be nearly radial at the cathode, and will then curve 
strongly into a spiral orbit out to the plate In Fig 18 19 are shown some 

1 Brilloxtin, L , Theory of the Magnetron, Blec Commun , vol 20, pp 112-121 
® Brilloxjin, L , Theory of the Magnetron I, Phys Rev , vol 60, pp 385—396, 
Sept 1, 1941 

® Bbilloxjin, L , Practical Results from Theoretical Studies of Magnetrons, Proc 
I RE, vol 32, pp 216-230, April, 1944 
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electron orbits m the presence of space charge for a fixed plate potential 
as the magnetic-flux density is increased For low magnetic fields, the 
paths are nearly radial, with only a slight curvature As the magnetic 
field IS increased, the spiral orbits evidence themselves and the total 
angular progression mcreases At cutoff all the electrons move in circu- 
lar paths, constituting a core of space charge that rotates about the 
cathode almost as a solid body As the magnetic field is mcreased still 
further, the radius of the space-charge core decreases but still maintains 
its composition of electrons moving in circular paths with a nearly 
constant angular velocity 

The case of the electrons moving in circular orbits for voltages 
beyond cutoff is of considerable interest, for it is found that actual 
magnetrons operate most efficiently well beyond cutoff The rotating 
core of space charge undoubtedly plays an important role in the operation 
This case may be handled analyiiically Setting the radial current in 
Eq (18 57) equal to zero requires that the radical in the denominator of 
the right-hand term also be zero Hence 

= (1858) 

Upon differentiating this in accordance with Eq (18 54) there is obtained 
an expression for the space-charge density as a function of the radial 
distance, 

P = -w(j)(l + ^) (18 59) 

Each of the above expressions applies only out to the radius at which 
the cutoff relation of Eq (18 49) holds, with a general radius substituted 
for plate radius The potential is seen to increase nearly quadratically 
with radius out to the edge of the space-charge core Beyond that it will 
follow the logarithmic function that applies for cylindrical electrodes 
m the absence of space charge The space-charge density is seen to be 
nearly constant for large values of r but will rise to twice the large-radius 
value at the cathode The angular velocity follows the law of Eq 
(18 43) and Fig 18 17 Accordingly, the core is one whose density is 
nearly constant except for an increased density near the cathode and 
whose outer portions rotate at half the cyclotron frequency and whose 
inner portions rotate at lower frequencies 

The above picture of a rotating core of space charge has been verified 
experimentally In an experiment in which an indication of the current 
flowing IS measured by the number of positive ions created by collision, 
the positive-ion current is found to increase sharply as the plate current 
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18 out off, mdicatmg that a greater current is flowing around the cathode 
t.v>a.n was flowing to the plate ‘ Further confirmation of this type of 
motion is obtained by considenng the equivalent relative dielectric 
constant of an electron cloud, which in this case, by application of Max- 
well’s equations, is found to be 



(18 60 ) 


If an experimental coaxial diode is made that can be inserted into a 
coaxial line, it is found that the equivalent dielectric constant of the tube 
section of the Ime follows very closely the relation given above * * The 
quantitative agreement with the simple theory in the above experiments, 
while not perfect, is very convincing, though the complete validity 
of the ideas involved is subject to some question * 

18.8. Electron Behavior m Crossed Magnetic and Alternating Radial 
Electric Fields No complete analysis of electron motion in crossed 
magnetic and alternating radial electric fields is available although the 
relations seem to be reasonably well tmderstood Relations for small- 
amphtude oscillations with and without space charge can be given, 
though these obviously tell only part of the story smce actual magnetron 
oscillations involve large amplitudes Large-amphtude rdations can 
be calculated numencally for specific tube dimensions and operating 
conditions, froip which some general deductions can be made It is 
worth considering the small-amplitude relations, however, in that they 
will contain some elements of truthful representation of the actual 
picture 

Consider first the small-amplitude oscillations without space charge, 
based upon Eq (18 44) Let the gradient of potential at any radius 
ro be given by 

— ^ = oo -I- Oi(r — ro) (18 61) 

m dr 

le , a. constant plus a Imear term, and let 

f = r — ro (18 62) 

1 Hull, A W , The Paths of Electrons m the Magnetron (Abstract Only), Phys 
Rev , vol 23, p 112, January, 1924 

> Blewhtt, J P , and 8 Ramo, High Frequency Behavior of a Space Charge 
Rotating m a Magnetic Field, Phya Rev , vol 67, pp 636-641, April 1, 1940 

• Blhwbtt, J P , and 8 Ramo, Propagation of Electromagnetic Waves in a Space 
C!harge Rotatmg m a Magnetic Field, J our Appl Phys , vol 12, pp 866-869, Decem- 
ber, 1941 

* Gabob, D , Stationary Electron Swarms m Electromagnetic Fields, Proc Roy 
Soc , (London), Ser A, vol 183, pp 436-463, 1946 
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Upon TTiftkiTig these substitutions in Eq (18 44) and preserving only 
firat-power terms in f there results the differential equation for the 
perturbed motion about any radius tq, 


? + 




(18 63) 


Of prmcipal interest is the periodic term in the solution of this equation 
This will have the form 

r.-A«j.f^H-3(iy-g! (18 64) 


The resulting path is like that generated by a pomt on a small circle 
roUing on a large circle of radius ro concentric with the cathode The 

angular frequency of the perturbed motion is seen to differ from ^ by a 

radical containing a distance ratio raised to the fourth power (generally 
small) and the coefficient of the gradient, oi, which will be positive in 
the presence of space charge and negative in its absence This means 
that the perturbation frequency will ordinarily be less than the Larmor 
frequency (half the cyclotron frequency) m the presence of space charge 
and greater than the Larmor frequency in its absence Correspondingly, 
the average angular velocity will be 


which IS the same as previously given by Eq (18 43) At large radii 
and in the absence of space charge the perturbation frequency can be 
many times the average angular velocity 

The conclusion that the perturbation frequency is less than the 
Larmor frequency (half the cyclotron frequency) is confirmed by examina- 
tion of a simple oscillation mode in the presence of space charge Let 
it be assumed that there is under consideration a rotating core of space 

charge At the outer edge of the core, where is much less than 

umty, the differential equation of the radial component of motion will be 


I — _L i 

r ~ mr dr ”4* 


(18 66) 


from Eq (18 44) Now let r = ro + f as before, and apply this to a 
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umform expansion through the core Conservation 
requires that 

of charge then 


(18 67) 

Now since 


IdV 

r dr 2 zq 

(18 68) 

from Eq (18 54) and the large-radius value of po is 


PO = -eowo"* 

(18 69) 

from Eq (18 59), then the differential equation [Eq 
form 

(18 66)] takes the 


(18 70) 


which reduces to simply 


f 

(18 71) 


if terms in — of powers higher than unity are disregarded From this 

n 

it IS seen that the perturbation frequency of the electrons in the space- 

charge cloud IS for the simple mode of oscillation in which the whole 
V2 

cloud pulsates uniformly 

Solutions other than the simple one indicated above can be obtained 
for the magnetron with space charge These will not be discussed m 
detail, for their application is limited to small-amplitude oscillations 
In addition to the pulsating core of space charge just referred to, solutions 
have been found in which the edge of the space-charge core has sinusoidal 
ripples appear on it in the form of standing waves, with an integral 
number of sine waves around a complete circumference These standing 
waves can be resolved into traveling waves of equal amplitude traversing 
the circumference of the core with equal velocities in the two directions 

^ Brilloxtin, L , Theory of the Magnetron II, Phys Rev , vol 62, pp 166-177, 
Aug 1 and 15, 1942 

2 Brillouin, L , Theory of the Magnetron III, Phys Rev , vol 63, pp 127-136, 
Feb 1 and 15, 1943 
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Some of these modes exhibit an associated negative resistance and so 
may give rise to oscillations Likewise, there have been found solutions 
in which there is a rotating cylinder of space charge with definite inner 
and outer edges not in contact with the electrodes In such cylinders of 
charge it is possible to have clumps or spokes of increased space-charge 
density, which rotate at half the cyclotron angular frequency ^ The 
^ appearance of spokes of space-charge density in an analytical solution 
IS of great significance, for it confirms the existence of such spokes pre- 
dicted from simple quahtative considerations 

So far the information obtained about electron behavior in the 
presence of alternating components of electric field has not been very 
enlightening with regard to efiStciency of operation and other practical 
matters It is perhaps too much to expect that an analysis of this 
complex problem will yield neat and simple engineering-design formulas. 
The best that can be done at present is to attempt to get a composite 
picture of the mechanism of operation by combining the impressions 
obtained by looking through the various windows corresponding to 
the different avenues of approach to the problem 

Considerable information is obtained from considering the reaction 
of electrons with rotatmg-field components If an electron moves so 
that it is being continuously retarded by a tangential component of 
electric force, it will give up energy, which will allow it to move in a larger 
radius path Since energy is being given up, it is possible for such an 
electron to have its angular velocity become progressively less than the 
value it would have at any radius if it had not lost energy Accordingly, 
it IS possible for electrons to spiral out to the plate with a constant or 
nearly constant angular frequency of rotation ^ 

The alternating components of the electnc field of a cylmdrical 
multicavity magnetron contain both radial and tangential components, 
which can be resolved into components traveling in the two directions 
Let the radial component of the alternating gradient of potential in the 
direction of the electron travel be R{r)(t>{nB + cat) and the tangential 
component be T{r)^{nB wO The components rotating in the oppo- 
site direction will be neglected The functions ^ and <t> are periodic 
functions of the angle B, with n an integer equal to the number of full- 
period variations of field around the magnetron Near the cathode, ^ 
and <l> will be simple cosine waves, but near the plate they will be nearly 
square waves If these components of the gradient of potential are 

1 Blewbtt, J P , and S Ramo, High Frequency Behavior of a Space Charge 
Rotating in a Magnetic Field, Phys Rev , vol 67, pp 635-641, 1940 

2 Apphcation of the above ideas was first made by Posthumtjs, K , Oscillations in a 
Split Anode Magnetron, Wireless Eng , vol 12, pp 126-132, March, 1935 
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included in the basic differential equations of motion, th e n Eqs (18 40") 
and (18 41) become 

~ ^ [S’ + RirMne + a,o] - co„r<? (18 72) 

r i ^ 5 T{r)ip{ne + cot) + coor (18 73) 


Let it now be considered whether it is possible for an electron to 
follow the field around in such a way that 

ne=-(at-\-a (18 74) 

where the negative sign goes with the counterclockwise rotation of an 
electron which occurs for a magnetic field in the positive a direction and 
it is assumed that ot changes very little with time The interpretation 
of the angle a. is that it is the angle by which the electron lags some 
reference point on the rotating field, convemently the TnaYimnT» Then 
since 

(1875) 

the equations of motion above become 

^ = S [? + *<’■)■>(■»)]+ ? 

+ (1877) 

These equations can be partly solved without knowing the exact nature 
of the functions ^ and 0 Let Eq (18 76) be integrated on the assump- 
tion that the radial velocity and potential at the cathode are zero Then 

If now the value of from Eq (18 77) is substituted in the above, there 
results 


m 


T(r)ip{a) 


2ci7 

n 


+ coo 


= ^*(l -7 f)^(^- + «o) 


, 2e tt-/ n , 2e 
+ — + — 
m m 


/ 


R{r)<l>{a)dr (18 79) 


This equation tells how the angle a by which the electron lags some 
reference line on the rotating field varies with the radial distance Simple 
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physical reasoning indicates that electrons will be in equilibnum when 
they are slightly behind a radial line of maximum retarding force Under 
this condition a momentary increase of angular velocity increases the 
radius of the orbit and brmgs the electron into a region of stronger 
retarding force that acts to decrease the angular velocity The argu- 
ment here is the same as that used m consideration of Figs 18 16 and 
18 16 The radial force is not necessary to the argument and will for 
the moment be considered negligible A possible situation demon- 
strated by Eq (18 79) is shown m Fig 18 20 Shown here are tangential 
components of electron force rotating m the counterclockwise direction 
for a six-segment magnetron operating on its tt mode Nodal planes 



Fig 18 20 — Electron orbits in a multicavity magnetron as deter- 
mined by rotatmg tangential components of field 


of force are shown by dashes The position of electrons in equilibrium 
with the field is shown by the dotted curve lagging a plane of maximum 
retardmg force If the square of the radial function T{r) increases less 
rapidly than the radial function of the nght-hand side of Eq (18 79), 
then the angle a by which the electron lags the line of maximum retarding 
force must mcrease as the radius mcreases Note that, although the 
effects of space charge have not been specifically considered, this treat- 
ment admits of solution in cases with space charge, for then it is merely 
necessary to mtroduce the proper form of the potential, V(r) Including 
the effect of the radial forces will only change the locus of the electrons 
in equihbnum with the field The locus will always he withm the zone 
between a plane of maximum tangential force and the nodal plane of 
tangential force behind it 
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For the case of negligible radial force the square of the radial velocity 
of the equilibrium electrons at the plate will be 

v-v(i-^)(g + !=!) + |r. (18 80) 

Correspondingly, the square of the total velocity at the plate will be 
obtained by adding as obtained from Eq (18 75), to the value of 
above 

V - [(2 - ^) 5 + (i - g) + 1 1', as 81) 

The above two equations are those whose properties it is desired to study 
For purposes of simplification let the angular velocity at the plate be 
written as 


= — = xvq 
^ n 


(18 82) 


where Vo is the velocity corresponding to the plate potential and introduce 
the factor 


B 0)0 

Be «c 


(18 83) 


where Be is the cutoff value of magnetic-fiux density corresponding to 
the plate potential Vp, as obtained from Eq (18 48) Let the cutoff 
relation be written 


(1 - ^) = ivo 


With the above substitutions, Eq (18 80) becomes 




and Eq. (18 81) becomes 
-( 2 - 




(18 84) 


(18 85) 


(18 86) 


Posthumus has examined these equations for the case of ^ = 0, for 

Tp 

which the above equations simplify to 

= a:* + 2x2 + 1 (18 87) 


= 2a:* + 2XZ + I 


(18 88) 
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The relations between these factors are i^own in the curves of Fig 18 21 
These curves show the square of the radial velocity and the square of 
the total velocity as a function of the angular vdocity which is 
proportional to the square root of the plate potential and inversely 
proportional to the mode number n Since the energy taken from 



Fig 1821 — ^Total and ladial electron ydocity at the anode of a 
magnetron as a function of magnetio-flux density and angular vdoo- 
ity for a small ratio of cathode to plate radius (.After Poatkumru ) 


the potential source per dectron is on the average, then the 

electron efficiency is 


Electron efficiency = 1 — 




(18 89) 


which means that an efficiency scale can be mduded on the curves of 

V ^ 

totd vdocity squared with a zero value of ^ corresponding to 100 per 
cent efficiency This efficiency does not, of course, mdude the effect 
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of circuit losses The curves mdicaite only the inoxiTnAiin efficiencies 
thatj can be obtained Actual efficiencies ■will be less, since not all 
electrons are as favorably operated as those discussed in this analysis 
The principal things to be learned from Fig 18 21 are that Vn gViPr effi- 
ciencies can be obtained at progressively higher mode numbers "with 
higher d-c potentials and ■with magnetic-flux densities higher t.linTi the 
critical value The dashed curve m Fig 18 21 is for the case of r-p® = 0 
This corresponds to the case of electrons that have given up all their 
radial energy to the field and strike the plate at grazing incidence This 
curve represents the highest efficiencies obtainable for any value of 
angvilar velocity and magnetic-flux density 

Equations (18 85) and (18 86) are a generalization of Eqs (18 87) 
and (18 88) originally given by Posthumus and make possible an exten- 
sion. of this analysis to magnetrons with finite ratios of cathode to plate 
radius Let a limiting small value of the ratio of cathode to plate radius 
be 0 707 Then Eqs (18 85) and (18 86) become 

V^a^z + l (1890) 

g = 3^ + V2*^-M (1891) 

The corresponding curves for this high ratio of cathode to plate radius 
are shown m Fig 18 22 These have the same general form as those of 
Fig. 18 21 except for some rather pronounced displacements The 
limiting curve (shown dashed) for which the radial velocity of an electron 
at the plate is zero is the same for any ratio of cathode to plate radius 
and IS simply 

S (18 92) 

t/Q 

However, for the larger ratio of cathode to plate radius of Fig 18 22, 
oscillations can be had for a given mode and magnetic-flux density at a 
lower value of plate voltage but with a slightly lower efficiency 

In spite of some rather general assumptions made in this analysis, 
the results have considerable validity Without question, the curves 
demonstrate correctly that it is possible to get higher efficiencies by going 
to higher mode numbers and magnetic-flux llensities in excess of the 
critical value Deductions as to the effect of the ratio of cathode and 
plate radius cannot be taken too seriously The curves of Figs 18 21 
and 18 22 should be displaced upward by the amount of the integral 
of the radial force, which was neglected in Eq (18 80) When this 
displacement upward is made, the minima of the efficiency curves play 



660 


VACUUM TUBES 


a more prominent role within the region of operation and specific deduc- 
tions with regard to the effect of the dimensions defimtely need to consider 
the effect of the radial electric forces 



Fig 18 22 — Total and radial electron velocity at the anode 
of a magnetron as a function of magnetic-flux density and 
angular velocity for a large ratio of cathode to plate radius 


18 9. Basic Relations for Multicavity Magnetrons Of the various 
relations given for magnetrons thus far, the most important is the cutoff 
relation of Eq (18 48) Further relations which have a bearing upon 
the a-c operation are semiempincal Slater and his colleagues have 
shown by extensive calculations and tests that maximum bunching 
action and resultant efficiency occur in a tube when the area between 
cathode and plate and between two corresponding pole points, as shown 
by the shaded area in Fig 18 Ic, is approximately a curvilinear square 
More specifically, the ratio of the radial to the average angular dimension 

of the four-sided figure shown should be - In terms of the radii and the 

TT 
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number of poles this gives 

= (18930) 

where JV is the number of pole tips This reduces to 


Is 

rp 



(18 936) 


T 

A curve of ^ as a function of N is given in Fig 18 23 For 4 plate 

segments or fewer, the ratio of plate to cathode radius should be zero 
For a larger number of plate segments the optimum ratio increases but 



a function of the number of plate segments {After 
Slater ) 

does so rather slowly and even at 12 segments is only at half its asymp- 
totic value of unity Under the condition of Eq (18 935) the dimensions 
of a multicavity magnetron will be such that the working electrons will 
traverse about two loops of a modified trochoidal path before being taken 
out of action at the plate with a small residual energy 

Another condition which ensures favorable action is that the electrons 
in their motion around the cathode move at the velocity of tJb.e traveling 
wave The angular velocity of the electrons varies considerably from 
cathode to plate, and therefore let the angular velocity halfway between 
the cathode and plate be set equal to the velocity of the traveling wave 
Referring to Eq (18 40), setting the radial acceleration equal to zero, 
and letting the angular velocity rd be represented by voj 

(18 94) 

dr \ ero / 

where ro is to have the value corresponding to the halfway points between 
cathode and plate. 



662 


VACUUM TUBBS 


_r. + rp 
fo - 2 

(18 96) 

If now, vb is to be equal to the wave velocity, then 


Vb = Tod 

(18 96a) 

roci) 

n 

(18 965) 

2irroC 

TlXo 

(18 96o) 

ir(rc + rp)c 
- nXo 

(18 96d) 

Assume now as a simplifying approximation that 


II 

1 

(1897) 


for r = ro Then, with the substitutions of Eqs (18 95), (18 96d), and 
(18 97), Eq (18 94) becomes 

X 10" (18 98o) 


in tt^Ith umts For those who are more famihar with practical cgs units 
this will appear as the general relation 

y ^ mT(r,» - r.«) ( _ 10,463\ ^Ig ggj^j 

* nXo \ nXo / 

where Fp is m volts, Bi is m gausses, and r and X are in centimeters If 
now the optunum ratio of cathode to plate radius of Eq (18 935) is intro- 
duced, the above equation becomes 



(18 99) 


for, the optunum dimensions This is the important relation that has 
been sou^t It shows that there will be a hnear relation between Fp 
n.nH for optimum operation on any one mode A plot of Eq (18 99) 
is usually referred to as the mode Ivm or the Hartree hne The mode 
linftH have slopes that vary mversely as the value of n, Xo, and JV For 
any one tube there is a family of mode Imes m the Y-B plane that 
almost pass through the ongm Such a family of lines is shown relative 
to the cutoff parabola m Fig 18 24 
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The mode-line equation [Eq (18 99)] may be solved for plate radius 
to give 

(i + ^)vm I 

•v/4,800ir 


Tv = 


B/- 


10,463 

n\o 


(18 100) 


where J5»' is m gausses Tubes will ordinarily operate on the highest, 



flux-density plane 


or TT, mode for which n = ^ ux which case the above reduces to 


r- = 


XoFp 


IV -1-4 

”V^* iVXo 


(18 101) 


where 15,' is m gausses The above may serve as an approximate design 
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equation in determining plate radius of a magnetron. It aaaumm the 
optimum ratio of cathode to plate radius of E(} (18 036). 

The cutoff relation itself may be rewritten to include the optimum 
electrode ratio of Eq (18 03b) When restricted to the optimum ratio, 
the cutoff parabola becomes 


Vp- 



(18.102) 


where is in gauescH, and the ndation is independent of the value of n 
nnee it is a static relation 



Fin. 18.26.->Valura of XoBi* fordifforoiitvalttiM 
atN 


Upon combining Kqs. (18.101) and (18.102), the quantities and Vp 
may be eliminated and an expression obtained that gives XpB.' in terms 

N 

of the number of poles, N, for the case that n >• 2 ' 'I'bis relation may lie 
solved for the product which applies at cutolf for tidies with 

different numbers of poles AT and operating in the r mode, » ** 2 ' 
results are given by the eurvo of Pig. 18 26.' The advantage of large 

> This and tho other relations of thia section follow the csrly work of J Klatcr 
and oolloafiuw Betails of tho analysts, along with refinements on this elementary 
point of vinw, aro given in tho report of the wartime researehes of the Itsdiation 
liaboratoiy, volume on magnotronn, Menraw-Hili, New Vork, IMS. 
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values of N in terms of low magnetic field is apparent Actual operation 
will be best at flux densities considerably above cutoff 

Another condition for operation which may be specified is that the 
frequency of oscillation should be approximately equal to the cyclotron 
frequency Examination of this condition shows that the optimum 
value of magnetic-flux density is approximately 33 per cent greater than 
the cutoff value for values of N greater than 4 Oscillations may occur 
almost anywhere in the F-jB plane of Fig 18 24, but greatest output 
will be obtained in the vicimty of the mode lines to the right of the cutoff 
parabola 

18 10 Dimensional Relations in Magnetrons. Many important 
deductions about the effect of the various parameters mvolved m mag- 
netron operation can be made by examining the dimensionality of the 
basic differential equations involved, just as was done for the ultra-high- 
frequency triode ^ The differential equations of motion of an electron 
under the influence of electric and magnetic fields in rectangular coordi- 
nates are 

m ^ = eVyB, - eE» (18 103) 

and 

= -evsB, - eEy (18104) 

at 


for a magnetic field having only a z component and an electric field 
having no z component Poisson’s equation, which governs the space- 
charge relations, is 


I ^Ey ^ 

dx dy to 


(18 105) 


The relations between current density, space-charge density, and velocity 
are 

Jx = f^x 0-^ 1 ^^) 

Jy = pvy (18 107 ) 

Let now the comparative operation of two tubes that are geometrically 
similar be considered Let D be the dimension ratio and W be the wave- 
length ratio of the two tubes Then, if an electron is movmg between 
two corresponding points m the two tubes, 

dh = Wdti (18 108) 


dx, = Ddx, (18109) 

dy^ = D dy I (1^ H®) 

1 The analysis of this section follows the early work of A, M, Clogston, done at the 
Radiation Laboratory 
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(18 111) 


(18 112) 

The equation of motion for tube 2 then becomes 

m %? = - eE^i (18 1 13) 

at2 

or 

For these last two equations to be consistent it is necessary that 

= (18 116) 

and that 

(18.11(5) 

Since potential is the product of gradient by distance and the distuncc 
ratio is D, then 

(I«n7) 

By an extension of this type of reasomng, ratios of all the critical (luanti- 
ties m the two tubes as a function of the factors D and W may be obtained. 
These are summarized m the table on page 667 

The quantities in Table XII enable the tube designer to tell how the 
vanous operatmg quantities in a tube that has been scaled from a 
given tube will compare with the corresponding quantities of the given 
tube It further tells how the quantities m a single tube will (diange 
if the operatmg characteristics are changed Thus, if a tube is enlargeil 
by a factor D but is to work at the same wave length, then the factors 
in the Voltage scaling column apply In this case the required magnetic- 
flux density is unchanged, the required voltage is increased by a factor 
of D*, and so on If a given tube is to be operated at a wave length 
greater by a factor of W than that for which the operating characteristics 

are known, then the required magnetic-flux density is ^ times as great 
as before, the required voltage is tunes as great as before, and so on 


where 


and 


W = 




D = 
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If with a kn.o’wn set of dimei^ioiis and operating characteristics the 
dimensions and wave length are changed m direct proportion, then the 
values in the Complete scahng column apply The values m the General 
column take care of the general case 


TABLE XII 

MAGNETRON SCALING FACTORS 


Quantity 



Complete 

Voltage 

Wave-length 

Ratio 

General 

scalmg 

scaling 

scalmg 




W = D 

TV = 1 

D - 1 

Magnetic-flux density 

JS, 

Ri 

1 

w 

1 

W 

1 

1 

IV 

Voltage 

Vt 

Vi 

Pf* 

1 

D* 

1 

w* 

Current density 

Ji 

Ji 

D 

TV* 

1 

D 

1 

TV* 

Current 

h 

h 

TV* 

1 

W 

D* 

1 

TV* 

Power 

P» 

Pi 

TV* 

1 

W 

D* 

1 

TV* 

Conductance 

<?j 

Oi 

1 

TV 

1 

TV 

1 

1 

TV 

Gradient 

Ml 

Wt 

D 

Iv* 

1 

TV 

D 

1 

TV* 


18 11 Output Charactenstics of Magnetrons It is not possible 
to write simple formulas that descnbe the output characteristics of 
magnetrons as was possible for reflex-klystron oscillators This is because 
no vahd expressions for the equivalent electromc admittance of a mag- 
netron have yet been proposed From external measurements on mag- 
netrons it has been established that the electromc conductance is negative 
for conditions of oscillation and decreases m magmtude as the r-f voltage 
mcreases, as was the case for reflex-klystron oscillators However, the 
electromc admittance evidently depends upon the effective impedance 
presented by the cavity, whereas m the reflex klystron the beam admit- 
tance was independent of the cavity impedance For this reason the 
only suitable way of representing magnetron charactenstics is by means 
of a set of contours on some sort of load-impedance coordinates which 
show the way m which such quantities as efficiency, power output, and 
frequency depend upon the load impedance In practice, magnetrons 
feed loads through transmission Imes, and the effective impedance mto 
which the magnetron works is determined by the standmg-wave ratio 
and position of the minimum of voltage on the hne Accordin^y, it is 
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convenient to plot magnetron characteristics on special transmission- 
hne-coordinate paper instead of on an impedance plane directly 

Although the exact nature of the electromc adnuttance of a magnetron 
(which corresponds to the beam admittance of a reflex-klystron oscillator) 
is not known, the nature of the conventional representations of magnetron 
characteristics may be understood from a brief analysis based upon the 
assumption that the electromc admittance of the magnetron is some- 
thmg like that of the reflex-klystron oscillator With this assumption 
the eqmvalent circuit of a magnetron, resonant cavity, couphng loop, 
and hne termmated in load, is that given in Fig 18 26 The electromc 
admittance of the magnetron is represented by the admittance labeled V « 
It will have a negative conductance component for a condition of oscilla- 
tion The electromc admittance is considered to be in shunt with the 
unloaded resonator, which is represented by a parallel combmation of an 
mductance and capacity, and with the shunt resistance of the unloaded 


M 



Fig 18 26 — Simple equivalent circuit of mag- 
netron oscillator, output coupling, line, and 
load 


resonator The resonator is assumed to be mductively coupled to a 
transmission Ime leading to a load The impedance seen looking back 
mto the couphng loop from the hne is 

Z ^ Zl + + Ye) (18 118) 

where Zi is the impedance of the coupling loop, co is the operating angular 
frequency, M is the mutual impedance between the loop and the resona- 
tor, and Yr is the unloaded admittance of the resonator at the operating 
frequency The requirement for oscillation is that the impedance seen 
lookmg back mto the couphng loop be the negative of the impedance seen 
looking mto the hne Zl, 

Zl^ - IZi + coW2(y, + Ye)] (18 119) 

While this equation is not capable of analytical solution, it is capable of 
graphical representation This graphical representation will now be 
developed 

Assume that the electronic admittance is as shown in Fig 18 27 
The locus of the electromc admittance is given by the vector in the 
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second quadrant For zero r-f voltage the electronic admittance has 
the value given by the extremity of the vector As the r-f voltage 
increases, the vector will be assumed to shrink but mamtam its direction. 
This IS not strictly true but will serve for a basis of discussion It will 
further be assumed that the electromc admittance is not affected by the 
resonator admittance Shown m the same figure is the unloaded reso- 
nator admittance This has a locus that is approximately a straight hne 
parallel to the susceptance axis, as was shown m the chapter on Velocity- 
modulated Tubes, or Klystrons Different points along this locus cor- 
respond to different frequencies, frequency mcreasing upward At 
unloaded cold resonance the resonator admittance is a pure conductance 



Fig 18 27 — Ix)Ci of electromc admittance of a magne- 
tron and the resonator admittance m an admittance 
plane 

Shown in Fig 18 28 is the sum of the resonator and electromc adnut- 
tance The electromc-admittance vectors are shifted to the right by 
the resonator conductance and shifted up or down by departures m 
frequency from the cold unloaded resonant frequency of the resonator 
The locus of + Ye) will have the same form as that shown m 

Fig 18 28 except that the scale will be changed and the locus will be 
plotted on an impedance plane with axes of resistance and reactance 
instead of conductance and susceptance The locus of 

Zl + O^m^Yr + Ye) 

IS shown in Fig 18 29 The addition of the loop impedance merely 
shifts the previous representation strongly upward and a httle to the 
right smce the loop will ordmanly have a higher reactance than resistance 
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The negative of the impedance seen looking into the loop is shown in 
Fig 18 30 against coordinates of load impedance In this representation 



Fig 18 28 — Sum of resonator and electronic admittance of a 
magnetron * 


it IS possible to plot power contours Ideally, the power will be con- 

72 

stant along any vertical line since power output is given by Power 



Fig 18 29 — ^Locus of Zi -f -h Fe) in an impedance 

plane 

IS expected to be zero along the vertical line through the extremities of the 
transformed admittance vectors since here the r-f voltage is zero It is 
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also expected to be zero along the zero-resistance axis since the power 
that can be dehvered to a zero resistance is zero Between these limits 
the power will nse to a maximum Actual contours of constant power 
are not straight vertical lines but elongated closed loops, for the electromc 
admittance of the tube apparently changes with the admittance mto 
which the electrons work Such elongated loops are shown dotted 
They are closed about a pomt of maximum power output Also shown 
in Fig 18 30 are lines of constant frequency in the form of the transformed 


+X 



Fig 18 30 — T^cus of -[Z, 4- + Ye)] m an impedance 


plane 


electromo-admittanee vectors For the reflex-klystron oscillator ^e 
slope of this line is related to the transit tune in the repeller space For 
the magnetron the slope of these hnes is also probably related to the ine^ 
transit tune, though the exact relation has not been definitely established 
Shown in this same figure are some loci of constant stsmtog-wave ratios 
on a transmission line that will produce the mdicated load mpedanw 
These loci are circles about the characteristic impedance o e 


iSee Kino R W P, H R Mimno, and A H Wing, “Transmission Lines, 
Antelas and Wave Guides,” MoGraw-HiU, New York, 1946, for an mtroductory 
treatment of transmission-lme impedance loci 
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Along any circle about the characteristic impedance of the hne 
magnitude of the standmg wave of voltage or current is constant, but 
the distance from the magnetron output to the Tnimmnnfi of voltage 
changes 

The contours of Fig 18 30 are usually transformed to a representation 
on which the circles of constant standmg-wave ratio are concentnc about 


e 

i 



Pia 18 31 — Rieke diagram of a Eaytheon 2J88 magnetron 


the center of the plot and evenly spaced on a radial scale, the value of the 
andmg-wave ratio at the center bemg umty The contours of Fig 
Jsq? ^ 1 ^ c^pondmgly deformed to give the representation of Fig. 
of ^ ® diagram Positions of constant distance 

mthallSSr Zir 1 , become 

radial straight hnes m such a plot The contours of constant power 



potential^ kilovolts 
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output are closed contours about a pomt of ma.Yi'mn'm output, though 
for low powers the contours are closed off the chart through regions of 
voltage standing-wave ratios greater than 5 Contours of constant 



Peak current, amperes 


Recurrence raie = !000 cps 
Pulse width - 1 microsecond 

Magnetic field, gauss 

— Peak power, kilowatts 
Efficiency 


Frequency contours f megacycles de)natton 

from mean frequency as determined by 
corresponding Rieke diagram, and taken under 
conditions of constant temperature) tfatched 
m'(48ohm) coaxial hne using specified 
matching transformer 


Fig 18 32 — Voltage-current charactenstics of a Raytheon 2J30 magnetron 


frequency are shown m this diagram, corresponding to those m Fig 
18 30 Ideally, these would intersect the constant-power contours at a 
constant angle It is seen that for a load corresponding to a given 
standing-wave ratio of voltage and location of voltage mimmum from 
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the output loop the power output and frequency are apociriod. The 
position of the point of maximum power output rcliilivc to the center 
of the chart is determined pnmarily by the design ol the output-coupling 
loop It IS not always desirable to operate the tube at luuNunuiti out put . 
for here the frequency changes relatively rapidly with clianges in loiul 
impedance, an effect known as freqttmcy pullitiy. Accordingly, the 
output loop IS usually designed so that the center of the chart falls at a 
point in the characteristic field which represents a suitidih* coinproiiust> 
between output and high-frequency stability. 'I'he amount by « hirdi tlie 
frequency changes for a given standing-wave ratio as the position of 
the mmunum of the standing wave is changed is a figure of merit for tin* 
tube, the less the frequency change, the bettor the tula' In a giNsi tula* 
the amount of the frequency variation at a standing-wave ratio of 1.6 is 
less than Ko of I per cent Kieke diagrams are usually plott 4 Hl for a 
condition of constant plate current and constant magnet ic-(lu\ deiisitv, 
the voltage being varied slightly to keep the current I'oiistntit ns the 
load IS changed The advantage of the Hieke diagriuii over other 
possible representations is that a change in the reference point from whieh 
the standing-wave maxima and minima are measuri'ti merely rotates the 
plot without changing its form. 

Another representation of magnetron eharacteristies tha* is eommonly 
given is a voltage-current plot as shown m h’lg IH.32 ( )n this plot . know n 

as the “performance chaiactenstio," there are shown eontoiirs of con- 
stant magnetic field, output, efficiency, and fieipiency. The controlled 
variables are the magnetic hold and the voltage, w’hieh determine the 
current and at which frequency, power output, and elfieieiiey ran 1 m' 
m^ured Such plots are made for a constant loail imiieilniieLV iisually 
a flat Ime of the proper characteristic impedance. 
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PHOTOELECTRIC TUBES 

19.1 The General Form of Photoelectric Tubes. Photoelectnc 
tubes, or, as they are now more frequently referred to, phototubes, 
are at first glance very simple devices, though the preparation of the 
photosensitive surface involves some of the most dehcate operations m 
modern electromc practice The tube is generally housed in a small 
glass envelope and contains, in its simplest form, just two electrodes 
The cathode, or photosensitive emissive surface, is usually in the form 
of a half cylinder The anode, or electron collector, is usually in the 
form of straight wire on the axis of the cylindrical cathode Great pams 
are taken to make the leakage resistance between the two electrodes as 
high as possible In some tubes the leads to the two electrodes are 
brought out at different ends of the tube in order to achieve a high leakage 
resistance The envelope of the tube is usually made of a special glass, 
which acts as a light filter to make the light absorption as low as possible 
in the desired light frequency band 

Applications of the phototube are too well known to require much 
discussion Phototubes can be used to activate almost any kind of 
electrical or mechamcal device through the medium of suitable amplifiers 
and relays They can be used to cause a device to respond to almost 
any variation in light intensity They can be made to respond to light 
of any color in the visible spectrum and to respond as well to radiation 
in the infrared and ultraviolet portions of the spectrum Applications 
as door openers, counters, automatic light switches, and color sorters 
are well known 

19.2 Fundamental Photoelectnc Relations Phototube operation 
IS based upon what are now the well-established properties of the photo- 
electric effect These may be enumerated as follows 

1 Electrons are emitted from low-work-function surfaces when 

y exposed to radiations in the visible or near-visible region of the 

spectrum 

2 The magnitude of the emitted photoelectric current is propor- 
tional to the intensity of the illumination 

3 Photoelectrons are emitted with fimte velocities The maximum 
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velocity of emission is mdependent of the intensity of the illumina- 
tion of the emitting surface (tune rate of flow of radiant energy) 

4 Any photoemissive surface has a low-frequency hunt of radiation 
beyond which no electrons are emitted regardless of the intensity 
of illumination 

6 The emission velocity of photoelectrons depends upon the work 
function of the emissive surface as well as upon the frequency of 
the illuminating radiation 

These various properties will be described in some detail m subsequent 
sections 

19 3. History of the Photoelectric Effect. The history of the dis- 
covery, theoretical development, and experimental verification of the 
photoelectnc effect is so fascinatmg that it deserves at least a topical 
recapitulation It is all the more remarkable m that the fundamental 
relations of the photoelectnc effect were established before the existence 
of the electron was verified* Chronologically, the high spots in the 
history of the photoelectric effect are somewhat as follows 

^ 1887 Hertz discovered the photoelectric effect m his expenments on 
electromagnetic waves His expenments dealt with obser- 
vations on the transmission of damped electromagnetic 
waves of a frequency of about 1,500 me, generated with a 
spark coil and a smtable resonant circuit Transmitted 
energy was picked up on a resonant circuit, and the mtensity 
of the transrmssion was observed on a spark gap adjustable 
with a micrometer Hertz found that his receivmg circuit 
sparked more readily when the electrodes were illuminated 
by the spark from the transmitting gap He fart her found 
that the effect was present only when the negative electrode 
(the gaps were polarized with a direct voltage) was illumi- 
nated He verified that ultraviolet radiations were responsi- 
ble for the effect and that the effect was independent of the 
source of the radiations 

1888 HaRwachs established that the effect consisted m the emission 

of negative particles of electricity 

1889 Elster and Geitel showed a relation between the contact 

potential of a surface and its long-wave limit of photo- 
emission They built the first photocells and made the 
I first photometer 

1889 J J Thompson discovered the electron as a fundamental 
particle and constituent of matter He established that 
the negative particles emitted from incandescent bodies 
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were the same as the particles emitted photoelectrically 
He deflected electrons electrically and magnetically and 
made the first determination of the ratio of the charge to 
the mass of the electron 

1889 Lenard showed that the magm- 
tude of the photoelectric current 
was proportional to the mten- 
sity of the exciting illumination 
He also discovered that the 
velocity of enussion of photo- 
electrons was mdependent of 
the intensity of excitmg illumi- 
nation 

1905 Emstem apphed the quantum 
theory enunciated by Planck m 
1900 to the photoelectric effect 
He predicted correctly the rela- 
tion between the velocity of 
emission of photoelectrons, the 
work function of the emitting surface, and the frequency of 
the excitmg radiation 

1912 Hughes verified the Emstem equation 

1916 Millikan checked the values of Planck^s constant by photo- 
electnc measurements 

19 4, Specific Photoemission Charactenstics. The photoemissive 
properties of surfaces are usually investigated by means of the arrange- 
ment of Fig 19 1 Here the phototube is shown by the circle contaimng 
a photosensitive cathode and an anode The cathode is illuminated 
from an external source The cathode and anode are connected to a 
source of direct potential m such a way that the anode can be made either 
positive or negative relative to the cathode A sensitive current meter 
is connected m senes with the tube and voltage source 

With the arrangement of Fig 19 1 the current registered by the meter 
IS a function of the mtensity of the light and the electrodie voltages, as 
shown m Fig 19 2 From this figure it is observed that for any anode 
voltage positive relative to cathode voltage the photoelectnc current is 
directly proportional to the intensity of the illumination Let the differ 
ence between anode and cathode voltage be designated by V (F includes 
the effect of contact potential ) Then for positive values of V the photo- 
electnc current is constant for a fixed illumination This means that 
the photoemission is constant and that the anode is collecting all the 
photoelectrons When V is made negative at a fixed illumination, the 


Cathode — 




Vo/f meter 
Galvanometer^ 


p/wwvywwA/^ 


Fig 


19 1 — Circuit for ob- 


serving the photoelectric 
effect 
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current falls off, reaching zero at a value of Vq that is independent ot 
the intensity of the illumination The explanation of these effects is 
apparently that photoelectrons are emitted with velocities ranging from 
zero to some maximum value The number of electrons emitted is propor- 
tional to the rate of mcidence of radiant energy, but the maximum 
velocity of the emitted electrons is independent of the intensity of illu- 
mination of a given spectral distribution 

The maximum velocity of emission does, however, depend upon the 
frequency of the hght, as may be shown by illuminating the photo- 
emissive surface with monochromatic light of a variable frequency but 
constant intensity The results of such a test are shown in Fig 19 3 



Fig 19 2 — Photoemission current versus retarding volt- 
age for various intensities of illumination 

The three curves shown give current against retarding voltage for equal 
intensities of lUununation of three different frequencies of light such 
that/i > /2 > /s. The higher the frequency of the light, ^ d , th6 farther 
toward the short-wave-length (blue) end of the spectrum, the greater 
the maximum velocity of emission Curves such as those of Fig 19 3 
are rather diflBlcult to obtain, for it is necessary to measure radiant energy 
with a thermocouple or bolometer, correct the resultant curves for contact 
potential, stray hght, and secondary emission, and be sure that the 
emissive surfaces are free from any contamination and totally outgassed. 

The relation between the maximum velocity of emission and the 
frequency of the exciting radiation is given m Fig 19 4 This shows 
that the maximum energy of emission of photoelectrons is linear with 
the frequency of the exciting radiation There is a minimum frequency 
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of light for any surface beyond which photoelectrons are simply not 
emitted The curve of Fig 19 4 is a good straight hne, which Milhkan 
has shown comes down to the axis with a defimte angle and not asymp- 
totically The straight Ime of Fig 19 4 may be represented by the 
equation 

Voe = = hf — w (19 1) 

where — Fo is the intercept with the voltage axis of any curve in Fig 
19 3, Vm IS the corresponding maximum velocity of emission, m is mass of 
the electron, — e is c Wge of the electron, f is hght frequency in cycles per 



Fig 19 3 — Photoemission current versus retarding voltage 
for various frequencies of lUummation 

second, h is the slope of the straight line of Fig 19 4, and w is the fre- 
quency axis intercept of the straight hne of Fig 19 4 As given above, 
Eq (19 1) IS purely empirical However, Eq (19 1) is the equation 
predicted by Einstein on purely theoretical grounds, with h identified 
as Planck’s constant and w identified as the work function of the photo- 
emissive surface m electron volts From Eq (19 1), the mimmum fre- 
quency of emission occurs when the velocity of emission is zero and is 
given by 

/„ = f (19 2) 

The relation between the work function and the mimmum frequency 
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or maximum wave length of exciting radiation predicted by Einstem m 
the form of Eq (19 1) has been verified experimentally If we let 


w = e<l>p (19 3) 

where w is work function m electron volts, e is electron charge, and 
IS the voltage eqmvalent of the work function as determmed from 
photoelectnc measurements, then the work function m volts should be 
mversely proportional to the mfl.-in-mnTn wave length in angstrom umts 
In Fig 19 5 IS given a plot on log-log paper of the relation between 
experimentally observed values of the thermiomc work function and 



Fig 19 4 — Maxuuum velocity of emission 
of photoelectrons as a function of frequency 
of excitmg radiation 


the maximum wave length of photoelectnc emission for different mate- 
rials If the relation predicted by Emstem is correct, then the plot of 
the work function against the threshold wave length on log-log paper 
should be a straight line with a slope of —1 Reference to Fig 19 5 
shows that this relation is obeyed fairly well departures from the 
relation postulated are primarily due to the difficulty of gettmg an 
uncontaminated emittmg surface There are also some discrepancies 
due to a correction which must be made for the temperature of the 
emittmg surface The most extensive work in trying to correlate values 
of the work function as measured by thermiomc and photoelectnc 
methods has been done on platinum It is the consensus of workers m 
this fidd that the photodectnc and thermiomc work functions of pln tinnm 
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£tre the same and that those of other metals would be revealed as the 
same if the measurements were suflS.ciently refined ^ ^ 



Pho+oelectnc threshold wavelength, Angstroms 


Fig 19 5 — Relation between the thermionic work function of 
different metals and the threshold wave length of photo- 
emission 

19 6. Fundamental Theory of Photoemission The wave theory of 
light meets with considerable difficulty in explainmg the various aspects 
of the photoelectric effect The proportionality between the photoelectric 
current and the intensity of illummation is consistent with the wave theory , 
but the fact that the maximum velocity of emission is independent of 
the intensity of the illumination cannot be explained on the basis of the 
wave theory of light When the independence of the velocity of emission 

1 The classical reference on all phases of photoelectricity is Hughes, A L , and 
L A DuBeidge, “Photoelectric Phenomena,” McGraw-HiU, New York, 1932 

2 An excellent elementary survey of the photoelectric effect is contained m Rights 
MTBR, F K , and E H Kbnnard, “Introduction to Modern Physics,” 3d ed , 
McGraw-Hill, New York, 1947. 
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and the intensity of illumination was discovered a furor was created 
among students of physics The dilemma encountered m trying to 
explain the above-mentioned effect can be circumvented by postulatmg 
the dual nature of hght, that is to say, hght rays exhibit both a wave and a 
particle aspect The wave nature of hght cannot, however, be com- 
pletely discarded on the assumption that hght is corpuscular m nature, 
for some aspects of hght behavior are very difficult to explam on t.Bia 
basis 

The corpuscular aspect of hght rays has its basis m the quantum 
theory The quantum theory had its ongm m the study of heat-radia- 
tion phenomena The quantum theory has proposed that energy flows, 
not continuously, but rather m small packages The smallest umt of 
energy that can be mvolved m any transfer is .called the “quantum ” 
A quantum of energy has a size that is directly proportional to the cor- 
responding frequency of radiation as given by 

Q = hf (19 4) 

where Q is the quantum of energy, A is a umversal constant having a value 
of 6 624 X 10“** watt-second per cycle and known as “Planck’s con- 
stant, ’’ and / IS the frequency of the radiation m cycles per second Thus 
if monochromatic orange hght of wave length 6,000 angstrom umts is 
mvolved (1 angstrom umt = 10“^® meter), the corresponding frequency 
of radiation is 5 X 10^* cycles per sec and the corresponding quantum 
of energy for this frequency is 33 12 X lO"^® watt-second This maanp 
that hght of this frequency delivers energy m umts of 33 12 X 10~‘® 
watt-second and cannot dehver any but an integral multiple of this 
amount of energy Thus, just as the modem theory of matter postulates 
the mdivisible particle, the electron, so, correspondmgly, the quantum 

theory says that energy is finally dehvered in mmute but mdivisible umts 
of quanta 

A quantum of light is known as a photon Light rays may be con- 
sidered to be made up of photons, which have many of the characteristics 
of small particles m that each carries a discrete quantity of energy but 
which also have the charactenstics of waves When the quantum 
theory is apphed to hght rays, aU the effects observed m coimection with 
photoemission are readily explamed 

If hght rays consist of photons each of which cames a defimte quantity 
of energy proportional to its frequency, then each photon on stnkmg a 
surface may transfer to an electron m the surface at most a quantum of 
energy T^ quantum of energy may give nse to emission of an elec- 
tron, and the energy that the emitted electron wiU have will be at most 
the quantum of energy minus the work necessary to overcome the surface 
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electrostatic forces Hence the validity of Eq (19 1), the Einstein 
photoelectnc equation, 

Voe — = hf — w (19 1) 

The work necessary to overcome the surface electrostatic forces, w, 
is the work function of the metal m question 

By applying the quantum theory of light, all the photoelectnc effects 
observed experimentally are completely explamed The threshold 
frequency of photoemission is that frequency at which the energy of the 
photon IS converted into electron energy enabhng the electron to just 
barely overcome the surface restraints and thus be emitted with zero 
velocity The threshold frequency is accordingly proportional to the 
work function of the metal, as previously noted The proportionality 
between photoelectric current and intensity of illumination follows from 
the fact that the number of photons is proportional to the intensity of the 
illumination for a given area 

19.6 Spectral Response Curves of Photoemissive Surfaces. The 
photoelectric emission of metal surfaces exhibits two important kmds of 
selectivity The first selectivity is a variation in emitted current with 
wave length of the exciting radiation The second shows itself as a 
variation in emitted current with the polarization of the excitmg radia- 
tion The response to polarized light is much smaller when the electric 
vector of the exciting radiation is parallel to the surface than when the 
light IS polarized at right angles to the surface Of the two types of 
selectivity the first is by far the more important smce ordinary photo- 
emissive surfaces as used in commercial tubes are so rough that no differ- 
entiation with respect to polarization can be observed 

Every photoemissive surface exhibits peaks of sensitivity as the 
wave lengths of the exciting radiation are changed Typical of the 
response characteristics of the pure metals are the curves for the alkali 
metals shown m Fig 19 6 ^ Observation of these curves shows that, as 
the atomic number of the element increases, the maximum sensitivity 
decreases, the resonance peak becomes broader, and the wave length of 
the maximum sensitivity increases No completely satisfactory quanti- 
tative explanation for the above relations seems to be available The 
threshold wave length increases as the work function of the surface 
decreases in accordance with Einstem^s photoelectric equation Quahta- 
tively it IS expected that the wave length of maximum sensitivity would 
follow somewhat the same relation An investigation from the point of 
view of quantum-mechanical considerations will no doubt some day give 

^ Seiler, E F , Color-sensitiveness of Photo-electric Colls, Astrophys J our , vol 
52, pp 129-163, October, 1920 
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the complete story It is possible that the mechamsm involved is 
similar to that which occurs for secondary emission, which yields a 
maximum emitted current for a given energy of excitation 

It IS possible to make complex emitting surfaces that have lower work 
functions than the pure metals The surface that gives maximum 
secondary emission also seems to give maximum photoelectric emission 
Maximum emission is obtained with a surface of the type caesium on 
caesium oxide on silver ^ Such a surface is prepared by oxidizing silver 
and then exposing it to caesium vapor Photoemissive surfaces may also 



Woivelengfh in Angstroms 

Fig 19 6 — Photoelectric color sensitivity of the alkali metals 


be prepared by sputtering metals, vaporizing metals, and electrolyzing 
metals through a glass envelope 

19 7 Vacuum-phototube Charactenstics Current-voltage Character- 
istics Vacuum phototubes exhibit charactenstics that depend pn- 
manly upon the nature of the ennssive surface and the transmission 
characteristics of the glass envelope A typical set of vacuum-phototube 
charactenstics is shown m Fig 19 7 For a fixed amount of light flux 
from the exciting source the curves of current against voltage are similar 
to those of a diode For very low voltages the current follows the three- 

1 Zworykin, V K, and G A Morton, “Television,” pp 22-28, McGraw-HiU, 
New York, 1940 
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halves-power law of variation with voltage Because the emission cur- 
rent from a photosensitive surface is so small, this region is extremely 
small and most of the curve of current agamst voltage shows pronounced 
emission saturation As a result, the emission current is almost constant 
over nearly the entire operating range A load hne may be constructed 
on the current-voltage characteristics of a phototube ]ust as is done on a 
set of vacuum-tube characteristics Several such hues are shown in 
Fig 19 7 These lines have a slope that is the negative reciprocal of the 
resistance in series with the voltage supply and the phototube Such 



Fro 19 7 — Current-voltage characteristics of the RCA 929 phototube 
(light from a tungsten filament at 2870*^^) 


load lines will always be straight hnes regardless of the current-voltage 
charactenstics of the device since they are simply a graphical representa- 
tion of Ohm’s law The proportionality between current and light flux is 
almost exactly linear for any operatmg voltage, as shown m Fig 19 8. 

Tlie reaction of a photoemissive surface to illumination is almost 
instantaneous Experiments show that less than 3 X 10 ® sec elapse 
from the tune the photoenussive surface is illummated until photo- 
emission begins The photoelectnc current ceases m less than 10 sec 
after the illummation is cut off Hence in a vacuum phototube the 
prmcipal time factor mvolved is the transit time of an electron from 
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cathode to anode The transit time may be calculated from the curves 
of Fig 8 14 This time will generally be very short 

Example Determme the transit time of a photoelectron emitted from a semi- 
cylmdrical cathode of radius 1 cm and collected at an anode of radius H nun 
The ratio of cathode to anode radius is 20, and the distance between cathode and 
anode surfaces is 6 95 cm From Fig 8 14, the factor K is 1 344 Let the anode 
potential be 200 volts Then the electron velocity at the anode is 243 5 X 10® cm 

Kd 

per sec The corresponding transit time from the formula T = — is 0 00625 

microsecond This means that a vacuum phototube can handle any known type 
of light modulation 



Spectral Charactenstics Phototubes are available with spectral 
sensitivities that cover the visible portion of the spectrum and carry well 
into the infrared and ultraviolet In general, the response curves will be 
different from that of the eye, which is shaped something like a resonance 
curve, with a peak at 5,550 angstrom umts (1 angstrom unit = 
meter) and dropping to virtually zero at 4,000 and 7,000 angstrom umts 
Some typical spectral response curves of commercial phototubes are 
shown m Fig 19 9 It is seen that there are tubes available which 
cover the visible spectrum, the short infrared rays, and the long ultra- 
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violet rays The majority of phototube applications depend upon a 
tungsten filament as a source of illunnnation The tungsten filament 
has its spectral characteristic centered in the infrared range, with appre- 
ciable radiation in the visible portion of the spectrum Light filters may 
be used with phototubes where selective response with respect to color 
IS desired Where high sensitivity m the ultraviolet is desired, special 
envelopes must be used with the tube, for the ordinary glass does not 
transmit ultraviolet rays well Such special envelopes usually take the 
form either of a glass envelope with an extremely thin window in front 
of the cathode or of a quartz envelope 

The spectral sensitivities of vacuum phototubes range from about 
5 to 50 microamperes per lumen (1 lumen = 0 0016 watt for green light) 
The number of lumens, L, of light flux falling upon an area -d of a surface 
a distance d from a pomt source of hght of candle-power strength C is 


L 


CA 


lumens 


(19 5) 


where any umts of length may be used provided only that they are the 
same for -4 and 

19 8 Gas-phototube Characteristics The sensitivity of a phototube 
can be increased by utilizing what is known as the gas amplification of 
the photoemission current If a small amount of gas of the right kind 
and pressure is admitted into the phototube, then the photoelectrons .in 
their travel from cathode to anode will strike some of the gas molecules, 
causing ionization This lomzation splits the gas molecule into a free 
electron and a negative ion The free electron is now available to join 
the photoelectron m its travel toward the anode and may itself ionize 
other gas molecules, giving nse to more electrons, which can add to 
the effective current of the phototube The positive gas ions formed will 
move toward the cathode and, in doing so, will constitute a current that 
is nearly equal to the electron current In addition, the positive ions 
on impact with the cathode will create some secondary electrons, which 
will further increase the total current As a result of the cumulative 
action of all the above effects, the net current to the anode of the photo- 
tube can be made as much as ten times the photoemission current 

The current-voltage characteristics of a typical gas phototube are 
shown in Fig 19 10 For low anode voltages the characteristics are 
about the same as for the vacuum phototube, for at low voltages there 
IS mappreciable ionization owing to the low energies of the photoelectrons 
At higher anode voltages, ionization occurs, and the current increases 
rather rapidly with voltage At sufficiently high voltages a glow dis- 
charge will be sustained between electrodes, as shown in Fig 19 10, and 
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the tube operation is impaired Some appreciable departures from 
current linearity with light mtensity are expected m the gas phototube 
and are indeed present, as shown in Fig 19 11 The distortion resultmg 
from this nonlinearity of the characteristics is, however, no greater than 
that encountered m ordinary vacuum tubes and does not prevent gas 
phototubes from being used to reproduce the sound recorded on film 
Factors tn the Design of Gas Phototiibes There are a number of rather 



Fig 19 10 — Current-voltage characteristics of a typical gas phototube 

critical factors that must be properly adjusted in the gas photocell to 
obtain a good tube These may be hsted as follows 

1 Chemical properties of the gas 

2 Atomic weight of the gas 

3 Pressure 

4 Maximum allowable voltage 

The principal consideration involved in the choice of a gas is that it 
must not react with the photoemissive surface The only gases that can 
be depended upon not to react with caesium surfaces are the inert gases 
helium, neon, argon, krypton, and xenon 

The atomic weight of the gas used is a factor, for if the gas is too 
heavy the transit time of the positive ions formed will be too great and 
the high-frequency response of the phototube will be poor Correspond- 
ingly, the ionization potential, or potential of a stnkmg electron that 
will free an electron from the gas molecule, must be low, otherwise, 
the potential across the tube will be so high that the cathode eimssion 
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may be impaired by the bombardment of high-energy positive ions 
The critical physical characteristics of the inert gases are hsted below 


Gas 

Atomic 

weight 

lomzation 

potential, 

volts 

Molecular 

diameter, 

cm 

Hehum 

4 002 

24 46 

1 9 X 10-® 

Neon 

20 183 

21 47 

2 35 X 10-« 

Argon 

39 944 

15 68 

2 9 X 10“« 

Krypton 

82 9 

13 96 

3 2 X i0“8 

Xenon 

130 2 

12 08 

3 5 X 10-8 


From this tabulation it is seen that as the atomic weight decreases 
the lomzation potential increases A compromise must therefore be 



Fig 19 11 — Current as a function of hght flux m a typical gas 
phototube 


effected m reahzmg the requirements of low atomic weight and low 
lomzation potential The properties of argon represent a reasonable 
compronuse, and this gas is the one most commonly used, though other 
gases may be and sometimes are used in special applications 

The gas amplification that can be realized in a gas phototube depends 
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upon the gas pressure and the voltage involved These factors deter- 
mine the number of lomzing colhsions of a photoelectron The greater 
the pressure, the less the average distance between molecules but cor- 
respondingly the less energy the electron has at each colhsion. The 
average distance between colhsions of molecules or electrons m a gas 
IS known as the “mean free path ” The mean free path of an electron 
moving among gas molecules is in turn related to the pressure, or number 
of molecules per cubic centimeter, and to the molecular diameter of the 
gas molecules by the relation 

4 

Mean free path = ^ cm (19 6) 

*irCL<rn, ^ 

where dm is the molecular diameter m centimeters and n is the number 
of molecules per cubic centimeter i The number of molecules per cubic 
centimeter of a gas depends only upon the pressure and the temperature 
and IS independent of the gas involved, 

n = 7 244 X IQi® ^ (19.7) 

where P is pressure m bars or dynes per square centimeter 

(1 atmosphere =10® bars = 760 mm of mercury) 

and T is temperature in degrees Kelvin (273 + C®) Combming Eqs 
(19 6) and (19 7) for argon and assuming room temperature to be 290®K, 

Mean free path of electron _ 60 7 . . 

among argon molecules ” P ^ ^ 

where P is in dynes per square centimeter or bars 

A pressure of 0 2 mm of mercury is commonly used in gas phototubes 
This corresponds to a pressure of 263 bars and a mean free path of 0 23 
cm At every ionizing collision a new free electron is created that can 
itself produce more electrons by collision Thus, if the original photo- 
electron m traveling from cathode to anode experiences n collisions each 
of which produces a single free electron, then 2'^ free electrons reach the 
anode for each photoelectron emitted The potential distribution must 
be such that each electron acquires enough energy to lomze another 
molecule in a distance equal to or shghtly less than the mean free path 
From the above figures it is seen that with a linear potential field it would 
be necessary to have a cathode-anode spacing of only about 0 8 cm and 
a total potential of only about 64 volts to ensure a gas amplification of at 
least fifteen times (since for every electron formed a positive ion is 
also formed that contributes to the current) 

1 Dow, W G , “Fundamentals of Engmeermg Electronics,” pp 256-260, Wiley, 
New York, 1937 
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Frequency Distortion in Gas Phototubes Owing to tlie presence of 
the high-mass positive ions m the current flow of a gas phototube there is 
appreciable frequency distortion in such tubes This arises from the tune 
involved in the formation of the ions and in their large transit tune A 
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Frequency, cycles per sec 

Fig 19 12 — Response of a gas phototube to a constant illumination modulated 
at audio frequencies 

typical response curve to a light ray that is sine-w'ave-modulated at a 
variable frequency is given in Fig 19 12 Distortion is small enough 
so that it is tolerable in the a-f range It may be equalized by using an 
amplifier with a characteristic that rises with frequency in such a way 
as to offset the distortion introduced by the gas tube A little har- 



Fig 19 13 — Response of a gas phototube to a light ray that is 
square-wave-modulated at a high audio frequency 


momc distortion is involved in the response of a gas phototube, too, 
but it IS generally small enough so that it is not serious If the light 
source is square-wave-modulated, the current output of the gas phototube 
will not be a perfect square wave but will have the form of the wave 
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shown m Fig 19 13 The current does not build up instantaneously to 
its maximum value The principal cause of this time lag is the time 
required for the positive ions formed to reach the cathode When the 
light source is cut off the current does not immediately drop to zero, for 
there are still positive ions floating about between electrodes. The 
time lag here is primarily due to the time required for the positive ions to 
diffuse to the electrodes or to disappear by combmation with free 


electrons 

Summary of Gas-phototube Characteristics As a result of intro- 
ducing gas into a phototube, a gain m the luminous sensitivity by about 
a factor of 10 may be realized A price must, however, be paid for this 
gain m sensitivity — ^the fact that the resultant tube characteristics are 
slightly nonlinear, introducing some harmomc distortion Further, 
some frequency distortion is encountered, due to the time-lag effects 


in the tube 

The gas phototube must operate at much lower voltages than the 
vacuum phototube This effects a considerable simplification of the 
power-supply circuit and is an advantage in many apphcations How- 
ever, there is a minimum resistance that can be used with the tube to 
avoid a glow discharge The glow discharge is readily avoided by usmg 
a larger load resistance, but then the nonlmear distortion increases. 
Further, since the voltages at which the gas phototube are operated are 
of the order of one-half to one-fifth of the voltages used with the vacuum 
phototube and the load resistances are correspondingly lower, much of the 
gain in luminous sensitivity is lost In general, gas phototubes are more 
suitable for low levels of illumination because of the greater luminous 
sensitivity, while vacuum phototubes are best suited for applications 
in which the amount of light or the size of the voltage supply is not a 
factor Gas phototubes are further not as stable as vacuum phototubes 
and have a greater tendency to age rapidly and are more susceptible to 
injury from excessive light mtensity or voltage 

19.9 Utilization of Phototube Characteristics. The output current 
of a phototube is so low that the phototube must always be used m 
conjunction with some other vacuum tube that can amplify the phototube 
current to a value large enough to operate a relay or other re^temg 
device Generally this can be achieved with one stage of ^plification 
of the voltage across the load resistor m senes with the photocell and 
with the amplified voltage then applied to the grid of a small thyratron 
m whose plate circuit there is a relay The amplifier and thyratron may- 
be operated with either alternating voltage or direct -voltage, in fac , 
the former arrangement has the advantage that the relay operation is 
generally better If alternating voltages are used, then either 
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denser must be put across the relay or a relay with a shaded pole must 
be used Recently there have been developed some small screen-gnd 
thyratrons, such as the RCA 2051, which have a sufficiently high control 
ratio and a low enough control-gnd current so that they may be operated 
from either a vacuum or a gas phototube directly In general, the 
electromc circuits associated with phototube control systems are quite 
simple and easy to build 

19.10 Photomultiplier Tubes. Much attention has been devoted 
to the development of phototubes with a secondary-electron multiplier 
as part of the tube to increase the imnute photoemission current to a 
larger value Early attempts met with great difficulty in achieving 
stable secondary-emission surfaces that had low noise characteristics 
Suitable secondary-emission surfaces were finally developed, and photo- 
multipher tubes are now available commercially 

The principle of the photomultipher tube is illustrated by the parti- 
tion type of tube shown in Fig 19 14 This is a longitudinal section of a 
cylindrical structure, % e , the individual electrodes are noncircular 
cyhnders generated by movmg a line perpendicular to the paper The 
tube contams a photocathode PC, from which electrons are drawn 
through a hole JT in a nuca shield to a first electrode 1, which has an 
electrostatic shield S attached The photoelectrons striking the concave 
side of the first electrode, which is more positive than the photocathode 
by, say, 100 volts, give nse to secondary electrons, which are attracted 
to the second anode, 2, which is, say, 100 volts more positive than the 

1 Phototubes, RCA Tech Bull PT-20I11, pp 4-41 

2 Hennbt, Keith, '‘Electron Tubes m Industry,"' 2d ed , McGraw-Hill, New 
York, 1937. 

® Shephard, F H , Jr , Application of Conventional Vacuum Tubes m Uncon- 
ventional Circuits, Proc I R E , yoI 24, pp 1573-1581, December, 1936 

^ Reich, H J, “Theory and Application of Electron Tubes," pp 505-511, 
McGraw-Hill, New York, 1939 

® Iams, H , and B Salzberg, The Secondary Emission Phototube, Proc IRE, 
vol 23, pp 55-64, January, 1935 

8 Rajchman, J a , Le Courant r6siduel dans les multiplicateurs d"<Slectrons 41ec- 
trostatique, Archives sci phys nat , [V] vol 20, September-Ootober and November- 
December, 1938 The same material is contained m Rajchman's doctor of science 
thesis from the Technical Institute of Zurich, 1938 

^ Zworykin, V K , and J A Rajchman, The Electrostatic Electron Multiplier, 
Proc IRE, vol 27, pp 558-566, September, 1939 

8 Rajchman, J A , and R L Snyder, An Electrically Focused Multiplier Photo- 
tube, Electronics, vol 13, pp 20-23, 58, 60, December, 1940 

® Glover, A M , A Review of the Development of Sensitive Phototubes, Proc 
IRE, vol 29, pp 413-423, August, 1941 
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first anode Th.e secondary electrons from the first anode are more 
numerous than the excitmg photoelectrons Likewise, the secondary 
electrons from the first anode on striking the second anode give rise to 
still more secondary electrons Each successive anode is at a higher 
potential than its predecessor, and each electron striking one anode 
gives nse to several secondary electrons If the secondary-emission 
ratio for any one electrode is r and the number of electrodes is n, then 
the output current is tunes the photoelectron current By this 
mechanism, current amplification of the order of 100,000 is possible 
Voltages of the successive anodes are readily obtained ^rom a voltage 
divider since the magnitude of the current is small 


A 



Fig 19 14 — Structure of a partition-type photomultiplier tube 


The shape of suitable electrodes may be determined from membrane- 
model studies Some typical electrode shapes and electron paths through 
the resultant field are shown in Fife 19 15 For the case shown, the 
potential between successive electrodes is taken as 100 volts The 
paths of the electrons are critical only to the extent that the action of 
successive electrodes produces a convergent focusing action which pre- 
vents the electrons from spillmg over the edge of some later electrode 
The focusing action of successive similar electrodes can be checked by 
plotting a curve of the striking position on an electrode as a function of 
the position of liberation on the previous electrode A typical focusing 
curve IS shown in Fig 19 16 The liberation point is mdicated by the 
parameter x in Fig 19 15, while the corresponding arrival point is y 
(Figs 19 15 and 19 16 are for similar but slightly different tubes) 
The crossover action evident in Fig 19 15 gives rise to the peaked double- 
valued focusing curve of Fig 19 16 The focusing action of the succes- 
sive electrodes may be studied from the curve of Fig 19 16 with the aid 
of a 45-deg construction line An electron liberated from a; == 10 on 
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anode 1 ■will strike anode 2 at j/ = 2 8 Using the 46-deg construction 
line, an electron hberated from a: = 2 8 on anode 2 ■will strike anode 3 at 
2/ = 9 1 An electron hberated from a: = 9 1 on anode 3 "WiU strike 
anode 4 at y = 3 6, and so on The focusing action follows the rec- 
tangular spiral sho^wn, with eventual convergence on pomt P. The 
electrode ■will have a convergent focusing action as long as the second 
denvative of y ■with respect to x of Fig 19 16 is negative The height 
of the focusing curve d is a figure of merit of the electrode shape because it 
determines the active portion of the multiplier electrodes A large 
radius of curvature m the vicimty of the point P is desirable to pre^ront 
the electrons from bunching mto the middle of an electrode too rapidly 



Fia 19 15 — Electron paths m the partition-type photomultiplier 
tube 


In practical commercial tubes the circular structure of Fig 19 17 
IS preferred because of its smaller space requirements The action of 
this tube IS the same m pnnciple as that of the tube of Fig 19 14 In 
the tube of Fig 19 17 the same type of emissive surface is used for both 
the photocathode and the multiplier electrodes It was the discovery 
of a surface ■with both good photoemission and good secondary-emission 
properties that made the commercial form of this type of tube practical 
The photoemission sensitmty of this surface is about 15 microamperes 
per lumen The secondary-emission multiphcation ratio is about 3 5 
at 100 volts per stage and about 4 0 at 125 volts per stage For 10 
multiplynng anodes, or “dynodes” as they are sometimes called, this 
gives a total multiphcation of 60,000 at 1,000 volts or 230,000 at 1,250 
volts Smce a 25 per cent mcrease m voltage gives nse to a 200 per cent 
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increase m current, the voltage must be regulated to 0 1 per cent if the 
output current is to be constant to 1 2 per cent The luminous sensitivity 
of the 931 tube is 0 6 ampere per lumen for light from a tungsten jBla- 
ment at 2879°K and a 1 ,000-volt supply The corresponding background, 
or ''dark,” current is 0 25 ampere The dark current arises from (1) 
leakage resistance between electrodes, (2) secondary emission resulting 
from bombardment of the photocathode by positive gas ions, (3) field 
enussion from all electrodes, and (4) thermal emission from all electrodes 
Contributions to the dark current from all these sources can be reduced 
by careful design but can probably never be completely ehmmated 



Fig 19 16 — Focusing curve of photomultiplier electrodes 


The signal-to-noise ratio of the type 931 photomultiplier tube shown 
in Fig 19 17 IS superior to that of an ordmary phototube-resistor- 
amplifier combmation A comparison of the signal-to-noise charac- 
tenstics of the 931 photomultipher tube and a 929 vacuum phototube 
with amphfier is shown in Fig 19 18 At threshold values of lUumina- 
tion the multiplier phototube is about 45 db supenor to the vacuum- 
tube-resistor-amplifier combination The signal-to-noise ratio of the 
photomultiplier tube mcreases 10 db for every factor of 10 in current, 
while the signal-to-noise ratio of the phototube-resistor-amplifier com- 
bination increases 20 db for every factor of 10 m curren^t up to a pomt at 
which relatively large currents flow At this pomt the signal-to-noise 
ratios of the two devices are about the same. The superiority of the 
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multiplier phototube lies in the fact that noise is contributed only by 
shot effect, whereas in the phototube-resistor-amphfier combination 
there is a considerable contribution of noise from the rather large load _ 
resistor that must be used 

The nature of the signal-to-noise characteristics can be better under- 
stood from a study of the specific formulas involved For a vacuum- 
phototube-resistor combination, the signal-to-noise ratio has the form 

^oun __ F o^R q q\ 

ATout ^ 2eBIoR + 4.kTB 



Fig 19 17 — Structure of a circular photomultiplier 
tube 


where F is form factor of light modulation wave 
M IS percentage modulation of light wave 
Jo IS direct photoelectric current, amperes 
jB is effective load resistance, ohms 
e IS charge of the electron, coulombs 
B is band width, cycles 

k IS Boltzmann^s constant, 1 372 X 10“^^ watt-sec per °K 
T IS temperature, °K 

The numerator of Eq (19 9) represents the signal power The denomi- 
nator contams two terms, the first of which represents the shot-noise 
power originating m the phototube and the second of which represents 
the thermal-agitation noise arising from the load resistor For low 


levels of illumination the first term in the denominator of 
will be small, and the equation will reduce to 

Nont UTB 


Eq (19 9) 
(19 10) 
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The signal-to-noise level for low levels of iHununatioa. is seen to vary 
wnth the square of the photoeaussion current (20 db for every factor of 
10 in current) At high levels of illumination the second term of the 
denofninator of Eq (19 9) will be small compared with the first, and the 
equation will reduce to 


^o\it 

” 2eB 


(19 11) 



Fig 19 18 — Comparative signal-to-noise ratios of a photomulti- 
plier tube and a vacuum phototube with amplifier 


which IS seen to be hnear with photoemission current (10 db for every 
factor of 10 in current) The low and high level rates of variation of 
signal-to-noise level with photoepmssion current exhibited m Fig 19 18 
are thus explained 

It IS of mterest to examine the conditions under which either the shot 
noise or the thermal-agitation noise predommates m the phototube- 
resistor-amplifier combination N oise contributions from the two sources 
will be equal when the two terms in the denominator of Eq (19 9) are 
equal, i.e,, when 


r 2kT 


(19 121 
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At room temperature, T = 290®K, this has the approximate value 

(19 13) 


h = 


R 


Avhere Jo is m amperes and R is in ohms (or, more convemently, Jo may 
be taken m microamperes when R is in megohms) Thus the shot- 
noise contribution will equal the thermal-agitation-noise contribution 
from the resistor if the current is 1 microampere when the load resist- 
ance IS 20 megohms When the current is less than the value given 

by the thermal-agitatiqn noise from the resistor will be larger When 

the current is greater than ; the shot noise from the emitted electrons 
will predommate 

For the photomultiplier the signal-to-noise ratio is given by 


^out 
N out 




(19 14 ) 


where the symbols have the sigmficance of Eq (19 9) and S is the second- 
ary-emission-current multiplication ratio per stage The total power 
gam of the multiplier is thus The numerator is evidently the same 
as those m the previous equations except for the factor of power gam 
The first term of the denommator represents the photoemission shot 
noise multiplied by the noise amplification factor developed in Eq 
(12 44), which mcludes the noise of subsequent secondary emission 
The second term of the denominator of Eq (19 14) represents the 
thermal-agitation noise in the frequency band B Because of the rather 
considerable noise amplification, the first term in the denominator will 
generally be much larger than the second, and accordingly the equation 
reduces to 

Sou. _ FM^jS - l)Jo flQ 15 ^ 

" 2eBS ^ 

This shows the signal-to-noise ratio to be hnear with the photoemission 
current (10 db for every factor of 10 m current) The signal-to-noise 
ratio for this case is further seen to be the same as that of the vacuum- 
phototube-resistor combination as given in Eq (19 11) except that it is 

Hence the observed behavior of Fig 19 18, 


S - 1 


smaller by the factor — ^ 

which shows the signal-to-noise ratio of the vacuum-phototube-resistor 
combmation to be slightly less than that of the photomultiplier tube at 
high levels of illumination 
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20 1 Introduction It was inevitable that in the development of 
vacuum tubes there should arise the need for various special forms 
Fortunately, tubes are now manufactured so easily that it is actually 
possible to get a tube tailor-made to smt almost any purpose Attempts 
at standardization have held down the number of special tubes that would 
otherwise have come mto existence Also, the fact that tubes are quite 
versatile and can be used to give various operating charactenstics by 



changing connections and the applied voltages has acted soinewhat to 
restrict the number During the Second World War ^ed for specif 
tubes was so great that hundreds came mto existence, but with tune these 
Will probably be reduced to a relatively small number i + « 

In this chapter there vnll be discussed the prmcipal special tubes 
not treated in the previous chapters The 

ventional tubes operated so as to produce special characteristics will 
also be discussed 
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20.2. The Hexode. The hexode is a six-electrode tube It consists 
of a cathode, four grids, and an anode It is generally used as a mixer 
tube m superheterodyne receiver circuits The nonlmear charac- 
teristics of the tube are used m such a way that when a r-f signal is 
apphed to one grid and a signal from a local oscillator is applied to another 
grid the beat- or difference-frequency component appears m the plate 
current Thus the mixer tube functions as a frequency converter 

For frequency-conversion purposes the hexode is mvanably operated 
with the relative potentials shown m Fig 20 1 Let the grids be num- 
bered consecutively from the cathode to anode, and let the voltages 
apphed to them be designated by the correspondmg numerical subscripts 
m all the following discussion The function and operating conditions 
of the various electrodes may be summarized by the following tabulation 


Electrode 

Direct voltage 

Function 

Cathode 

Zero 

Source of electron current 

Gnd No 1 

Small negative 

Injection of local oscillator voltage 

Gnd No 2 

Large positive 

Screen gnd to reduce electrostatic couphng 
between the signal and oscillator gnds 

Gnd No 3 

Small negative 

Injection of r-f signal voltage 

Gnd No 4 

Large positive 

Screen gnd to reduce electrostatic couphng 
between signal and output circuits 

Plate 

Larger positive 

Collector of modulated electron current 


The complete representation of hexode characteristics involves a 
large collection of characteristics, for many voltage combinations are 
possible However, smce the No 2 and 4 grids and the plate are usually 
held at fixed potentials, the tube is well described by two characteristic 
curves These are the 7p-Fi and the Jp-Fs characteristics In addition, 
the IjrVp characteristics are of some mterest 

The Jp-Fi characteristics of a hexode are similar to the Jp-Fi curves 
of a pentode for different values of suppressor-gnd potential if the cur- 
rents mvolved are small The No 1 grid under this condition will 
control the space current to the subsequent electrodes This current 
will divide between these electrodes in a nearly constant fashion The 
Ip-Vi curves of an actual commercial hexode are shown m Fig 20 2 
These curves exhibit a maximum of plate current due to the formation 
of a virtual cathode m front of the N o 3 grid When the virtual cathode 
forms, some of the space current will be reflected back to the No 2 gnd 
and the current transmitted to the plate will actually decrease as the 
space current mcreases This action is very similar to that which 
occurred m the beam-power tube As the No 3 gnd is made more 
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negative, the virtual cathode will form at lower space current. The 
formation of the virtual cathode corresponds to the peak of plate current 
In apphcation, this tube must be operated to avoid the region of negative 
transconductance 



The Ip-Vz curves of a hexode will resemble those of a pentode if the 
current is small Actual characteristics as shown m Fig 20 3 may 
exhibit some crossovers due to the formation of a virtual cathode m front 
of the No 3 grid 

The Ip^-Vp characteristics of a hexode will resemble those of a tetrode 
if the current is small There may be an mterchange of secondary 
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electrons between the No. 4 grid and plate since there is no shielding 
grid between them Actual curves as shown in Fig. 20 4 will resemble 
beam-power-tube characteristics if the current is high enough, for then 
a potential minimum will form between the No 3 grid and plate that will 
suppress the interchange of secondary electrons 

In addition to the static characteristics, several of the dynamic 
constants of the hexcKie are of interest As with other multiel<*<'tro<ie 
tubes, the amplification factor is of no paiticiilai signiiicauce. It is very 



high because of the shielding action of the siTccn grids. The plnUi 
resistance of the hoxode is likewise of no great significance It will 
tend to bo high, of the order of the plate resistani’c m a tctrixle hut not 
as high as the plate resistance of a pent(«le. 'I’lie i‘ontiol-gri«l trans- 
conductances of a hexode, however, are of considerable importance. The 
first of these transconductancea is the first-griti plate transeonductanee, 
which is defined by 

,, - '!> - (fA 

dr I \tlVi/vt,vt,v* vp 






Plate current,millianriperes 
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This transconductance is equal to the slope of the characteristics shown 
in Fig 20 2 The other transconductance of interest is the third-gnd- 
plate transconductance It is defined by 

ff3p = |^ = te) (20 2) 

dVz \dVz/viV2VAVp 

This transconductance is equal to the slope of the characteristics shown 
in Fig 20 3 The transconductance gip will generally be greater than 
the transconductance gzp 



Another hexode constant that is of particular significance is the 
so-called conversion transconductance” This is the ratio of the 
magnitude of the plate current of frequency /i — h to the magmtude 
of voltage of frequency /i applied to one of the control grids (No 1 or 3 
in the case of the hexode) under the condition that a fixed voltage of 
frequency fz is applied to the other control grid and that all the direct 
electrode voltages are kept constant Thus, in contrast with other tube 
conductances, the conversion transconductance is the ratio of an alter- 
nating component of plate current at the difference frequency (/i — pd 
to the alternating component of signal voltage on one control electrode 
at a different frequency fi under the condition that a local oscillator 
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voltage at a still different frequency /a be applied and maintained con- 
stant on another control electrode The conversion transconductance 
IS a function of the magmtude of the local oscillator voltage and passes 
through a maximum at a particular value of local oscillator voltage 
In Fig 20 5 are given some typical curves of conversion transconductance 


OPERATION CHARACTERISTICS 
LTYPE 6K8 
1^*63 votis 

.Curve 

Hexode plate volts 100 250 

.Triode plate volts 100 100 

Hexode screen 

(grids No 2 and4) volts 100 100 

[■Hexode control-grid 

(grid No 3) volts -3 -3 


Tnode grid resistor (ohms) 50,000 50.000 



Fig 

tube 


01 02 03 

Tnode grid ond hexode grid No 1, 
d-c milliamperes 

20 5 — Conversion transconductance of a mixer 


of a hexode m terms of local oscillator gnd current, which for a given bias 
resistor is proportional to local oscillator voltage 

Frequency conversion m any of the mixer type of tubes can be 
considered as a process of modulation of the oscillator frequency by 
the signal frequency, the intermediate frequency appeanng as one of the 
sidebands The modulation is accomplished through the medium of the 
electron stream m the tube The electron stream will ordmanly expen- 
ence a large amphtude variation at the oscillator frequency The com- 
ponent of tube current at oscillator frequency is modulated m magmtude 
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at the signal frequency The degree of modulation is ordinarily so low 
that higher-order effects can be neglected and the basic relations studied 
by simple analysis 

As with an ordinary amplitude-modulated wave of current the ampli- 
tude of the side bands is smaller than the carrier by half the degree of 
modulation Hence 

TJfh 

~ "2 ^oae (20 3) 

where I%f is the component of plate current at the intermediate frequency, 
which IS the difference between the signal and oscillator frequency, w 
is the degree of modulation, or the ratio of the change in the component of 
current at oscillator frequency to the magmtude of this component, and 


lose IS the component of plate current at oscillator frequency AH 
values of current are peak rather than effective The degree of modula- 

tion IS given by 


___ A/o«c ^lose xr ^ 

^ T ^ aTT ^ T 

<* 030 V r g%g JL 080 

(20 4) 

where V,^g is the peak value of the signal voltage. 
Eqs (20 3) and (20 4), 

Hence, combining 

X 1 Sjpic XX 

~ 2 dV„g 

(20 5) 

Since the conversion transconductance is defined as 


So = 

y 8%g 

(20 6) 

then, from Eq (20 5), 


1 dl„.c 

2dV.^ 

(20 7) 


The component of plate current at oscillator frequency is given from the 
well-known Fourier integral 

lo»c = “ / Ip cos o)t d(cot) (20 8) 

^ J —TT 

where Ip is the instantaneous value of plate current as a function of time 
and 6) IS the oscillator angular frequency Taking the derivative of 
this expression with respect to Vsig and substituting into Eq (20 7), 

So = ^ j Sip cos ut d(ut) (20 9) 

results, as may be seen by recalhng the defimtion of gtp given, m Eq 
(20 2) The above assumes that the oscillator voltage is applied to the 
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No. 1 grid of the hoxode and that the signal voltage is applied to the 
No. 3 grid. 

The third-grid-plato transconductanrc will vary over a large range 
of values as the oscillator voltage swings over its range of voltages appUeil 
to the No. 1 grid. The nature of the variation of the thir<l-grid plate 
tranaconductanee with No, 1 grul voltage is sliown in I'ig. ISl B, curve b 
The conversion transeomluctanco ran he evaluateil graphically or 
numerically from this curve and Eq (20. h). Also shown in I'ig 200 is 
the effect of the sinusoidal variation of oscillator voltage upon the plate 





current, which is proportional to the thinl-grid -plate tmnwomlucUneo 
for a fixed small signal voltage. The conversion transeonductaiiee is by 
the definition of hit}. (20.9) equal to half the fundamental eumponenl of 
the resultant curve of (?«p as a f unct ion of lime show n in Fig, 20 0 From 
observation of Eq. (20.9) it is seen that the oseillator voltage should 
be adjusted so that the tube current is cut olT in the interval that eim id 
is negative. Otherwise, there is a negative area under the curve of the 
integmmi that reduces the conversion transconductance. The maximum 
posmbk conmraton tramcomlwlawe would be obtainwl if the cur\'e of 
third-grid-plato transconductance rose sharply from wro to a maximum 
value as shown for curve o of Fig. 20.0. Much a transconduclanee woiihl 
yield the siiuaro wave of plate current shown ami a conversion trans- 
conductanco of value 

fflDnna 


0 * 


» 


( 20 . 10 ) 
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In other words, the maximum possible value of the conversion trans- 
conductance IS about one-third the maximum value of the third-gnd— 
plate transconductance Actually, the curve of gzp against Vi has the 
form shown at 5, which is an s-shaped curve that is almost straight 
This s-shaped curve is closely approximated by the straight-lme curve 
shown as c, which yields the triangular wave of plate current given 
The Fourier integral of Eq (20 9) for this case yields the value 


Qo — 



(20 11 ) 


The actual value for the curve b will he somewhere between the values 
given by Eqs (20 10) and (20 11) but much closer to the latter Hence, 
in general it may he expected that the conversion transconductance mil have 
a value approximately equal to one-fourth the maximum value of signal- 
gnd-plate transconductance of any mixer-type tube 


Hexode ( M/xer) 
Hexode (Sign ml) grid No 3 \ 


Hexode grid No 4 
' (Mixer screen section) 


Infernal shield — 


r Infernal shield 
^-ShelJ 


Hexode gnd No 2 -- - Tnode (Osc jplafe 

— Tnode (Osc ) gnd 
Hexode (Mixer) gnd Ho 1 Cathode 

Fig 20 7 — Electrode structure of the 6K8 triode-hexode 


The form of Eq (20 9) indicates that there is generally an optimum 
value of oscillator voltage If the oscillator voltage is too small, the 
plate current will not flow for a sufficiently large fraction of a cycle If 
it IS too large, the current will flow for more than a half cycle and the 
conversion transconductance will be reduced 

An example of a commercially available hexode is the 6K8, which 
contains a triode and a hexode in the same envelope This tube is 
specifically designed to be operated as a mixer tube in a superheterodyne 
receiver The tube is built so that the No 1 gnd is common to the hexode 
and the tnode The No 2 and 4 grids are tied together internally 
The tnode is built on one side of a stnp cathode, and the hexode is built 
on the other A cross section of the tube electrode structure is shown 
in Fig 20 7 As a result of this structure, the local oscillator voltage 
appears on the No 1 gnd of the hexode, and the r-f signal must be apphed 

to the No 3 gnd , , , ht 

The hexode was one of the first mixer-type tubes developed More 
recently developed types exhibit better operating charactenstics 
Hexodes in general suffer from some interaction between the two mput 
circuits, a relatively low conversion transconductance, and a relatively 
low plate resistance 
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20.3. The Heptode. The heptode is*a seven-electrode mixer tube 
with five grids It has the construction shown in Fig 20 8 The 
potential variation within the tube is shown in Fig 20 9 The function 
and operatmg conditions of the various electrodes may be summarized 
in the following tabulation 


Electrode 

Direct voltage 

Function 

Cathode 

Zero 

1 Source of electron current 

Grid No 1 

Small negative 

Injection of signal voltage, source of bias for 
automatic volume control 

Grid No 2 

Large positive 

Screen grid to reduce electrostatic coupling 
between signal and oscillator grids 

Grid No 3 

Small negative 

Injection of local oscillator voltage 

Gnd No 4 

Large positive 

Screen grid to reduce electrostatic coupling 
between oscillator and output circiuts 

Gnd No 5 

Zero 

Suppressor grid to improve plate-current 
characteristics and further reduce electro- 
static couphng between oscillator and out- 
put circuits 

Plate 

Large positive 

Collector of modulated electron current 


Since the No 2, 4, and 5 grids of the heptode are generally held at 
fixed voltages, the static characteristics of the heptode may be repre- 
sented by the /p-Fi, /p-Fs, and Ip-Vp characteristics 

The Jp-Fi characteristics of a 6L7, which is a typical heptode, are 
shown in Fig 20 10 These are similar to the /p-Fi curves of a variable- 

mu pentode for vanous suppressor-grid volt- 
ages The No 1 grid has the principal influ- 
ence in determining the magnitude of the 
space current that is passed on to the sub- 
sequent electrodes 

The Ip-Vs characteristics of a 6L7 heptode 
are shown in Fig 20 11 These curves are 
similar to the plate-current-suppressor-grid- 
voltage characteristics of an ordinary pentode 
The potential of the No 3 grid determines the 
fraction of the space current that is passed on 
to the plate 

The /p-Fp characteristics of a 6L7 heptode are shown in Fig 20 12 
These curves are similar to the Ip-Vp characteristics of an ordinary 
pentode. They resemble pentode rather than screen-grid-tube charac- 
teristics because of the presence of a suppressor grid between the last 
screen gnd and the plate 



Fig 20 8 — Structure of the 
heptode 




Plate current, mi llioimperes 
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Heptode characteristics are in general superior to hexode charac- 
tenstics ^ In the first place it is possible to use the No 3 instead of the 



Fig 20 9 — Potential profiles of the heptode 



No 1 grid for local-oscillator-voltage injection because of the extra 
shielding between the No 3 grid and* plate introduced by the presence of 


^ Nesslage, C F , E W Herold, and W A Harris, A New Tube for Use in 
Superheterodyne Frequency Conversion Systems, Ptoc I P E j vol 24, pp 207-218, 
February, 1936 



Plate current, milliamperes 
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Tig 20 11 — ly-Yz characteristics of the heptode 



Fig 20 12 — VF, characteristics of the heptode 
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the No 6 suppressor grid This arrangement allows the No 1 grid to 
be used for signal injection and makes it possible to obtain a vanable-mu 
action from this grid, which in turn makes good automatic volume con- 
trol possible In general, it is very difl&cult to design a tube with a 
vanable-mu charactenstic on any but the first grid This is because 
the subsequent control grids are necessarily coarse in order to pass a 
sufficient fraction of the space current, and being coarse do not allow a 
large enough range of amplification factor The addition of the No 5 



Fia 20 13 — gip-Vz characteristics of the 
heptode 


suppressor grid also raises the plate resistance and thus allows higher 
screen-grid voltages, which in turn increases the No 1 grid-plate trans- 
conductance and so raises the obtamable conversion transconductance 
The increase m plate resistance improves the selectivity and gam of the 
tube 

Aside from the above factors the mixer operation of the heptode is 
like that of the hexode In Fig 20 13 are shown the gi%rV z charactenstics 
of the 6L7 heptode These transconductance curves are similar to the 
limiting curve c of Fig 20 6 The resultant Qc-^V i characteristics are 
shown m Fig 20 14 Excellent automatic-volume-control charactenstics 
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are exhibited here It should also be noted that the maximum conversion 
transconductance obtained is approximately one-fourth of the maximum 
No 1 grid-plate transconductance 



Fig 20 14 — g^ryi characteristics of the heptode 

20.4. The Pentagnd Converter The pentagrid converter is a heptode 
as far as its static characteristics are concerned but is used as a mixer 
by connecting the cathode and first two grids as a triode oscillator With 
this arrangement, the No 2 grid acts as the triode plate, and the cathode 
cannot be operated at zero potential but must be allowed to have oscil- 
lator voltage on it Furthermore, the local oscillator voltage is effec- 
tively mtroduced on the No 1 grid, and the signal is introduced on the 
No 3 gnd As with the heptode, the No 4 gnd is a screen gnd, and the 
No 6 grid functions as a suppressor This arrangement has the advan- 
tage that it requires one less tube but has the disadvantage that bias 
for the automatic-volume-control action is more difficult to apply 

Typical potential profiles for a pentagnd-converter connection of a 
heptode- are shown m Figs 20 15 and 20 9 Two types of operation are 
possible In Fig 20 15 the No 3 and 5 grids are operated as screen grids. 
This arrangement has the advantage that the reaction between the signal 
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and oscillator circuits is reduced because tke No 2 and 3 grids exert a 
shielding action but has the disadvantage that the plate resistance is 
relatively low, with attendant loss of gain and selectivity In the 
arrangement of Fig 20 9 the No 2 grid acts as tnode plate and screen 
gnd, the No 3 gnd is signal-mjection gnd, the No 4 gnd is a screen 
gnd, and the No 5 gnd is a suppressor gnd This arrangement has 
better plate-resistance charactenstics than the previous one but shows 
more mteraction between the signal and oscillator circuits unless specially 
designed tubes are used 

In addition to the electrostatic coupling between the signal and 
oscillator circuits in mixer tubes there may be an electromc interaction 
This occurs because with moderately large signal voltages the No 3 



Fig 20 15 — Potential profiles of a pentagnd converter 

signal gnd may become negative enough on the negative half of the signal- 
voltage cycle to repel low-velocity electrons approaching it from the 
oscillator section of the tube These electrons will be thrown back 
into the oscillator section and constitute an electromc loadmg that may 
change the local oscillator frequency appreciably 

The electromc mtei action between the signal and oscillator circuits 
may be reduced by using a heptode with the special electrode structure 
shown m Fig 20 16 This structure, typified in the 6SA7, differs from 
that shown in Fig 20 8 by the addition of some curved collector plates 
which partly enclose the No 2 gnd and are connected to it In addition, 
the No 3 signal gnd has a supporting wire opposite the opemng in the 

1 Strutt, M J 0 , “Moderne Mehrgitter-Elektronenrohren,” Vol II, pp 94-102, 
112-114, Springer, Berlin, 1938 

* RCA Manufacturing Co , Operation of the 6SA7, Apphcatton Note^ 100, 1938 
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coUector plates This causes the potential opposite the collector-plate 
opening to be more negative than on either side of the supporting rod, and 
as a result electrons are deflected to one side By virtue of this special 
electrode structure, electrons that are repelled from the No 3 signal 
gnd are deflected so that they are caught by the collector plates and 
prevented from returmng into the active electron stream of the oscillator 
section The collector plates further mcrease the electrostatic shielding 
between the sign a,! and oscillator circuits, with attendant improvement 
of operation The resultmg operating charactenstics are appreciably 
superior to those of the ordinary pentagrid tube 


6SA7 

STRUCTURE AND SOCKET CONNECTIONS 



to Gz) 

Pig 20 16 — Structure of the 6SA7 special peutagnd 


converter 

20.6. The Octode The octode is an eight-electrode mixer tube with 
SIX gnds As ordinarily used, the cathode and first two gnds are con- 
nected as a tnode oscillator The No 3 and 5 gnds act as screen gnds 
Signal IS injected into the No 4 grid The No 6 gnd is used as a sup- 
pressor gnd This arrangement achieves the desired effects of low 
electrostatic couphng between the signal and oscillator circuits while 
at the same time givmg good plate-circuit characteristics The 7A8 
IS an example of a typical octode In addition, the electrodes may have 
the special structure descnbed in the previous section, with the difference 
that the collector plates form the No 3 electrode and are not connected 
to the No 2 gnd The No 3 gnd is operated as a screen grid, and inas- 
much as it has a separate connection the repelled electrons that are caught 
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by it do not flow through the tnode oscillator or No 2 gnd circuit The 
Phihps EK3 IS an example of such a tube ^ 

20 6. Space-charge-gnd Tubes In all multielectrode tubes having 
signal grids operated at small negative potentials there is the possibdity 
of the formation of a virtual cathode before the control grid if the space 
current is high, enough This virtual cathode acts hke an ordinary 
cathode and has the advantage that it has a large area and so may give 
rise to a relatively high transconductance An ordmary screen-gnd 
tetrode can be operated as a space-charge-gnd triode by connecting 
the No 1 grid at a positive potential and usmg the No 2 gnd as a control 


^2 P 



Fig 20 17 — Potential profiles in tlie space-charge- 
gnd tnode 


gnd This gives nse to the potential distribution shown m Fig 20 17 
The No 1 grid in this case is called the ^^space-charge grid” because it 
draws a high enough current-from the cathode to form the virtual cathode 
in front of the No 2 grid Typical current-voltage characteristics are 
shown in Fig 20 18 The Jp-y '2 characteristics are similar to those of a 
tnode except that they exhibit greater curvatuf^nd hence more distor- 
tion in amplifier applications 

The space-charge-gnd principle may be applied to pentodes and other 
multielectrode tubes as well as to tetrodes The space-charge principle 
finds its chief application where tube operation is restricted to low 
voltages, as with certain types of battery-operated circuits When 
the voltages available are of the order of 50 volts or less, appreciably 
higher effective transconductances can be obtained than can be had with 


1 See Sthutt, op cit 
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coUector plates This causes the potential opposite the collector-plate 
opemiig to be more negative than on either side of the supportmg rod, and 
as a result electrons are deflected to one side By virtue of this special 
electrode structure, electrons that are repelled from the No 3 signal 
grid are deflected so that they are caught by the collector plates and 
prevented from returmng into the active electron stream of the oscillator 
section The collector plates further increase the electrostatic shieldmg 
between the signn.1 and oscillator circmts, with attendant improvement 
of operation The resulting operatmg characteristics are appreciably 
superior to those of the ordmary pentagnd tube 
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to G2) 

Fig 20 16 — Structure of the 6SA7 special pentagnd 


converter 

20 6. The Octode. The octode is an eight-electrode mrser tube with 
SIX grids As ordinarily used, the cathode and first two grids are con- 
nected as a tnode oscillator The No 3 and 6 grids act as screen grids 
Signal is mjected mto the No 4 grid The No 6 gnd is used as a sup- 
pressor grid This arrangement achieves the desired effects of low 
electrostatic couphng between the signal and oscillator circuits while 
at the aa^riA timp. givmg good plate-circmt charactenstios The 7A8 
IS an example of a typical octode In addition, the electrodes may have 
the special structure descnbed m the previous section, with the difference 
that the collector plates form the No 3 electrode and are not connected 
to the No 2 gnd The No 3 gnd is operated as a screen gnd, and inas- 
much as it has a separate connection the repelled electrons that are caught 
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by it do not flow through the tnode oscillator or No 2 grid circuit The 
Philips EK3 IS an example of such a tube ^ 

20.6 Space-charge-gnd Tubes, In aU multielectrode tubes having 
signal grids operated at small negative potentials there is the possibility 
of the formation of a virtual cathode before the control grid if the space 
current is high enough This virtual cathode acts hke an ordinary 
cathode and has the advantage that it has a large area and so may give 
rise to a relatively high transconductance An ordinary screen-grid 
tetrode can be operated as a space-charge-gnd tnode by connectmg 
the No 1 grid at a positive potential and using the No 2 grid as a control 



Fig 20 17 — Potential profiles m the space-charge- 
gnd tnode 


grid This gives nse to the potential distribution shown in Fig 20 17 
The No. 1 grid in this case is called the space-charge grid^’ because it 
draws a high enough current* from the cathode to form the virtual cathode 
in front of the No 2 grid Typical current-voltage characteristics are 
shown in Fig 20 18 The Ip-V 2 characteristics are similar to those of a 
tnode except that they exhibit greater curvatuf^nd hence more distor- 
tion in amplifier applications 

The space-charge-gnd principle may be applied to pentodes and other 
multielectrode tubes as well as to tetrodes The space-charge prmciple 
finds its chief application where tube operation is restricted to low 
voltages, as with certain types of battery-operated circuits When 
the voltages available are of the order of 60 volts or less, appreciably 
higher effective transconductances can be obtained than can be had with 


^ See Strutt, op ctt 
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oonveationial tube coimections For voltages above 50 volts there is no 
gam, and the space-charge-grid prmciple finds httle apphcation 

20 7. Negative-resistance 



Tubes Many applications in 
electron-tube circuits reqiure the 
existence of a negative resistance 
By a negative resistance is meant 
a circmt which is such that an 
increase m current through it pro- 
duces a decrease rather than an 
increase m voltage across it Any 
device having a current-voltage 
characteristic that exhibits a nega- 
tive slope has a negative resist- 
ance m the region of the negative 
slope In general, circuits will 
have a negative resistance over 
only a part of their operating 
characteristic Just as a positive 
resistance consumes power, so, 
correspondingly, a negative-resist- 
ance element delivers power 


Grid voltage, VO Its 

Fig 20 18 — Current-Yoltage characteris- 
tics of the space-charge-grid triode 


This means that negative-resist- 
ance devices must always have a 
source of power associated with 


them 

Means of obtaimng negative-resistance characteristics from tubes are 
almost too numerous to mention ^ A few of the devices are fundamental 
and important enough to deserve mention 

Glow-discharge Tubes In an arc or glow-discharge tube an increase 
in current produces an increase in lomzation so that a smaller voltage 
IS required to maintain the discharge Almost every two-element glow 
tube exhibits a negative resistance somewhere in its operating charac- 
teristic The usefulness of this type of negative resistance is limited 
by the fact that the magmtude of the resistance changes with temperature 
and life of the tube Also, the time lag associated with the positive ions 
present limits the frequencies at which the negative-resistance charac- 
teristic is available to low audio values 

The Dynatron The negative resistance that is available over part 
of the plate-current-plate-voltage characteristic of an ordinary screen- 

1 Herold, E W , Negative Resistance and Devices for Obtaining It, Proc I RF , 
vol 23, pp 1201-1223, October, 1935 Contains extensive bibliography 
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gnd tube as shown in Fig 10 2 is known as a ^^dynatron characteristic ” 
The negative-resistance characteristic results from the transfer of 
secondary electrons from plate to screen grid When the screen gnd is 
more positive than the plate, an increase in plate voltage will attract 
more primary electrons to the plate but relatively more secondary 
electrons are lost to the screen grid so that the net plate current decreases 
rather than increases If a parallel resonant circuit is placed in the plate 
circuit of a screen-gnd tube and the tube operated at voltages that will 
give a negative-resistance characteristic, oscillations will occur m the 
plate circuit provided that the magnitude of the resistance of the parallel 
resonant circuit is greater than the magnitude of the negative resistance 
of the tube plate circuit Oscillations will in general build up to the point 
where the magmtude of the negative resistance as averaged over the 
cycle of oscillation equals the positive resistance of the parallel resonant 
circuit - 

The negative-resistance characteristic obtainable from a screen-grid 
tube is subject to change as the tube ages and as the secondary-emission 
characteristics of the plate change from any of a number of causes For 
this reason this type of negative resistance is not extensively used 

D^rect~coupled Negahve-resistance Devices The most mterestmg and 
stable types of negative resistances are those which are obtained from 
judicious interconnections of standard vacuum tubes Such devices are 
dependent not upon gas or secondary-emission characteristics but rather 
upon current division between electrodes, space-charge effects, or a 
feedback action, all of which are quite stable and are capable of givmg 
lower magnitudes of negative resistance and a wider range of operatmg 
voltages than are available by other methods 

N'egative Screen-grid Resistance of a Pentode The screen grid of an 
ordinary pentode exhibits a negative-resistance characteristic if it is 
connected to the suppressor grid in such a way that an increase in screen- 
grid voltage IS accompanied by an equal increase in suppressor-gnd 
voltage This is evident from the curves of Fig 20 19 This family of 
curves shows the h-V 2 characteristics of a pentode for various values of 
Fs, where the numerical subscripts refer to the grid number in order 
from the cathode to plate The solid curves show the Z 2 -F 2 charac- 
teristics As the No 3 (suppressor) grid is made more negative, the 
No 2 (screen) grid current decreases If the No 2 and 3 grids are con- 
nected so that there is a constant difference of potential between them, 
the dotted curves shown in Fig 20 19 result The screen current 
decreases as the suppressor grid is made more positive, for the latter 
then transmits a greater fraction of the space current that approaches 
it, and as a result less current is returned to the screen grid This 
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decrease in reflected current more than offsets the increase in directly 
intercepted space current that is taken on by the screen grid as a result 
of its more positive potential The two dotted curves of Fig 20 19 
are for differences of No 2 and No 3 potential of 54 and 90 volts, respec- 
tively The magmtude of the negative resistance made available by 
this means is of the order of 3,500 ohms, which is considerably less than 
that obtainable from a dynatron, which is usually of the order of 10,000 
ohms The region of negative resistance is limited at low voltages by 
the condition that the suppressor grid is returning all the electrons which 


Vf,^225 
Negative resistance characteristics 
tcxken by assuming direct connection 
(for incremental changes)between 




Screen grid, volts 

Fig 20 19 — I 2 -V 2 characteristics of a pentode 


approach it and beyond this condition the suppressor grid has virtually 
no influence Correspondingly, the region of negative resistance is 
limited at high voltages by the condition that the suppressor gnd is 
passmg all the current which approaches it and so again loses control 
In actual apphcations the screen and suppressor grids are separately 
biased and fed through separate resistors but are coupled by a large 
capacity connected directly across the tube leads This means that the 
No 2 and 3 grids are connected together as far as voltage variations are 
concerned over a large band of frequencies The negative-resistance 
characteristic is available from low audio frequencies, dependent upon 
the size of the coupling condenser compared with the size of the resistors 
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in. senes with the electrodes, to frequencies of the order of 60 me, at which 
transit-time effects disturb the relations 

With proper connections the negative screen resistance of a pentode 
can be made to furnish either sinusoidal or square waves Likewise, 
trigger and flip-flop charactenstics can be made available 

JPush-pull N sgahve-resistance Circuit It is possible to connect two 
triodes or two pentodes in a push-pull arrangement by which a very 
good negative-resistance characteristic is made available The ciremt 
and resultant characteristics are shown in Fig 20 20 The current which 
flows through the input terminals shown consists of two components. 



Fig 20 20 — Current-voltage characteristics of the push-pull circuit 


that produced by the applied voltage, which is in one direction, and that 
produced by the tubes, which will be in the opposite direction because 
of the cross connection of the gnds The latter component of current 
can be made much larger than the former by tapping sufficiently high 
on the plate resistor of the other tube, usually across the entire resistor 
The negative-resistance characteristic shown results The resistance 
available has the approximate value of 

R (20 12) 

n 

for small values of impressed voltage, where R is the effective value of 
tlie resistance at the input terminals, rp is the dynamic plate resistance 
of the tubes, is the value of the plate resistor, /x is the amplification 

^ Reich, H J, “Theory and Application of Electron Tubes,’^ 2d ed , Chap X, 
McGraw-HiU, New York, 1944 

* Brunbtti, C , The Transition Oscillator, Proc IRE, vol 27, pp 88^94, 
February 1939 
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factor of the tubes, and k is the fraction of the voltage developed across 
the plate resistors that is applied to the other tube If k is sufficiently 
large, the effective resistance will usually be negative ^ 

In application, the cross connection between grids is made through 
a large capacity By proper connection either sinusoidal or square waves 
may be obtained The negative-resistance characteristic is available 
from low audio frequencies to frequencies of the order of megacycles 
This IS the basic circuit of the Eccles- Jordan trigger circuit and 
multivibrator 

Feedback Circuits The push-pull tube connection just described 
may be thought of as a feedback circuit composed of a two-stage direct- 



Electrode No 3 volts 

Fig 20 21 — Structure and characteristics of a special negative-resistance tube 

coupled amplifier that has its output connected to its mput More 
complicated arrangements can be used as well to give negative reactances 
as well as resistances ^ In principle, these methods use a feedback 
connection so that an increase in voltage between two terminals causes 
a current to flow m the opposite direction and thus gives rise to a negative- 
impedance characteristic 

Special Negative-resistance Tubes It is possible to design special 
tubes so that they will have particularly good negative-resistance charac- 
teristics Such tubes will m general make use of rather well-known 
electromc action Already mentioned has been a negative resistance that 

1 See Reich, o'p czt 

2 Ginzton, E L , Stabihzed Negative Impedances, Electronics ^ vol 18, pp 140- 
150, 138-148, 140-144, July, August, September, 1946 
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depends upon reflection of electrons from a gnd Such action can be 
enhanced by making the electrons approach the grid at a small angle 
In addition, it is possible to get a negative resistance by deflection of an 
electron beam Shown in Fig 20 21 is a special electron tube that 
obtains its negative-resistance characteristic from the change of focal 
length of an electron beam ^ Maximum current will be mtercepted by 
the No 4 wire electrode when the voltage on it is just right to focus on it 
the electron beam produced by the other electrodes For higher or lower 
voltages the current will drop off, thus giving rise to a negative-resistance 
characteristic for voltages higher than that required for a focus on the 
wire 

20.8. Negative -transconductance Tubes Two instances m which 
negative transconductances appear in tubes have already been mentioned 
One case is that of the beam-power tube in which as shown in Fig 10 13 
the curve of plate current versus current injected into the screen-grid- 
plate region exhibits a negative slope ovei a portion of its characteristics 
Since the space current m a beam tube increases as control-grid voltage 
increases, it will be true that over an appreciable portion of the available 
characteristics the plate current can be made to decrease as the control- 
gnd voltage increases provided only that the space current is high enough 
so that a virtual cathode forms between the screen gnd and plate This 
gives nse to a negative control-gnd-plate transconductance but with an 
ordmary 6L6 requires that the tube be operated at its maximum 
dissipation 

A negative suppressor-screen-grid transconductance also exists in 
the ordinary pentode, as is evident from the characteristics of Fig 20 19 
As suppressor-grid voltage is raised from a negative value, the screen-grid 
current decreases, for a greater fraction of the space current is passed 
on to the plate, and hence a smaller current is reflected back to the screen 
grid The negative transconductance here is available only in the range 
of suppressor-gnd voltages between which the suppressor gnd reflects all 
current and passes all current 

20.9 Electron-ray Indicator Tubes The electron-ray tube is an 
indicator tube designed originally as a tuning indicator for radio receivers 
but capable of a wide range of applications It is something of a cross 
between a triode and a cathode-ray tube Basically, in its commonest 
form, it IS a tnode with one gnd wire The cathode is cylmdncal, the 
gnd IS of the form of a narrow metal strip, and the plate is of the form 
of a wide-angle cone, which is coated with a fluorescent material and 
faces the end of the glass envelope of the tube so that the observer looks 

1 Thompson, H C , Electron. Beams and Their Application m Low Voltage Devices, 
Proc IRE, vol 24, pp 1276-1297, October, 1936 
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m toward the apex of the cone. The arrangement of the eloctro<ieH in 
Bhown in Fig 20.22. 

When the grid, or control electrode, of the electron-rav tube deseriheii 
is sufficiently positive relative to cathode potential, eleciritiis will mov<* 
in all directions, giving a complete circle of illumination from the tluo- 
rescont material on the plate As the control electriKle is made negative, 
it will repel electrons from its immediate vicinity ami cause a seclorlike 
shadow on the plate. As the I’ontrol-olectrodi* poUmtial is miwle more 
negative, the shadow angle increases It is possible to make a tube in 
which the shadow angle can be vaiied from 0 to UK) deg as the control- 
electrode potential is varied from a suitable positive value to sicro 

Characteristics of the (iAFll-C, whieh is an 
electron-ray tube with t.wo identical and sepa- 
rate control electrodes, are shown in Fig 
20 23 Because of thi' relatively large varia- 
tion in control-eloetriKlo potiuitial reifuireii to 
give an appreciable change in shallow angle, 
the commonest types of elect ron-niy tubes 
contain a directly eonnecti'd trlisle in the 
same envelope as the indu-utor elwtriKles. 
Kxamplos of such tubes arc the and the 
0G6 The eharaeti'risties of the (iK5 are 
shown in Fig. 20.24. These eharaeterist ies 
represent the combination effect of the truale 
ampliftoi and indicating device. 'I'he eharne- 
teristicB of the 0G6 are similar except that the 
sensitivity is about half as great. Many other 
electrode structures exhibit the pro|»erty of 
having an electron ray whose position or width vanes with thoeleelrtxle 
potentials. ‘ 

20.10. Directed-ray Electron Tubes. In this class fall all the tul«>s 
in which the direction as well as the magnitude of the electron current is 
important Several tubes in this category havi> alreiuiy been mentionwl 
An example is the beam-power tube, m which the electron current is 
formed into parallel sheets by means of ahgneil control and screen gritis, 
Takewise, the orbital beam tube, the 0HA7 spciual mixer heptiale, ami 
the electron-ray indicator tubes make use of clci'tron rays ilinn'leil in a 
specific manner to obtain the desired characteristics, 

The directed-ray tubes fall into several classes according to the function 
that the directed ray is intended to perform. The possible functions 
include obtaining high current densities, a selective ae.tion betwetm 
'■Ihd 



Dark or 
shadow 
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^F/uoresoent 
^ uf coating 


Cerfhode Or/d 
Pio. 20 22 — C^onstniction of 
the oloctron-ray tube 
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Fig 20 23 — Eleotron-ray-tube characteristics 



Target millioimperes 





726 


VACUUM TUBES 


electrodes by a focusing action, a variable electrode current by changing 
beam width, a discrimination between electrons of different velocities, 
a high or low fractional electron-current discrimination with respect to 
any particular electrode, and negative-resistance and negative-trans- 
conductance characteristics This hst is by no means complete. 

It IS a relatively simple matter to form electrons into defimte beams 
of either sheet or circular form In the ordmary tnode the action of 
the control gnd is such that the electrons leavmg it tend to form mto 
sheets By proper use of gnd wires and specially shaped electrodes a 
rather wide vanety of beam patterns can be had In Fig 20 26 are shown 
a number of structures that can be used to produce specific electron-ray 



patterns With all such devices, the angle of the electron beam will be a 
function of the electrode potentials, and the rate of change of angle or 
electrode current with any electrode voltage will be relatively slow 
because of the low amplification factors associated with a low number 
of gnd wires ^ 

Of particular mterest are arrangements by which current to a set of 
gnd wires may be kept low In Fig 20 26 are shown two such arrange- 
ments The arrangement of Fig 20 26a makes use of a cathode surface 
the cross section of which is scafioped m shape and agamst the points of 
which the gnd wires are aligned The curved equipotentials associated 

1 Knoll, M , and J Schlobmilch, Elektronoptische Stromverteilung m gitter- 
gesteureen Elektronenrohren, Arch Elektrotech vol 28, pp 507-516, August, 1934 
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mth the scallops of fche cathode surface focus the electrons so that they 
pass mostly between the gnd wires even when the control grid is positive ^ 
In the arrangement of Fig 20 266 the emitting material is painted on a 
cylinder in a helical trace The grid is likewise a helix of the same pitch 
as the emitting helix and positioned so that the wire lies opposite a non- 
emittmg portion of the cathode cylinder By these arrangements the 


C G 



Emifhng 
maferif^l 

Fig 20 26 — Electrode arrangements 
control-gnd current 
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for reducmg 


control-grid current can be kept to less than 1 per cent of the space cur- 
rent when the control grid is as positive as the plate for a triode structure 1 
In spite of this remarkable operating characteristic the difficulties of 
constructing such cathodes are great enough so that they have not found 
commercial application In Fig 20 27 is shown a low-screen-current 
tetrode The low scieen current is obtained 
by using squirrel-cage control and screen grids 
of the same number of wires and simply aligmng 
the grids With this arrangement the screen- 
grid current can be kept to a value as low as 
0 2 per cent of the plate current ^ 

20.11. Deflection Tubes Most electron 
tubes make use of the variation of magmtude of 
electron current with electrode potentials to 
obtain their control characteristics It would, 
however, be entirely feasible to obtain control 
characteristics from deflection of an electron beam rather than from 



current tetrode 


^ Knoll, M , Vorstarker und Senderohren als elektronenoptisches Problem, Zeit 
fUr Tech Phys , vpl 15, pp 584-591, December, 1934 
2 Thompson, op cit 
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change in magnitude of an electron current In Fig 20 28 are shown 
two forms of deflection tubes In the tube of Fig 20 28a a cylmdncal 
cathode and two four-wire grids are used to form a four-lobed electron- 
current pattern The resultant lobes are then deflected by the trough- 
shaped external-comer electrodes so that the electron-beam lobes are 
effectively switched between the sections of the plate In the arrange- 
ment of I^g 20 28b a plane cathode and a parallel-wire control gnd are 
used to form sheet electron beams, which are then deflected by an 
interleaved double screen grid so that the electron sheets are switched 
between the sections of an interleaved plate in the form of a double-stnp 
gnd Alternate sections of the screen grid and plate are connected to 
oppoate ends of the dnving and output circuits, respectively 



Fig 20 28 — Deflection tubes 


It might be thought that it would be possible to make a deflection 
tube which would exhibit a nearly mfimte transconductance by creating a 
beam with a sharp edge and then deflecting this past the edge of a 
collector electrode This property does not seem realizable in practice, 
for two reasons (1) Thermal velocities place a limit upon the maximum 
current density that can be achieved in a beam and upon the sharpness 
of the edge, as discussed m Sec 16 5 (2) To reahze a high effective 

mutual conductance it is necessary to place a large resistance in series 
with the collector electrode, and current flow through this resistance 
develops a voltage change that is in the direction to repel the electron 
beam bemg directed toward the electrode 

20 12 Television Camera Tubes In a class by themselves are the 
television camera tubes These tubes are means of electronically 
scaniung a visual picture They tax the tube designer’s and the tube 
maker’s art to the utmost, for they represent the most complicated 

^ Hazbltine, a , Deflection Control Tubes, Electronics, vol 9, pp 14-16, March, 
1936 

2 Rothe, H , and W Kleen, Die Bedeutung der Elektronenoptik in der Technik 
der Verstarkerrohren, Zeit fur Tech Phys , vol 17 (No 12), pp 635-642, 1936 
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assemblage of purely electromc components m existence. They involve 
the preparation of sensitive photoelectnc and secondary-emissive sur- 
faces They involve beam formation and deflection, invoking all the 
tncks of combination electrostatic and magnetic mampulation They are 
probably the most difficult of any tubes to make, and their successful 
development is a triumph of the application of fundamental electromc 
prmciples 

The Image-dissector Tube One of the earliest purely electromc 
television viewing tubes developed was the so-called image-dissector tube,'^ 
a diagram of which is shown m Fig 20 29 This tube contains a large 



Fig 20 29 — The Farnsworth image-dassector tube 


photoelectric cathode upon which the picture to be imaged is focused 
The photoelectrons liberated from the photocathode are attracted toward 
an anode in the form of a mckel wall coating designed so that the electrons 
from the photocathode are brought to a focus in a plane at the other end 
of the tube In this way the electrons reproduce the current-density 
pattern corresponding to the original picture In early tubes of this 
type the focusing was achieved by means of an axial magnetic field, but in 
later tubes by purely electrostatic means In the plane of the focus of 
the photoelectrons there is located a pickup electrode shielded by an 
aperture so that this electrode picks up only the current corresponding 
to a small element of cathode area The pickup electrode is followed 
by a secondary-electron multiplier to increase the sensitivity Picture 

iFaenswobth, P T, Television by Electron Image Scannmg, Jour Frankhn 
Inst , vol 218, pp 411-444, October, 1934 
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scanning is achieved by deflecting the entire field stream of electrons from 
the photocathode so that the aperture in front of the collector electrode 
successively collects electrons from every portion of the picture-activated 
photocathode Deflection is satisfactorily achieved by two pairs of 
magnetic coils external to the tube and producmg fields at right angles 
to each other The hght image is^ projected upon the photocathode 
through the collector end of the tube, the obstruction caused by the 
collector structure and associated electron multipher bemg neghgible 

While the linearity of response of the image-dissector tube is virtually 
perfect, its sensitivity is very low, of the order of 60 microvolts per 
milhlumen per cm^ of cathode area As a result, the tube is suitable only 
for outdoor televising and reproduction of motion pictures where the 
brightness of the objects to be viewed is qmte high 

The Iconoscope The iconoscope was the first of a senes of television 
camera tubes developed to make use of a charge-storage prmciple 
The tube denves its name from the Greek denvatives ''icon,'' meaning 
image, and “scope," sigmfymg to view The primary element of the 
tube IS a mosaic of photoactive silver particles These are deposited 
on a mica sheet and msulated from each other and from the sheet but 
are capacitively coupled to a metal backmg on the other side of the 
mica sheet The picture to be viewed is focused on this mosaic The 
mosaic IS scanned by an electron beam injected from an electron gun 
mounted at an angle with the mosaic There is also a collector electrode 
in the same envelope The video signalis obtained between the electron- 
gun anode and the conductmg sheet backmg the mosaic The structure 
of the iconoscope and the associated electrical connections are shown m 
Fig 20 30 

As the hght image falls upon the mosaic screen, the vanous elements 
of the screen will emit photoelectrons m proportion to the intensity of 
the hght fallmg upon them The mosaic elements will thus become 
positively charged as they lose photoelectrons to the collector electrode 
The mosaic elements act like a number of mdividual photoelectric cells 
all connected by capacity to the common signal plate, which is the con- 
ductive backmg to the mica support The elements of the mosaic are 

1 Zworykin, V K , The Iconoscope, Proc I RE j -vol 22, pp 16-32, January, 
1934 

* Zworykin, V K , Television, J our Frankhn Inst , vol 217, pp 1-37, January, 
1934 

> Zworykin, V K , Iconoscopes and Kmescopes in Television, RCA Rev , vol 1, 
pp 60-84, July, 1936 

* Zworykin, V K , Q A Morton, and L E Flory, Theory and Performance of 
the Iconoscope, Proc IRE ,vo\ 25, pp 1071-1092, August, 1937 
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successively struck by the scauning beam This process restores to them 
the charge that they have lost by photoemission and releases a correspond- 
ing charge to the signal backing plate to the mosaic There thus flows 
through the signal-plate lead a current that is proportional to the hght 


Mosofjc 



Fig 20 30 — Iconoscope structure and circuit, C, cathode, (r, control electrode, 
A, accelerating electrode. Pa, collector, Pc, photocathodes, P, load resistor 


intensity of the areas scanned by the electron beam A considerable 
gam m sensitivity is achieved by this arrangement by virtue of the fact 
that each of the picture elements is stormg up charge oontuiuously and 
so ideally the signal current is amplified hj the number of picture ele- 
ments over that obtained from 
such a tube as the image dissec- 
tor Actually, the process is only 
about 5 mstead of 100 per cent 
efficient because of various detri- 
mental effects to be described, but 
even at that the sensitivity of the 
tube IS about 200 times as great as 
that of the image-dissector tube 
The equivalent circuit of a 
mosaic picture element made up 
of many globules is given m Fig 
20 31 In effect, the mosaic glob- 
ules in any picture element are equivalent to a photoelectric cell that is 
capacitively connected to an output resistor As hght falls upon the 
cell, electrons are passed slowly by the cell but gradually build up an 
appreciable charge and corresponding voltage upon the coupling con- 
denser The action of the beam is that of a separate circuit which dis- 



Fig 20 31 — Equivalent circuit of a mosaic 
picture element 
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charges the condenser periodically and thus releases a peakeil cuircnt 
pulse through the output resistor 

Several effects enter into the action of the iconoscope that prevcnl 
it from being perfect in its operation For one thing, the pilot tn'leidiie 
emission from the mosaic elements is spacc'-charge limited Also, the 
charge built up by the photoelectric emission is partially neutmliwMl hv a 
rain of secondary electrons all over the mosaic, originating from tin* impact 
of the beam primary electrons. Further, there is some loss of charge 
by surface leakage. All those effects combine to maki* the elhciciiev 
about 6 to 10 per cent of the theoretical inaMmum. 'I'lie aierage 
brightness of field builds up the mosaic potential to a level such that the 
change in potential which the beam can cfTei't is not the maximum \ alue 
As a result, the sensitivity of the tube is nonlinear and is only about 
one-fourth as much for high levels of illumination as for threshold values. 

The potential behavior of the mosaic elements descrilKsl earlier 
applies only if the secondary emission from the globules is negligible, 
which requires that the scanning electrons have only a few volts of energy 
Ordinarily, the scanning electrons will hnvo enough energy to pnsiuce live 
to seven secondary electrons for every pnrnary electron, ami the action 
of the mosaic screen will be quite different from that pnwiously •hwrilM'd 
Since there are more electrons leaving than arriving on any mosnie 
element, when the scanning-beam potential is appreciable, the jMitential 
of the picture element being scanned vrill become positive insteiul of 
negative. Further, under the conditions of appreeiabio voltage of the 
scanning beam, the ram of secondary electrons failing upon elements 
of the mosaic not being scanned will exceed the number of photwlertrons 
being emitted, and the unscanned portions of the pictun* will assume a 
negative rather than a positive potential. The ieonoseope still works 
under these conditions because the level of the negative potential assumed 
by the unsoanned portions of the mosaic depends upon the picture illumi- 
nation being relatively more positive (though still negative) in the 
illuminated areas than in the unilluminated areas. 

The action described above is showm in Fig. 20.32 Figure 2().32a 
shows the potential response of an unilluminated portion of mosaic to 
the scanning beam. The rain of secondary electrons depn'sses the 
potential of such portions of the mosaic to about 1 6 volts negative 
relative to the collector At this point a stable potential condition 
exists, for any further dopression of potential would cause the mosaic to 
repel the secondary electrons. Thus m front of the scanning IsMim a 
potential of — 1 6 volts exists The mosaic elements under the lieam 
become charged to about 3 volts positive, relative to the collector, by 
the emission of secondary electrons. This is also a ataiile potential, 
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for if the element became more positive than this there would be a nega- 
tive gradient of potential at the mosaic surface, which would prevent 
secondary-electron emission The line behind the scanmng beam rapidly 
becomes negative in potential again because of the acquisition of second- 
ary electrons Figure 20 326 shows the response of an illununated 
section of mosaic to the scanning beam Because of the emission of 
photoelectrons the potential of an unscanned portion of illuminated 
mosaic IS less negative than for no illumination The potential will, 
however, not become positive however much the mosaic is illuminated, 
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Fig 20 32 — Potential reaction of mosaic to scannmg 
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for then a negative gradient of potential would exist, which would prevent 
photoemission The portions of the illuminated mosaic under the 
scanning beam rise to the same maximum, about 3 volts positive, as was 
the case for the umlluminated portions Hence the signal is derived 
from the difference between the change in potential that exists between 
unscanned portions of illununated and umlluminated portions of mosaic 
For the figures quoted, it is seen that the maximum change in potential 
which can be achieved by illumination is 1 5 volts out of 4 5 volts, with 
the added condition that the change in potential level is nonlinear with 
illumination From this factor alone, there is a loss of 67 per cent in 
efficiency For ordinary levels of illununation restricted to the region 
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of linear response the loss is about 80 per cent Leakage and other factors 
bring the efficiency down to 5 to 10 per cent 

The structure of the mosaic is shown m Fig 20 33 It consists of 
silver globules on a mica sheet of about 0 001 to 0 003 in in thickness 
The globules are formed by s fting a finely ground silver oxide powder 
onto the imca sheet and th^n reducing the silver by heating The silver 
particles form into little globules ranging in size from 0 0006 cm in diam- 
eter down to particles microscopic in size There are thus hundreds of 
mosaic particles scanned at any one instant by a beam of, say, 0 02 cm 
diameter, and as far as the beam action is concerned the mosaic may be 
considered as continuous The conducting signal plate on the back 
side of the mica is formed by vaporizing or sputtering silver on that side 
of the mica The globules on the front side of the mica are activated 


Phofosensifized 
silver globules^ 



by much the same process as is used m making photoelectric surfaces 
The silver globules are first oxidized and then exposed to caesium vapor 
to give a photoemissive surface The signal plate is made just thick 
enough to become reasonably conducting and is usually backed by a heavy 
sheet of nuca to prevent buckling or warping of the mosaic The 
capacity of the mosaic to the signal plate ranges from 60 to 300 micro- 
nncrofarads per cm^, and a value of 100 micromicrofarads per cm^ is 
generally assumed in calculations The photoelectric sensitivity of the 
emissive surfaces is of the order of 7 to 10 microamperes per lumen 
The activated surface of the globules exhibits secondary emission as well 
as photoemission, the ratio of secondary to primary electrons ranging 
from five to seven for the usual conditions of operation If the globules 
are activated with care, the insulation between them is very good, though 
some loss of charge is experienced from the fact that the resistance is 
not infimte 
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The Image Iconoscope Various arrangements have been tested 
in the attempt to improve the efficiency of the iconoscope One of these 
arrangements is found in the image iconoscope ^ ^ The structure of 
the image iconoscope is indicated in Fig 20 34 This tube makes use of a 
mosaic screen as in the iconoscope but charges it by secondary-electron 
action The mosaic is excited not with a hght field but with a field of 
electrons of which the intensity pattern corresponds to that of the picture 
to be viewed This field is generated by a transparent photocathode that 
IS excited by the picture This tube uses an electron lens, which is rather 
difficult to design, to focus the output of the photocathode upon the 
mosaic ® The charge on the mosaic is derived from secondary-electron 
emission, which exceeds the primary-electron current and also exceeds 
the photoelectric current in the ordinary iconoscope Such tubes are 



Fig 20 34 — Structure of the image iconoscope 


capable of giving sensitivities as high as 5 millivolts per millilumen per 
cm2 These tubes have not found great use because of the difficulty 
in constructing an electron lens that will reproduce the hght image 
upon the mosaic without distortion 

The OrtUcon Another arrangement by which the low efficiency 
of the iconoscope is increased is the orthoiconoscope, usually abbreviated 
to orthicon^ The name is derived from the Greek prefix ortho, 
meaning straight, which has reference to the linearity of charactenstic 
The orthicon overcomes some of the limitations of the iconoscope by 


^ Ihld _ -o a 

S Iams, H , and a Rose, Television Rokup Tubes -with Cathode-ray Beam Scan- 
ning, Proc I RE,yoI 25, pp 1048-1070, August, 1937 

5 Morton, G A , and E G Rambebg, Electron Optics of the Image Tube, Physics, 

vol 7 DD 451-459, December, 1936 ^ , 

1 Rose, A , and H A Iams, The Orthicon, RCA Rev , vol 4, pp 186-199, October, 

1939 
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scanning the mosaic with electrons of such low velocity that secondary 
electrons are not created and hence do not neutralize the mosaic charge 
A diagram of the orthicon is given in Fig 20 35 The picture to be 
viewed is focused upon the mosaic, where it causes a variation m charge, 
as m the iconoscope The scanmng beam is generated by a flying spot 
of light upon a photocathode, which releases low-velocity electrons 
Focusing of low-velocity electrons is difficult but is achieved in the 
orthicon by makmg use of the fact that low-velocity electrons will move 
in a tightly wrapped spiral around a strong magnetic-flux line The 
scanning electrons generated by the light spot on the photocathode are 
guided to the mosaic by a strong curved magnetic field When the 



Object 

3 


scanning electrons approach a brightly illununated spot on the mosaic, 
they are confronted with a positive potential, which draws them in and 
neutrahzes the positive charge When they approach a dark spot on 
the mosaic, they are repelled and return to the photocathode Sensitivi- 
ties of the order of 2 millivolts per millilumen per cm^ have been attained 
with the orthicon The conversion of the photoelectric scanmng current 
into signal is beheved to be nearly 100 per cent 

The Image Orth%con Still greater sensitivity can be obtained with a 
tube known as the “unage orthicon,” a diagram of which is given m Fig 
20 36 This tube combines features of the image iconoscope and orthicon 
The hght image is focused upon a transparent photocathode The 
emitted current from the photocathode carries current-density variations, 
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corresponding to the hght-intensity variations in the picture to be viewed 
The current field from the photocathode is focused upon a two-sided 
mosaic by means of a suitable electron lens The mosaic elements are 
charged up accordmg to the density of the exciting current by secondary- 
electron emission The mosaic is scanned with a low-velocity beam, 
which IS defiected by magnetic means The velocity of the scanning 
electro!^ is low enough so that no secondary electrons are created m the 
scanning process The relative potentials of the mosaic and beam 
electrons are adjusted so that the scanmng electrons will be attracted 
to neutralize the charge of the brightly illuminated areas but wiU be 
reflected from the dark areas The signal is derived from the reflected 
electrons whose number will be an inverse function of the original picture 
illummation In addition, the reflected electrons are multiplied by an 



electron multiplier, which helps mcrease the sensitivity and reduce the 
noise figure of the device This tube is so sensitive that it can be used 
to view scenes illummated with as httle brightness as 0 01 candle per 
ft* The characteristics of the photocathode also make it possible to 
observe objects from their infrared radiation alone i-* 

The Monoscope The monoscope is not a camera tube but simply a 
standard picture-signal-generating tube It is similar to the iconoscope 
in construction except that instead of the mosaic it has a fixed pattern 
pnnted on the oxide coating of an alu m inu m sheet The secondary 
emission of the unprmted portions of the oxide coating is fairly 
while that of the pnnted portions is low The pnnted pattern is scanned 
with an electron beam and gives nse to a vanable secondary-electron 

I Sensitive Television Camera Tube, EUctrmics, vol 18, p 330, December, 19« 

* Rose, A , P K Weimeh, and H B Law, The Image Orthicon, Proc IRE, 

vol 34, pp 424-432, July, 1946 
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current to the collector electrode which corresponds to the printed signal 
The signal from the collector electrode has the same polarity as that from 
the backmg plate in an iconoscope A negative picture signal may be 
obtained from the backing plate of the monoscope The tube is used 
exclusively as a picture-signal generator for circuit-testing purposes 

20.13. The Electron Microscope. The electron microscope is not 
really a vacuum tube m the sense that it is available m sealed-off form 
that can be plugged mto a circuit, but it is of sufficient importance to 
deserve a brief comment The electron microscope extends the electron- 
optical analogy to the logical limit by actually using electrons to obtain 
an expanded image of an object Use is made of the fact that electrons 
exhibit a wave as well as a particle behavior Since electrons have 
appreciable path lengths only in a vacuum, it is necessary that the speci- 
men be placed m a vacuum and the specimen is viewed by shooting 
electrons through it^^ 

Structure of the Electron M%croscope In its usual form the electron 
microscope consists of a source of electrons, a condensing lens for the 
electron beam, and a specimen holder followed by two magnifying 
lenses The lenses may be either electrostatic or magnetic The electron 
source is usually a tungsten filament shielded by a cathode electrode so 
that emission occurs from only a small area of the filament The elec- 
trons are accelerated by a umpotential gun structure constructed so that 
the angle of the electron ray is small Since the magnetic type of electron 
microscope is thus far that most extensively used, the remainder of the 
remarks of this section will apply to it A separate section will be 
devoted to the electrostatic type of microscope 

A magnetic condensing lens of the type shown in Fig 14 8e is used 
to focus the electron beam upon the specimen Just beyond the speci- 
men to be viewed is placed an objective lens, also magnetic and of the 
same form as the condensing lens Another magnetic lens, called the 
^'projecting lens,'" is used to focus the image formed by the objective lens 
upon either a fluorescent screen or a photographic plate, both in vacuum 
An mtermediate image can be obtained before the projecting lens The 
general structure involved is shown m Fig 20 37 

The specimen is applied to a thin film of collodion, which is supported 

1 The literature on electron microscopes runs mto hundreds of articles and a score of 
books The reader is referred to bibliographies on the subject by C Marten and 
S Sass, pubhshed m the J ournal of Applied PhysteSj which list articles and books smee 
the development of the electron microscope and are periodically extended 

See Maeton, Claire, and, Samuel Sass, A Bibliography of Electron Microscopy, 
Jour Appl Phys, I, vol 14, pp 522-531, October, 1943, II, vol 15, pp 576-679, 
August, 1944, III, vol 16, pp 373-378, July, 1945 
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upon a fine mesh screen, of 100 to 400 wires per inch The collodion 
film IS prepared by placing a drop of the material in liquid form on the 
surface of a dish of water, then raising the supporting screen through 
the film that forms from below so that a smgle layer of the film becomes 
attached to the screen, and then cuttmg away the excess collodion The 
specimen to be observed is then deposited upon the collodion film The 
specimen is admitted into the microscope through a rather intricate 
arrangement in the form of a vacuum lock with attendant mampulatmg 
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Fig 20 37 — Structure of the electron microscope 


levers The microscope is left on a vacuum pump at all times, and when 
the specimen is removed a door is first opened mto a small vacuum 
chamber and the specimen put into this chamber The door between 
the chamber and the main body of the microscope is then closed, and 
another door opemng to the outside is opened and the specimen removed. 
By this arrangement the entire microscope does not have to be evacuated 
every time a specimen is admitted or removed, rather, the vacuum 
pumps need remove only the small volume of the air admitted from the 
intermediate chamber Photographic plates are admitted and removed 
by the same general scheme 
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Equivalent Wave Length of Electrons One of the revelations of 
modem physics is that there is a dual aspect of matter and energy 
This apphes to light rays, which may exhibit the properties of either 
waves or particles Likewise, particles m motion exhibit the properties 
of hght rays It is the wave aspect of the electron that is utilized in 
the electron microscope One of the teachings of quantum mechanics 
IS that a particle m motion exhibits an equivalent wave length, known 
as the “De Broglie wave length,” given by 

X = A (20 13) 


where X is the eqmvalent wave length in meters, h is Planck's constant 
whose value is 6 624 X 10“"^^ watt-sec^, m is the mass of the particle in kg, 
and V is the velocity in meters per sec For an electron at low velocities, 
the mass is constant, and the velocity is proportional to the square root 
of the potential through which it has been accelerated Invoking the 
physical constants and Eq (6 7a), the equivalent wave length of an 
electron that has been accelerated through a potential V is 


12 26 

VT 


angstrom umts 


(20 14) 


where V is in volts and 1 angstrom umt equals 10“^° meters This 
expression is accurate withm 1 per cent for voltages up to 20,000 volts 
For higher voltages the relativity change of mass and the departure of 
velocity from the dependence upon the square root of potential must be 
considered From Eq (6 40a), the mass of an electron is seen to increase 
Imearly with the potential through which it has been accelerated Figure 
(6 3) and Eq (6 39) give the dependence of electron velocity upon 
potential Upon combimng these last two relations with Eq (20 13) 
there results the general equation for equivalent wave length of an 
electron that has been accelerated through V volts, 

■ vrvi A?88xio-y 


Thos expression reduces to that of Eq (20 14) for low voltages A 
curve of equivalent wave length as a function of voltage is given m Fig 
20 38. 

Theoretical Resolving Power of the Electron Microscope The Tnn.Ynnnm 
useful magnification that can be obtained from a microscope is limited by 
the so-called “resolving power” and the lens defects The resolving 
power of a imcroscope is measured by the least distance between two 
points that can just be distinguished and is determined by diffraction 
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laws, which in, turn depend upon the wave length of the hght used 
The least resolved distance of a microscope is usually given in terms of 
the Abbe formula, which has the form 


0 5X 
n sin a 


(20 16) 


where d is the mimmum distance separating two points which can be 
resolved, X is the wave length of the hght used, n is the index of refraction 
of the medium in which the object is situated, and a is the 
angle which a ray leaving the central point of the object and entering the 
objective len,s makes with the optical axis of the system The quantity 



Fio 20 38 — Equivalent wave length of an electron as a function of voltage 

n Sin a IS known as the “numerical aperture” of the lens From the 
Abbe formula it is seen that the least resolved distance d is decreased as 
the wave length is decreased This is supported experimentally by the 
fact that the highest resolution with optical microscopes is obtained with 
ultraviolet radiations With ultraviolet wave lengths of the order of 
2,500 angstrom units, refractive media with indices of refraction of a 
TunYimnm value of about 1 6, and a maximum value of sin a, it is seen 
that the best that can be hoped for in the way of optical resolution is 
of the order of 1,000 angstrom units 

It may be noted from Fig 20 38 that the equivalent wave length of 
oven low-voltage electrons is much less than the wave length of the 
shortest usable near-visible radiations Hence the electron microscope 
has a tremendous opportunity of increasing resolution and magnification 
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This it does, though as yet the maximum resolution is limited by the 
small apertures involved The maximum useful magnification obtainable 
with an optical microscope is about 3,000 diameters Electron micro- 
scopes have given useful magmfications as high as 100,000 diameters 
That the resolving power of an electron microscope is given by the 
Abbe formula may be demonstrated from a simple consideration of the 
Heisenberg principle of uncertainty The principle of uncertainty states 
that the product of the error m determination of position and the error 
of determination of velocity of a particle is a constant In other words, 
the more accurately the position is known, the less accurately the velocity 
can be known, and vice versa Specifically, the principle of uncertainty 
states 

Ax Ap = h (20 17) 

where Ax is the uncertainty of position, Ap is uncertainty of momentum 
mv, and h is Planck^s constant Upon applying this to a particle that is 
struck by an electron moving at an angle a with the axis of an electron 
microscope it is expected that the product of the mdetermmancy of x 
of the particle by the mdetermmancy of the x component of momentum 
will equal Planck’s constant If it is assumed that the point of contact 
of the electron with the particle is such that the tangent through this 
point IS parallel to the optical axis, then the x component of momentum 
imparted to the particle is 2mv sin a, where m is the electron mass and v 
is the electron velocity, and hence 


Ax Apx = Ax2mv sin a = h 

Substituting the value of the De Broglie wave length from Eq 


Ax 


X 

2 sin a 


(20 18) 
(20 13), 

(20 19) 


which IS the same as the Abbe formula of Eq (20 16) ^ As an example, 
suppose that the numerical aperture of a lens is 0 0025 and that a 50,000- 
volt electron beam is involved Then the De Broglie wave length, from 
Fig 20 38, IS about 0 05 angstrom umt and the corresponding theoretical 
least resolved distance is 10 angstrom units The least resolved distance 
would be of the order of atomic dimensions if it were not for the lens 
defects Actual least resolved distances of electron microscopes are of 
the order of 20 angstrom umts 

Operating Principle of the Electron Microscope The electron micro- 
scope produces an image because certain of the electrons m the beam 
on passing through the specimen have been scattered rather than refracted 
or absorbed The scattermg mechamsm is entirely a dynamical one 


1 This derivation is attributed by Marton to Henriot 
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resulting from the reaction of the electron charge with the electrostatic 
fields of the atoms and molecules that the electron approaches Some 
of the scattered electrons are intercepted by the apertures Others 
undergo single or plural scattering and remain in the field Variations 
in density of the resultant picture occur because of the scattering process, 
which shifts some of the electrons from the portions of the picture cor- 



Fig 20 39a -Soap-curd fibers Picture taken witb the electron 
microscope Magnification is about 10,000 times 1^ = 1 
micron = 10’ ® meters (Courtesy of J W McBazn ) 


responding to dense parts of the specimen Thus the electron-microscope 
picture resembles an X-ray picture more than an optical picture Some 
photographs of soap-curd fibers obtained with the electron microscope 
are shown in Fig 20 39 

Limits of Resolving Power A number of factors conspire to make the 
resolving power of the electron microscope less than the theoretical value 
In the first place all the voltages and currents of the microscope are sub- 
ject to some variation, which introduces a fuzziness in the pictures 
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This can, however, be virtually eliminated by stabilizing the voltages and 
currents to a sufficient degree The degree of stability required for a 
least resolved distance of 10 angstrom units is rather large, being of the 
following order 


Voltage stability 
Current stability 
Condenser lens 
Objective lens 
Projection lens 


1 part in 7,000 

1 part in 1,000 
1 part in 14,000 
1 part in 1,500 



Fig 20 396 —Soap-curd fibers Picture taken with the 
electron microscope Magnification is about 100,000 
times (Courtesy of J W McBain ) 


Furthermore, any stray magnetic fields must be reduced by shielding 
so that components normal to the axis are weaker thnn 5 x 10“® gauss 
In addition to the above there are all the various lens aberrations to 
be coped with ^ Most of these are extraaxial so that they can be reduced 
‘An exoeUent discussion of the limitations of the resolving power of electron 
microscopes IS given by'MAETON.L, and E G E Hutteb, The Transmission Type of 
Electron Microscope and Its Optics, Proc IRE,vol 32, pp 3-12, January 1944 
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by using a small beam angle, with attendant loss of resolvmg power 
Whereas beam angles in optical microscopes may be qmte large, values 
of a for electron microscopes are of the order of 10“* to 10“' radian 
Some lens errors are axial and cannot be eliminated These are spherical 
and chromatic aberration and also the diffraction defects Scattering 
also imposes some irremediable hmitations 

Chromatic aberration is proportional to the beam angle and thus may 
be reduced by keeping the beam angle low It is principally due to 
changes in velocity incurred when the electrons pass through the speci- 
men It may be reduced by using thin specimens and supporting films 
and mateiials of low atomic number 

Spherical aberration increases as the cube of the beam angle and with 
the beam voltage because the minimum focal lengths of the magnetic 
lenses increase with beam voltage, owing to satuiation effects 

Diffraction errors are proportional to the equivalent wave length and 
inversely proportional to the beam angle Since the diffraction error 
decreases with beam angle, while the spherical aberration increases with 
beam angle, there is an optimum resolution which occurs at the angle at 
which the two errors are approximately equal 

Hecause the De Broglie wave length decreases with mcreasing 
electron eneigy, it might be thought that increasing improvement in 
resolution could be achieved by simply going to higher voltages This is 
not realized in practice, largely because the magnetic lenses lose strength 
through saturation, as a result of which sphencal aberration and diffrac- 
tion actually increase A reduction of chromatic aberration and an 
increase in penetration power are realized, but, in spite of this, pictures 
obtained with beam voltages greater than 100 kv are not noticeably 
superior to those taken with beam voltages between 50 and 100 kv except 
for the greater penetrating power evidenced ' 

Electrostattc Electron Microscopes The structure of an electrostatic 
electron microscope is also shown in Fig 20 37 * A shielded tungsten 
filament and a unipotential cathode gun are used to produce and acceler- 
ate the electrons Three lenses are used, and these have the same func- 
tion as the corresponding lenses in the magnetic type The electrostatic 
lenses are of the Etmel lens type and are dimensioned so that the center 
electrode of each lens is operated at cathode potential This makes the 
lens action independent of the voltage used, for the focal length depends 
only on the shape of the field As a result, the lens voltage supply 

1 ZWOBTKIN, V K , J Hilueb, and A W Vance, Preliminary Report on the 
Development of a 300 Kilovolt Magnetic Electron Microscope, Jour Appl Phys , 
vol 12, pp 738-742, October, 1941 

* Bachman, C H , and Simon Ramo, Electrostatic Electron Microscopy, Jour 
Appl Phyo , vol 14, pp 8-18, 69-72, 166-160, January, February, April, 1943 



746 


VACUUM TUBES 


does not have to be as carefully stabilized as is the case with the magnetic 
type of electron microscope Focusmg is achieved m the General Electric 
model by movmg the specimen physically without changing the lens 
charactenstics All the lens defects encountered m the magnetic type 
of microscope appear m the electrostatic type and are distmctly greater 
m magnitude As a result, the least resolved distance as yet obtained 
with an electrostatic microscope is about 80 angstrom umts Hence 
the electrostatic types developed thus far are mfenor in magmfication 
to magnetic types by about a factor of 4 This limitation is offset by an 
appreciable reduction m cost and size 
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HIGH-VACUUM PRACTICE 

21 1 Introduction The construction of vacuum tubes requires a 
hi gh degree of pTfiH and a great knowledge of the techniques associated 
with obtaining and mamtainmg a high vacuum It may be said without 
exaggeration that the problem of producmg a good vacuum tube depends 
about 90 per cent upon the knowledge of high-vacuum techniques With- 
out a knowledge of these techniques a knowledge of the theory of 
vacuum-tube design is useless Much has been written on the subject of 
high-vacuum techmques, but probably as much knowledge exists that has 
never been recorded This brief chapter cannot do more than collect 
the most important relations and facts concermng high-vacuum practice * 
In answer to the question as to what is meant by high vacuum it is 
first necessary to define the units m which vacuums are measured There 
are a number of systems of umts that are commonly used to represent the 
degree of vacuum Vacuums may be descnbed m terms of a fraction 
of atmospheric pressure, 760 mm of mercury column They may be 
descnbed in terms of the absolute gas pressure in umts of bars, 1 bar bemg 
nearly equal to 1 dyne per cm* and 1,000,000 bars being nearly equsd to 
atmosphenc pressure, actually 750 mm of mercury column Vacuums 
may also be measured m terms of the height to which the gas whose 
pressure is being measured will raise a column of mercury This height 
IS 760 mm at atmosphenc pressure and will be proportionately less for 
gases whose pressure is less than atmospheric This method of repre- 
senting pressure of vacuum has a defimte physical significance m that 
it IS possible to devise an apparatus which will give direct measurements m 
terms of a mercury column for heights of the mercury column as low as 
10"^ mm Sometimes the height of the mercury column is expressed m 

1 The most useful books devoted entirely to high-vacuum practice are 
Dttbhman, S , “The Production and Measurement of High Vacuum,” General 
Eleclnc Remew, Schenectady, New York, 1922 

Dunotbr, L , “Vacuum Practice,” Van Nostrand, New York, 1926 
Espb, W , and M Knoll, “WerkstofEkimde der Hoohvakuumteohnik,” Springer, 
Berlm, 1936 

Yakdwood, J , “High Vacuum Technique,” Chapman & Hall, Ltd , London, 
1943 
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units of microns, 1 micron bemg j qqq qqq “leter This has the virtue 

that the numbers are a little easier to wnte for low vacuums In Fig 
21 1 IS given a chart comparing the different scales for measuring vacuums 


Atmospheres 

ir'O"* 

-ifio-® 

ir®‘® 

-lio-" 


Bars. 

dynes persq cm 
■»I0* 
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--• 0 * 
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ilO- 


4“ 10*^ 


I of Hq 
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microns of Hg 
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•lO^ 

10* 

■I02 

4l0 


4 - 10 - 


4-10-^ 


4“io‘* 


j.jO-4 -LlO-'^ -LiO"^ 

Fig 2l 1 — Comparison of pressure scales 


The values along any honzontal Ime correspond to the same gas pres- 
sure Thus 1 micron equals 10"® mm of mercury and corresponds to 
1 333 bars or 1 318 X 10“® atmospheie 
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Pressures of mm of mercury or less are referred to as ''high 
vacuums ” A pressure of 10“^ mm of mercury is referred to as a "hard 
vacuum One of 10”® mm of mercury or less is referred to as a "soft” or 
"low vacuum ” An idea of the scale of vacuums encountered m elec- 
tromc devices is given by the following tabulation 


Mm of Mercury 

Characteristic or Device 

760 

Atmospheric pressure 

100 

Gas-filled Lamps 

10 


1 

Spark streamers in electrical discharge 

10-1 

Glow discharge, neon lamps 

10-2 

Lower hmit of glow discharge 

10-® 

Glass fluoresces under electron bombardment 

10-^ 

Bad receiving tube 

io-« 

Old receiving tube, operating 

io-« 

New receiving tube, operating 


Old transmittmg tube, operating 

10-^ 

New transmittmg tube, operating 

10-s 

New tube, cold 


21 2 Fundamental Gas Laws Since all vacuum processes are 
merely operations upon gases at pressures less than atmospheric, it is 
important to review the laws govermng the behavior of gases There 
will also be included in this section comments upon the behavior of 
molecules in a gas and of electrons in a gas 

Boyys Law Boyle^s law states that the volume which a given mass 
of gas at a fixed temperature occupies varies inversely as the pressure 
to which the gas is subjected Mathematically this is stated by 

PiVi = P 2 V 2 = const (21 1) 

Charleses, or Gay-Lussac^s Law Charleses, or Gay-Lussac's, law 
states that the volume which any mass of gas occupies at a given pres- 
sure varies directly with the temperature Mathematically this is stated 

•^ = ^ = const (21 2) 

$ 

Avogadro^s Law Avogadro's law states that the number of molecules 
in equal volumes of gases at the same temperature and pressure are equal 
More specifically, the number of molecules in a mole or in a mass in 
grams of substance numerically equal to its molecular weight is always the 
same regardless of the kind of gas The number of molecules in a mole 
is known as Avogadro^s number and is equal to 6 023 X 10^® 

General Gas-expansion Law Boyle's, Charles's, and Avogadro's 
laws can be combmed into a single law, 

PV = BmT (21 3) 
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where P is pressure m bars or dynes per square centimeter, V is volume 
m cubic centimeters, i? is a umversal gas constant having a value of 
8 314 X 10^ ergs per deg per mole, m is the mass of the gas in moles, 
z e , the mass in grams divided by the molecular weight, and T is the 
temperature on the absolute scale, which is 273° plus the number of 
degrees centigrade From this equation and Avogadro’s number it is 
readily calculated that the number of molecules in 1 cm® at a pressure 
of 10® bars (750 mm of mercury, nearly atmospheric) and 0 C is 
2 654 X 10^® Even at the very low pressure of 10”^ mm of mercury, 
about 10"^® atmosphere, the number of molecules per cubic centimeter 
of a gas is about 3,000,000,000 In general, the number of molecules per 
cubic centimeter of a gas is given by 

n = 7 244 X 10^® ^ molecules per cm® (21 4) 


where P is pressure m bars and T is absolute temperature 

Distribution of Velocities in a Gas The heat energy that a body of 
gas contams exists in the kinetic energy of motion of the gas molecules 
As the temperature is increased, the heat energy increases and the velocity 
of the molecules mcreases The molecules will have velocities in all 
directions and with all magmtudes, but most of them will have velocities 
grouped around a most probable velocity Maxwell has shown from 
application of the theory of probability that the distribution of velocities 
of molecules in a gas is given by 


y = 




(21 5) 


where x is the ratio of velocity to the most probable velocity and y is 
the correspondmg probability that a molecule will have a velocity x A 
plot of Eq (21 5) IS given in Fig 21 2 The area under the curve between 
any two values of a;, say xi and X 2 , divided by the total area under the 
curve gives the fraction of the total number of molecules that have 
velocities m the interval between Xx and x% The coefficient of Eq (21 5) % 
is chosen so that the total area under the distribution curve is unity 
This causes the maximum ordinate to be other than unity but makes 
the estimate of the fraction of the total number of molecules having 
velocities m any given velocity interval very simple Thus the area under 

the curve between values of velocity Xx and x^, gives the fraction directly 
and may be estimated by simply counting squares, each spuare representing 
1 per cent of the total number for the scale divisions given Thus only 
about 5 per cent of the total number of molecules have velocities greater 
than twice the most probable velocity 
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The distribution curve of Fig 21 2 holds for all temperatures, the 
only difference being that the most probable velocity mcreases with the 
square root of the absolute temperature 





cm per sec 


(21 6 ) 


where T is the absolute temperature and M is the molecular weight of 
the gas Also of interest is the average velocity, which is 1 124 times 
the most probable velocity, 

= 1 124?;^ (21 7) 

where Va is the average velocity and Vp is the most probable velocity 



Fig 21 2 — Maxwell’s law of distribution of molecular velocities m a gas 


The rms velocity is involved m energy calculations and has the value of 
1 224 times the most probable velocity, 

Vm ^ I 22ivp (21 8) 

where Vm is the rms velocity and Vp is the most probable velocity All 
the velocities cited above are independent of the pressure involved A 
curve showing average velocities at room temperature of various gases 
as determined by their molecular weight is given in Fig 21 3 

Mean Free Path of a Gas Molecule Although it is true that the 
molecules of a gas have rather high velocities, it is a common observation 
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that gases diffuse together very slowly This is undoubtedly due to the 
fact that the molecules collide frequently with one another and so move 
in zigzag paths made up of rather short straight-lme segments The 
term mean free path is used to indicate the average length of path of a 
molecule between collisions The collisions themselves are of an elastic 
nature and tend to leave the magnitude of the velocities mvolved 
unchanged on the average 

An estimate of the mean free path of a gas molecule among other gas 
molecules can be had by considering the total area of molecules m a 
volume of cross-sectional area A and thickness t The number of 
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Fig 21 3 — Average velocity of gases at room temperature 


molecules m such a volume is nAt, where n is the molecular density 
Let the volume be viewed from the surface of area A, and assume that 
the molecules are umformly distributed throughout the volume in such 
a way that their projections upon the surface of area A are also uni- 
formly distributed When the number and arrangement of the projec- 
tions of the molecules upon the surface of area A have the form indicated 
in Fig 21 4, then it will be impossible for a molecule to triavel a distance 
t perpendicular to the surface of area A without making contact with 
another molecule The equilateral triangle shown in Fig 21 4 has an 


altitude of 1 5 molecular diameters and so has an area of 


3 V3<C® 


and 


contams effectively one-half of a molecule The density of the molecules 

2 

as projected on the surface of area A is therefore - y where dm 

IS the molecular diameter Equating the number of molecules projected 
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on the surface for this density to the number of molecules contained in 

the volume, 

2A 

= = nAt 

(21 9) 


3 V3d„.2 

from which 

2 

(21 10) 


There is a 100 per cent probability that a molecule will collide with 
another molecule in a distance t, or roughly a 50 per cent probability that a 



Fig 21 4 — Arrangement of molecules in a gas to illustrate the 
concept of the mean free path of a gas molecule 


molecule will collide with another in a distance | which will be called 
the “mean fiee path” of a molecule Accordingly, 


Approximate mean free path of gas molecule 


0 1923 
ndm^ 


(21 11 ) 


This formula is only approximate, for it does not consider the random 
distribution of molecular velocities Maxwell has considered this prob- 
lem and proposed the following formula 

1 0 226 

Mean free path of gas molecule = 1 “ (21 12) 

Some further refinements on this formula give the coefficient as 0 315, but 
for ordinary purposes Maxwell’s form as given in Eq (21 12) is generally 
used The mean free path of a molecule of a gas is seen to be an inverse 
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function of the molecular density and also an mverse function of the 
equivalent molecular cross-sectional area or diameter squared 

The molecular diameter is a convement fiction useful in many gas 
relations The agreement between the values of molecular diameter as 
determined from various considerations is t airly good ^ Values of the 
molecular diameter of various gases are given in the following table 
Values are given only to two sigmficant figures since the agreement 
between vanous determinations is no greater than this 

TABLE XIII 

MOLECULAR DIAMETER OP THE GASES 


Gas 

Molecular Diameter, Cm 

A 

2 9 X 10-8 

CO 

3 2 X 10-8 

CO* 

3 3 X 10-8 

Ha 

2 4 X 10-8 

He 

1 9 X 10-8 

Kr 

3 2 X 10-8 

Na 

3 1 X 10-8 

Ne 

2 35 X 10-8 

NH, 

3 0 X 10-8 

0* 

3 0 X 10-8 

Xe 

3 6 X 10-8 


Smce the molecular density as given by Eq (21 4) is directly propor- 
tional to pressure, it follows that the mean free path of a molecule is 
inversely proportional to pressure Upon combining Eqs (21 4) and 
(21 12) the mean free path is given by 

3 107r 

Mean free path of gas molecule = ^ X 10~^^ cm (21 13) 

where T is temperature m degrees absolute, P is pressure in bars, and dm 
18 molecular diameter in centimeters A curve of the mean free path of 
nitrogen, the prmcipal ingredient of air, as a function of pressure is given 
m Fig 21 5 It IS convement to remember that the mean free path of 
nitrogen at room temperature and a pressure of 1 bar (about 10“* mm of 
mercury) is approximately 10 cm and varies inversely with the pressure 
The average number of collisions of a gas molecule per centimeter of 
travel is the reciprocal of the mean free path and is given by 

Colhsions per cm = 3 219 X 10“ (21 14) 

m which the umts are the same as for Eq (21 13) 

1 Dushman, op cit , p 27 
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Mean Free Paih of an Electron among Gas Molecules The reasoning 
that was used in the previous subsection to get an estimate of the mean 
free path of an electron may be used to get an estimate of the mean free 
path of an electron moving among gas molecules Smce the electron 



Fig 21 5 — Mean free path of a nitrogen 
molecule as a function of pressure 


has a negligible cross-sectional area compared with a molecule, if we again 
consider a volume of surface area A and thickness then the molecules 
must be sufficient in number and must arrange themselves as shown in 
Fig 21 6 to ensure that there will be a collision of an electron with a gas 
molecule in a distance t For the 


arrangement of molecules shown, 
each equilateral triangle of altitude 


‘ has an area of 


3 V3cL® 


and con- 




or just four 


4 16 

tains effectively half a molecule 
Accordingly, the density of the mol- 
ecules as projected upon the surface | 

g 

of area A is — -p — or just four 

3 vS dm?' 21 6 — Arrangement of molecules 

times the density required to ensure to illustrate the concept of 

a molecule collision in a distance t mean free path of an electron 
One may therefore expect that the 

mean free path of an electron among gas molecules is four times that of 
the gas molecules themselves Needless to say, this is a very rough 
estimate and applies only to electrons having velocities corresponding 


Fig 21 6 — Arrangement of molecules 
m a gas to illustrate the concept of 
mean free path of an electron 
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to a few volts. Even at velocities corresponding to about 10 volts the 
above estimate will not hold, for the exchange of energy between electrons 
and molecules is extremely complex m the vicuuty of the lomzation 
potential of the gas ^ 



}10l 

Fig- 217 — Nomographic chart of the number of ions formed per centimeter of 
electron beam per second as a function of current, voltage, and pressure 


The concept of the mean free path ot an electron among gas molecules 
needs revision when the electron velocity becomes appreciable As the 
electron acquires a higher voltage, it may approach closer to a molecule 
before it wiU be deflected or before it will produce ionization. This is 
because there is less time for the electrostatic forces to effect a transfer of 
energy as the electron velocity mcreases Of more interest than the mean 

1 Bbode, R B , Quantitative Study of the Colhsions of Electrons with Atoms, 
Rev Modem Phys , vol 5, pp 257-279, October, 1933 
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free path of an electron, which is difficult to define, is the distance between 
ionizing collisions Above a velocity corresponding to about 500 volts 
for heavy molecules such as mercury and above a few hundred volts for 
the molecular constituents of air, it is found that the number of ions 
formed per centimeter per second by an electron beam is proportional to 
the current and the gas pressure and inversely proportional to the beam 
voltage A satisfactory empirical form' of this relation for air is 

_ 3 75 X 10’’* Jp ions formed per sec 15') 

^ ~ V per cm of length ^ 


where I is current in amperes, V is voltage through which the electrons 
have been accelerated in volts, and p is gas pressure in millimeters of 
mercury A nomographic chart of the number of 10ns formed per centi- 
meter of path per second is given in Fig 21 7 Since current is the prod- 
uct of the number of electrons passing a reference plane per second 
multiplied by the charge, the number of 10ns formed by each electron 
per centimeter of travel is 

Number of 10ns formed by 1 _ 6 X lO^p ^2i 10) 

electron per cm of travel V 


where p is in millimeters of mercury and V is in volts The 
between ionizing collisions of an electron is the reciprocal of Eq 
or 

Distance between ionizing _ Vj^ 
collisions of an electron 60p 


distance 
(21 16), 

(21 17) 


where Vkv is the potential through which the electrons have been acceler- 
ated, m kilovolts, and p is pressure in millimeters of mercury Thus an 
electron with a velocity corresponding to 6,000 volts, moving in a vacuum 
of 10"* mm of mercury, experiences an ionizing collision every 100,000 
cm At 10-* mm of mercury the distance between ionizing 'collisions is 
only 1,000 cm A nomographic chart showing the distance between ioniz- 
ing collisions, as a function of gas pressure and voltage through which 
the electron has been accelerated, is given in Fig 21 8 

21.3 Measurement of Vacuum. The range of pressures over which 
vacuum devices operate is so large that no one pressure-measuring device 
can cover it Accordingly, it is necessary to use a number of devices 
to handle the entire range of pressures from atmospheric down to the best 
vacuums producible The number of types of vacuum gauges runs into 
the dozens, but of these there are about half a dozen that have shown more 

^ Bennett, "W H , Magnetically Self-focusing Streams, Phys P&v , vol 45, pp 
890-897, June 15, 1934 Equation (21 15) is given originally as iV = 200pJ/Fe, 
with p m millimeters of mercury and electrical quantities in esu 



Gas pressure, mm of Hg. 


758 


VA.CUUM TUBES 



■10 


6 



lO"'' 

Fig 218 


-I0‘ 


■Distance between ionizing collisions of an electron as a function of gas 
pressure and voltage 


Distance between lonizjng collisions (Air), cm 
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Fig 21 9 — Eange of various pressure-measuring devices 


ruggedness and versatility than the others 
briefly In Fig 21 9 is shown the range of 
the most commonly used types of vacuum 
gauges Where the range line is solid, the 
range of pressures indicated can be covered 
with a single instrument Where the range 
line is dotted, several instruments of the 
same type are required to cover the range 
indicated 

Manometers The simplest type of 
vacuum gauge is the mercury manometer, 
or U tube, shown m Fig 21 10 One sur- 
face of the mercury column is exposed to 
atmospheric pressure, and the other is 
exposed to the low pressure to be measured 


These will now be described 


To vacuum 



Fig 21 10 — Mercury manom- 
eter 


The mercury column thus experiences a difference of pressure on the two 
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surfaces and adjusts the height of these surfaces until the forces are i 
equilibrium around the column The difference in height of the tw 
surfaces is a measure of the vacuum relative to atmospheric in tha 
atmospheric pressure alone will support a mercury column of heigh 
760 mm The U-tube manometer is suitable for measuring only relativel 
poor vacuums of the order of 10"^ mm of mercury or less 

The McLeod Gauge The McLeod gauge is a special type of mercur 
manometer It works on the prmciple of compressing a sample of th 
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Fig 21 11 — Long and short form of the McLeod gauge 


gas of which the pressure is to be measured by a known volume ratio ai 
thus mcreasmg the pressure in inverse ratio to an amount which is lar 
enough to measure by direct observation The McLeod gauge is one 
the few gauges that give an absolute pressure mdication Most of t 
other types of vacuum gauge have to be calibrated against the McLe 
gauge, which serves as a standard of measurement 

The general form of the McLeod gauge and the means by which 
sample of gas is trapped and compressed are shown in Fig 21 11 
McLeod gauges have m common a large volume V in which a sample 
gas can be trapped by raising a column of mercury The volume V ha 
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sealed-ofT capillary tube C sealed into its top By raising the mercury 
until its surface is well up m the capillary the volume of gas trapped can 
be compressed by a factor of many himdred times The pressure of the 
compressed sample of gas can be measured by comparmg the height of 
the mercury column in a parallel capillary of the same diameter— pref- 
erably from the same specimen of tubmg as the compression capillary — 
m which the gas is uncompressed The structure of the McLeod gauge 
requires that it always be made of glass 

The vanous McLeod gauges differ only m the means of raising the 
mercury column and of reading the gauge In Fig 21 11 are shown two 
of the commonest methods of raising the mercury column The arrange- 
ment at the left shows a design, known as the ‘Tong form,” m which 
the mercury column is raised by means of a displacement piston The 
piston can be arranged with a clamp and screw thread so that fine adjust- 
ments of level can be obtained by tummg the piston when it is clamped m 
one position This arrangement has the advantage that the use of rubber 
tubmg can be avoided since the displacement piston can be made of metal 
The structure is of necessity quite high smce a difference of elevation of 
760 mm must exist between the level of mercury m the gauge and that 
m the displacement-piston reservoir This form of the McLeod gauge 
requires mounting on a vertical rack rismg from floor level to a height of 
about 5 ft A somewhat shorter vertical height can be achieved with, the 
arrangement at the right, known as the “short form” With this 
arrangement the mercury level may be raised and lowered by gas pressure 
through a combination of valves The mercury is raised by openmg the 
valve to the high vacuum to be measured Too rapid a nse is offset by 
partly evacuating the mercury reservoir by openmg the valve connected 
to a source of low vacuum such as a mechamcal pump If the pressure m 
the mercury reservoir is made too low, the mercury wiU faU but this can 
be offset by admitting air through another valve attached to the reservoir 
This form of the McLeod gauge requires extremely careful handhng 
Another form of the McLeod gauge, not illustrated, carnes the com- 
pression volume, the compression capillary, and the comparison capillary 
on a framework that can be tilted to achieve an effective raising or lower- 
ing of the mercury relative to the measuring tubes 

The McLeod gauge can be used in two ways as a pressure mdicator. 
In the first method there is determined a point on the compression capil- 
lary such that when the mercury is raised to this level the compression 
volume IS compressed by some convenient factor such as 100 or 1,000 
The height of the mercury in the free capillary above this reference pomt 
will be a linear function of the gas pressure Specifically, the difference 
m height will be the onginal pressure in imllimeters of mercury times the 
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compression ratio By using capillaries of equal diameter, surface ten- 
sion forces are equal m the two tubes Thus 

, = (2118) 

where P is the pressure of the gas m milhmeters of mercury, hi is the dif- 
ference in level between the mercury m the free and in the compression 
capillaries, in miUimeters, when the mercury is raised to a point a dis- 
tance feo from the top of the compression capillary at which point the 
compressed volume of gas is Fo, and V is the onginal trapped volume of 
gas Smce 

Fo = (21 19) 

4 

where d ;s the diameter of the capillary 

P = Ai (21 20) 

The other method of using the McLeod gauge raises the mercury level 
m the free capillary to a height the same as that of the top of the com- 
pression capillary each time a measurement is made and reads the differ- 
ence m height hi between the mercury levels in the free and compression 
capillary With this method there is a different compression ratio with 
each gas pressure, but the basic relation of Eq (21 19) holds in the form 

P = (2121) 


where Fa is the volume of the gas m the compression capillary to a height 
hi Accordmgly, 


F ^ ird%i 

* 4 


(21 22 ) 


Hence 


P = 


ird* 




(21 23) 


and it is seen that the difference m mercury levels by this method is a 
guadratic function of the gas pressure The gas pressure is conveniently 
read by attaching a smtable quswiratic scale upside down to the com- 
pression capillary, hned up so that the zero of the quadratic scale cor- 
responds to the top of the compression capillary The quadratic and 
hnear methods of measunng pressure may be used with either the long 
or the short form of the gauge 

The sensitivity of the McLeod gauge may be increased by increasing 
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the size of the compressible volume or by decreasing the diameter of the 
compression capillary There are definite limits beyond which neither of 
these quantities can be carried If the compression volume is made too 
large, the weight of the mercury needed to fill it becomes a limitation 
The weight of 330 cm® of mercury is 10 lb, and the problems involved in 
making the gauge strong enough to support this weight are considerable 
If the compression capillary is made too small, there is trouble with the 
mercury sticking This imposes a practical limit of about mm at the 
smallest diameter capillary The reference heights used on the cali- 
brated scales can be reduced to increase the sensitivity, but there are 
limits here, too The reference heights have to be more than a few 
diameters of the capillary because of the difficulty of estimating the vol- 
ume of the rounded end of the capillary 

As a rough guide to the design of McLeod gauges let it be assumed that 
for linear-scale operation the reference height /lq is nine times the diameter 
of the capillary and that the smallest measurable difference in height hi 
IS equal to the diameter of the capillary With these assumptions, Eq 
(21 20) reduces to 


Pm = 


7 06^4 

V 


(21 24) 


where Pm is the minimum pressure that can be read with ease and accur- 
acy where all quantities are expressed in terms of millimeters Likewise, 
for quadratic-scale operation let it be assumed that the lowest practical 
height difference /12 is three times the diameter of the capillary Substitu- 
tion of this value into Eq (21 23) again yields Eq (21 24), which may be 
used as a design equation A nomographic chart showing the relations 
between the variables in Eq (21 24) is given in Fig 21 12 The sample 
construction line drawn shows that a sensitivity of lO"^ mm of mercury 
can be realized with a compression volume of 100 cm® and a capillary 
of diameter 1 091 mm 

McLeod gauges are frequently made with two capillaries attached in 
series on top of the compression volume The large-diameter capillary 
is sealed directly to the volume, and the small capillary is connected to 
the large one and sealed off at its end Two free parallel capillaries of 
the same diameter are used With this arrangement the use of linear 
scales over a wide range of pressures is facilitated 

The McLeod gauge does not indicate the presence of water vapor, 
carbon dioxide, ammonia, pump oil vapors, and condensable vapors in 
general When used with an oil-diffusion pump a cold trap should be 
placed between the pump and the gauge, otherwise, the latter will simply 
indicate the vapor pressure of mercury, which is 2 777 X 10"® mm at 
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room temperatures The tendency of the mercury to stick in the com- 
pression capillary can be reduced by warnung and thus degassing the 
capillary with a soft flame Mercury that has stuck can be evaporated by 
heating The McLeod gauge is considered reliable to 10”^ mm of mer- 
cury and is useful to lO”® Qualitative indications may be had for pres- 
sures as low as 10”® mm of mercury 



10 -^ 


Fig 21 12 — McLeod -gauge design chart 


The S'parh-d%scharge Tube A convenient device for monitoring low 
pressures is a spark-discharge tube about 1 in in diameter and about 8 
in m length, with disk electrodes supported on tungsten wires sealed 
through the glass, as shown in Fig 21 13 The tube has a T joint to 
the vacuum system and has a d-c potential of about 15 kv applied in 
senes, with a resistance large enough to limit the current to about 2 ma 
The series resistance is necessary because the resistance of the discharge 
tube between electrodes changes greatly with pressure The nature of 
the discharge serves as a rather good index of pressure in the range of 50 


/ 
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to 10-» mm The glow generally has these distinctive parts Immediately 
surrounding the cathode, or negative electrode, and a^sauTimn g its contour 
is the cathode glow Beyond the cathode glow is the Crookes dark space 
Beyond the Crookes dark space is the negative glow Extending from the 
positive anode, or electrode, is the positive glow, which will be contmuous 



Fig 21 13 — Structure of the gas-discharge 
tube 


or striated depending upon the pressure The characteristics of the dis- 
charge are roughly as follows 

Mm of Mercury Appearance 

20-50 Narrow streamers 

10 Broad streamers 

6 Cathode and negative glow forms, positive glow is small tuft at 

positive electrode 
4 Positive glow elongates 

0 4 Elongated positive glow breaks into a row of tufts (very pretty) 

0 2 Number of tufts in positive glow decreases, and tufts become larger 
and more widely separated 

0 15 Limit of tuft structure of positive glow — two large tufts close to 
anode 

0 10 Negative glow, which has been a small tuft at all higher pressures, 
elongates Positive glow is a single tuft 
0 05 Negative glow extends nearly to anode, positive glow disappears 
0 03 Glow diffuses the whole tube, no definite structure 
0 03-0 001 Glow disappears and glass fluoresces from electron bombardment 

In addition to the glow discharge changing its structure, it also 
changes its color At high pressures the predominating color for air is 
pink At lower pressures the pink changes to a blue as the oxygen and 
nitrogen, which have higher molecular mobility, are removed and carbon 
dioxide remains The color of the glass fluorescence depends upon the 
^lass being a yellowish blue in all cases, but more yellow than blue for the 
soft glasses and more blue than yellow for the hard glasses The 
presence of water vapor is indicated by a whitish glow 

In ordinary vacuum setups a spark coil that can be applied to an 
insulated electrode of the system can be used as a rough pressure ini- 
cator at low vacuums The voltage will set up a glow in the entire 
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system The nature of the glow is roughly as follows for different 
pressures 

Mm of Mercury Appearance 

100-40 Blmsh-white filamentlike discharge 

40-4 Purple filament 

4-0 4 Wide, stringy pink discharge 

0 4-0 04 Full glow — pink changing to gray to pale gray 

0 04-0 004 Discharge disappears, glass fluorescence appears Predominant 

color IS pale gray Glass fluorescence disappears at lower hmit 

A high-frequency Tesla coil can be used instead of a spark coil This 
has the advantage that it is safer and will not puncture the glass Leaks 
in glass can be detected with a spark coil since a spark will tend to jump 
from the coil electrode to any leak m the glass 

The Piram Gauge The Pirani gauge is simply a temperature-sensitive 
resistance element to which a small amount of power is supplied and 
which IS cooled by the conduction away of energy by molecules of the gas 
which have collided with it Thus if the power to the temperature-sensi- 
tive resistance element is kept constant, the cooling of the element will 
be a function of the pressure and will produce a variation in the tem- 
perature of the element that can be detected as a change in resistance 
A fine tungsten wire can be used as the temperature-sensitive ele- 
ment In fact, the filament of a 10-watt light bulb works quite well, 
a gauge may be made by sealing a piece of glass tubing to such a bulb 
and attaching it to the vacuum system The resistance of the filament 
increases rather rapidly with the power consumed by it If the filament 
structure is not coiled but consists of straight wire, it will make a better 
gauge In general, the higher the thermal efficiency of the filament as a 
light-producing element, the lower its effectiveness as a vacuum-measur- 
ing gauge, and vice versa This is because, the higher the thermal eflS.- 
ciency, the less effective the cooling by molecular impact In operation, 
the Piram gauge is conveniently used at a temperature of 100 to 500°C 
above room temperature, just below the temperature of appreciable 
radiation This is the temperature range of greatest sensitivity, for 
the cooling of the filament is then mostly by conduction rather than by 
radiation 

In principle, the Piram gauge can be operated in three fundamental 
ways 

1 Maintain the voltage across the filament constant, and measure the 
resistance as a function of pressure 

2 Maintain the current through the filament constant, and measure 
the resistance as a function of pressure 

3 Maintain the resistance of the filament constant, and measure the 
power supplied as a function of pressure 
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Method 3 has been tested by Campbell, who found that the power 
required to keep the filament resistance constant was a linear function of 
pressure, becoming less as the pressure became less This is in accord- 
ance with the expectation that the conduction cooling by molecules of 
the gas is proportional to the number striking the filament per second, 
which IS proportional to the pressure The direct proportionality has 
an upper limit at the pressure at which the mean free path of the molecules 
IS of the order of the bulb dimensions Below this pressure the heat is 
conducted by the molecules directly from 
the filament to the bulb walls Above 
this pressure the heat is conducted from 
layer to layer of gas surrounding the fil- 
ament, and since the heat conductivity 
of a gas according to the predictions of 
the kinetic theory of gases is constant 
under these conditions, there is no fur- 
ther change in heat loss with pressure 
Since the mean free path of nitrogen is 
about 1 cm at mm of mercury 

pressure, this will ordinarily be the 
upper limit of linearity between power 
and pressure for a constant filament ^lo 21 U - Constant-resistance 
resistance, though indications can be method of using the Piram gauge 
obtained up to 10“^ mm of mercury It is convenient in obtaining 

pressure data by method 3 to plot the ratio — as a function of 

pressure In this ratio, V is the voltage required to produce a given 
resistance at a pressure p, and T^o is the voltage required to produce the 
same resistance at pressures less than 10~^ mm of mercury The low- 
pressure voltage Vn across the filament represents heat loss pnmarily 
by metallic conduction, though there will be some by radiation For 
pressures less this value there are so few molecules present that there 
IS virtually no molecular cooling action Accordingly, the range of the 
Pirani gauge is about lO"^ to 10-* mm of mercury when an ordinary light- 
bulb filament is used It is possible to extend the upper limit of pressure 



with specially designed tubes of small dimensions 

The simplest circuit by which pressure may be measured by the con- 
stant resistance method is shown in Fig 21 14 Filament resistance is 
determined by the bridge balance as shown by the galvanometer The 
bridge is first balanced at very low pressures, and the bndge resistances 
are then left unchanged Bridge voltage is chosen to impart a suitable 
temperature, well below color, to the filament As pressure nses, the 
cooling of the filament will increase and lower the temperature, in turn 
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lowenng the resistance Bndge balance is restored by increasing the 
bridge voltage 

The Pirani gauge can be incorporated into an automatically self- 
balancing bridge by means of the circuit of Fig 21 15 The gauge- 
bndge circuit is in the feedback circuit of an audio amplifier tuned to 
about 1,000 cycles The amplifier will oscillate at an output-power level 
that nearly balances the bndge Thus, if the amplifier gam between 
input axid output terminals is 100, the output power will nse until the 


TUNED AMPLIFIER 



Fig 21 15 — Automatically self-balanemg bridge circuit for use with the 
Pirani gauge 


ratio of the input and output voltage of the bndge is Hoo> which is nearly 
a condition of balance Under the conditions stated the gauge resistance 
will be maintained constant withm about 1 per cent, which is close 
enough for pressure measurements As pressure rises and the gauge 
filament resistance tends to fall, the amplifier will supply more power to 
keep the resistance constant The power supplied by the amplifier is 
convemently indicated by a thermocouple milliammeter, properly 
shunted, in the output circmt Since the defiection of a thermocouple 
meter is proportional to current squared, the deflection is directly pro- 
portional to power Hence the meter can be engraved with a scale that 
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To 

vacuum 


will be linear with pressure but have zero pressure slightly upscale This 
may be corrected by adjusting the zero setting of the needle so that it is 
negative by the proper amount When this is done, the mdication of 
the meter will be linear with pres- 
sure The shunt may be adjusted 
to give different ranges of pressure 
The power supplied by the ampli- 
fier to the bridge will divide in 
constant ratio between the bridge 
arms If the ratio of the bndge 
resistances is as indicated in the 
figure, the power consumed by the 
gauge filament will be nearly ten- 
elevenths of the output power 
The simplest of all possible 
methods of using the Pirani gauge 
consists in putting the filament in a 

bridge circuit to which a constant direct voltage is applied and calibrating 
the unbalance current against pressure The circuit of Fig 21 16 shows 
how this may be done The use of identical filaments one of which is 



Fio 21 16 — Pirani gauge with bndge 
unbalance indicator 



sealed ofi at high vacuum compensates for extemal-temperatuie varia- 
tions A typical curve of bndge unbalance current as a function ot 
pressure is shown in Fig 21 17 
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Heater (W) 
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The Pirani gauge will respond to compressible gases and thus may be 
used to check the presence of components not revealed by the McLeod 
gauge The calibration curves of different gases are slightly different 
In general, the more mobile gases will conduct heat aw’ay from the fila- 
ment more readily In calibrating the Pirani gauge against the McLeod 
gauge a cold trap should be placed between the gauges to keep mercury 
vapor out of the former 

The Thermocouple Gauge The thermocouple gauge works on the 
samd principle as the Piram gauge A thermoj unction is attached to a 
heater wire as shown m Fig 2118 The heater wire is usually of tungsten 
and is heated with a current of 10 to 100 ma The thermojunction can 

be made of any of the standard combi- 
nations such as platinum-platinum 
rhodium, chromel P-alumel, copper- 
constantan (advance) , iron-constantan 
(advance), nichrome-constantan 
(advance) It is connected directly to 
a sensitive d-c microammeter ^ ^ The 
coolmg of the resistance wire is a func- 
tion of the pressure, which is recorded 
by the microammeter, which is acti- 
vated by the thermal emf generated by 
the junction on the wire The range of 
the thermocouple is from lO”^ to 10"'* 
mm of mercury, and it must be cali- 
brated against some standard pressure 
gauge such as the McLeod gauge 

The specific dimensions of a thermocouple that is excellent for routme 
pressure indications are as follows Couple of 3-mil nichrome and 4-mil 
advance wire, each in long Heater of 4-mil platinum wire 2% m 
long The wire lengths are long enough to eliminate thermal end effects 
Heating current is 150 ma to give a junction current of 200 microamperes 
in a perfect vacuum * 

Tnode Ionization Gauge All the gauges mentioned thus far have 
been limited in their range to relatively low vacuums The tnode 
lomzation gauge is the most extensively used high-vacuum gauge The 


HH 

Fia 21 18 — Thermocouple 
uum gauge 


vac- 


1 "Handbook of Chemistry and Physics,” 26th ed , pp 1876-1878, Chenucal 
Rubber Co , Cleveland, Ohio, 1942 

» Weber, R L , "Temperature Measurement and Control,” Chap IV, Blakiston, 
Philadelphia, 1941 

® Dttnlap, F C , and J G Trump, Thermocouple Gage for Vacuum Measure- 
ments, Rev Sci Instr , vol 8, pp 37-38, January, 1937 
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gauge itself has the fonn of (or may actually be) an ordmary tnode tube 
sealed into the vacuum system The most sensitive electrode connection 
IS, however, not the usual tnode connection The gnd is operated at a 
relatively high positive voltage, while the plate is operated at a relatively 
low negative voltage With this arrangement the filament has to be 
operated at considerably below its normal rating, ^ e , the temperature of 
the filament must be low enough so that the emission is temperature- 
limited The basic circuit arrangement involved is shown m Fig 21 19 




Fig 21 19 — Basic cirouit of the tnode ionization 
gauge 

The function of the positive gnd is to attract a stream of electrons mto 
the space between the positive grid and negative plate In their initial 
flight from the filament most of the electrons will miss the gnd, and their 
momentum will carry them toward the plate, where the negative potential 
will repel them and return them to the grid Some of the electrons will 
make several oscillations about the grid before they fall into it While 
in flight the electrons may ionize some of the gas molecules present, by 
impact When this occurs the positive ions created in the gnd-plate 
space will be attracted to the negative plate The positive-ion current 
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in the plate circuit is therefore a measure of the number of ionizing 
collisions, which, in turn, is a measure of the pressure Thus for any 
emission current the positive-ion current in the plate circuit, is a 
Imear function of the pressure 

The range of the triode ionization gauge is about 10~^ to 10“® mm of 
mercury The upper limit of pressure occurs when a glow discharge 
exists The lower limit of pressure is fixed by the smallest positive-ion 
current that can be measured, which in turn depends upon the leakage 
resistance of the gauge between electrodes The positive-ion plate cur- 
rent of a type 46 triode used with an emission current of 6 ma, a grid 
voltage of +120 volts, and a plate voltage of —15 volts is of the order of 
3 microamperes at a pressure of 10“^ mm of mercury The positive-ion 
current is linear with pressure within the range indicated, ^ e , the posi- 
tive-ion current will be 0 3 microampere at 10“® mm of mercury and 0 03 
microampere at 10“® mm of mercury for the operating conditions given 
Positive-ion current is linear with electron-emission current up to about 
20 ma for the type 45 The positive-ion current will also increase with 
positive grid voltage, but not m a linear fashion The increase of posi- 
tive-ion current to the plate with positive grid voltage is most rapid at first 
and then relatively less rapid The grid may be operated as high as +200 
volts relative to filament The limit to which the emission current and 
positive grid voltage can be raised is the dissipation capacity of the grid, 
which IS of the order of 1 watt For reliable readings both the grid and 
plate should be degassed by heating to a dull red heat either by r-f induc- 
tion coil or by direct electron bombardment To keep the emission down 
to the level of 5 to 10 ma it is necessary to keep the filament voltage quite 
low, for the type 45 used as a gauge about 1 volt instead of the rated 2 5 
Oxide-coated filaments are fairly satisfactory for tnode ionization gauges. 
They have the advantage that they will not burn out if the vacuum sys- 
tem accidentally springs a leak On the other hand, the emission is easily 
poisoned by pressures lower than 10~® mm When this occurs, it is 
frequently possible to restore emission by heating the filament to emission 
temperatures m the presence of a glow discharge at pressures of the order 
of 3 X 10"^ mm of mercury The restoration of emission results from 
positive-ion bombardment of the filament Some gauges use tungsten or 
tantalum emitters These are very rugged but may give rise to false 
readings at low pressures, for the filament itself will collect the molecules 
that strike it and so tend to reduce the pressure m the gauge The 
characteristics of such a triode lomzation gauge are given in Fig 21 20 

Smce the positive-ion current is so small, it is necessary to have either 
a sensitive galvanometer or a vacuum-tube amplifier When a gal- 
vanometer is used, it IS well to protect it against gas bursts or leaks by 
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placing an inductance of henry or so in series with it and shunting the 
galvanometer with a neon bulb and a condenser of about microfarad 
Any pulse of positive-ion current will tend to be by-passed around the 
meter by the neon tube and condenser Since high-sensitivity galvanom- 
eters are expensive, it is common practice to use some sort of amplifier 
that will give an indication on a low-sensitivity instrument One simple 
arrangement is shown in Fig 21 21 This circuit makes use of a cathode 
follower to measure the voltage across large resistors placed in series 



Grid currentmillioimperes Grid vol+tJige 



Ploite volt(^ge 


Fig 21 20 — Characteristics of a 



Pressure, mm HqxlO'^ 


typical triode ionization gauge 


with the plate of the ion gauge The resistors are large, ranging from 
10 megohms on down in steps of 10 One-tenth microampere through the 
10-megohm resistor produces a voltage drop of 1 volt, which the cathode 
follower triode reproduces almost exactly in its cathode circuit in the 
form of 1 ma through 1,000 ohms A zero adjustment of the output 
meter is provided in the form of a potentiometer With the plate load 
resistance of the triode gauge set to zero the potentiometer is adjusted to 
give zero current in the cathode circuit of the cathode follower tube 
Resistance is now switched into the plate circuit of the triode gauge, 
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and as positive-ion current flows, a positive voltage will appear on the 
gnd of the cathode follower tube and current will flow m its cathode lead 
The cathode voltage “follows” the gnd voltage almost linearly and so 
gives suitable indication Almost any high-mu high-current tnode can 



With triode ionization gauge 

be used m the cathode follower circuit The tube charactenstics should 
be such that about 6 ma of plate current will flow when the gnd is at 
cathode potential 



ionization gauge 


Vanations and refinements of the basic circuit shown in Fig 21 21 
are numerous If extensive vacuum work is done, it is sometimes con- 
vement to have a circuit that will mamtain the emission current at a 
fixed value Such a circuit is shown m Tig 21 22 This circuit inserts a 
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vanable resistance m series with the filament in the form of the trans- 
formed plate resistance of a pair of triodes, one of which conducts for 
each half of the alternating-voltage cycle The magmtude of the plate 
resistance is controlled by a grid voltage derived from a resistor through 
which the emission current flows If the emission current tends to 
increase, the triodes are biased negatively, with the result that their plate 
resistance and hence the resistance in series with the filament circuit is 
increased, thus decreasing the filament current and offsetting the mcrease 
in emission ^ It is also possible to construct a circuit using a “magic- 
eye'' electron-ray tube as an indicator and thus save the cost of sensitive 
meters 2*3 

21.4 Pumpmg Speed. Before talking about means of producing low 
pressures it is well to define the terms in which the characteristics of 
such devices will be described In talking about vacuum pumps we are 
concerned with the laws related to the movement of gases through tubes 
and orifices 

Speed of an Aperture Consider the case of a large volume of gas m a 
chamber closed except for a small aperture opening into a perfect vacuum 
Gas will move out of the volume at a rate given by 

^ = 10 08 ^^2 ^ ^ liters per sec (21 25) 

where A is the area of the aperture in square centimeters, T is temperature 
in degrees absolute, and M is molecular weight of the gas involved (29 
for air) It is seen that at room temperature of 20°C the flow through an 
aperture of area 1 cm^ is 10 08 liters per sec At a temperature of 27°C it 
IS 10.2 liters per sec The volume flow is independent of the pressure^ 
This occurs because, although the number of molecules passing through 
the aperture is proportional to pressure, the volume of gas corresponding 
to a given number of molecules is inversely proportional to pressure. 

Defimtion of Pump Speed By analogy with an aperture the speed of a 
pump IS measured in volume flow, usually in units of liters per second 
Pumps are similar to apertures in that their speeds are nearly constant 
over a wide range of pressure and that their speeds are comparable 
with those of pump output apertures Pumps will, however, have a 
limiting pressure, subsequently referred to as Po Accordingly, the 

1 Ridenour, L N , and C W Lamson, Thermionic Control of an Ionization Gage, 
Rev Set Instr , vol 8, pp 162-164, May, 1937 

2 Ridenour, L N , Magic Eye Ionization Gage, Rev Sc^ Instr , vol 12, pp 134- 
136, March, 1941 

3 Perkins, W E , and H A Higginbotham, An lomzation Gage Circuit, Rev Set 
Instr , vol 12, pp 366-367, July, 1941 
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removable volume of gas of any nominal volume in terms of any pressure 
we wish, to use as reference is proportional to the difference between the 
existmg and ultimate pressure, 

7 = fc(P - Po) (21 26) 


Speed IS defined as the volume flow 

„ dV j dP _ V dP 
^ ~ dt ~ 'di ~ P -Podt 


(21 27) 


Integration of this equation from a pressure Pi at time zero to pressure P a 
at time t yields 

The above is useful in estimating the time required to reduce pressure to a 
given level When the ultimate pressure is low compared with the other 
pressures concerned, then Eq (21 28) reduces to 

(2129) 

Speed of Tubing At low pressures the flow of gases through tubing 
is molecular rather than hydrodynamic in nature The flow involves 
frequent collisions with the walls and relatively few collisions between 
molecules On the assumption that the mean free path of the molecules 
IS large compared with the diameter of the tubing involved, that Lam- 
bert’s cosine law holds for reflection from any impact with the walls, that 
the velocity distnbution is Maxwellian, and that the number of molecules 
striking any area is proportional to the pressure, the flow through a piece 
of tubing has been calculated to be 

g-T / litersperseo (2130) 

where r and I are radius and length of the tubing in millimeters, respec- 
tively, T IS temperature in degrees absolute, and M is the molecular 
weight of the gas involved ^ For air at 27°C the radical has the value of 
umty The symbol G is used because the quantity is analogous to elec- 
trical conductance A nomographic chart of tube conductance as a 
function of radius and length is given in Fig 21 23 The above equation 
IS accurate to withm a few per cent, provided that the diameter of the tub- 

^ Knudsen, M , Die Molekularstromung der Case durch Offnungen nnd die 
Effusion, Ann Physik, vol 28, pp 999-1016, 1908 
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Pig 21 23 — NoniOKraphic chart of the speed of air flow through tubing at low 
pressures 


Conductoince, liters per second 
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ing IS less than the mean free path of the gas molecules The quantity 
in parentheses in Eq (21 30) is a correction factor for shortness of tub- 
ing When the tubing is long compared with the radius, this quantity 
approaches unity very closely Hence for long tubing containing air at 
room temperature the conductance in liters per second is given approximately 
by the radius in millimeters cubed divided by the length in millimeters The 
importance of using large-diameter tubing is evident from the dependence 
of the conductance upon the cube of the diameter Reduction of diam- 
eter by a factor of 3 reduces conductance by a factor of 27 The speed 
of flow of gases in a vacuum system cannot be greater than that given by 
the lowest tubmg conductance in the system 

When a number of pieces of tubing are connected in series, the recipro- 
cal of the resultant conductance is equal to the sum of the reciprocals of 
the individual conductances 


—=—+—+—+ +— 

Gea G\ (?2 Gz Gn 

where Geq is the equivalent conductance and G^i, G 2 • 


(21 31) 


Equivd/enf 

speed 

^2- 



Speed 


Conducf&nce 

G 


Tubmg 




Pump 


resistances. 


are the con- 
ductances of the different portions of 
tubing If the resistance of a long 
piece of tubing is defined as the recip- 
rocal of the conductance, then, for air 
at 27°C, 


Volume bemg 
evacuated 

S2 Ex G 

Fig 21 24 — Diagram illustratmg 
equivalent pumping speed 


G r^ 


sec per liter (21 32) 


where I and r are the length and radius 
of the tubing in millimeters, respec- 
tively Then the resultant resistance 
IS simply the sum of the individual 


iSea = i2i + + 


+ 


(21 33) 


Only the length and diameter of a tubing are of importance in calculating 
the gas flow Bends and corners have little effect It must always be 
remembered that such computations as are indicated above are restricted 
to the range where the diameter of the tubing is less than the mean free 
path of the gas molecules 

Efect of Tubing upon Pumping Speed The speed of a pump has the 
same units of conductance, ^ e , liters per second Hence a pump may be 
considered as a piece of tubing, of conductance equal to its speed, feeding 
into an infinite reservoir of gas at the ultimate pressure of the pump. 
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The reciprocal of the equivalent pumping speed of a pump with associ- 
ated tubing IS found by adding the reciprocal speed of the pump and the 
reciprocal conductance of the tubing Thus for the arrangement of 
Fig 21 24, where the speed of the pump is Si and the conductance of 
the tubing is (?, the equivalent speed at the volume being evacuated, S 2 , 
IS given by 

1 1 , 1 * 

It IS seen that the resultant speed is lower than both the tubing and the 



pump speed The importance of using large-diameter high-speed tubing 
IS again evident A nomographic chart of Eq (21 34) giving the result- 
ant speed of a pump and tube in terms of the pump speed and tube con- 
ductance IS shown in Fig 21 25 

* Proof of Eq (21 34) may be found by equating the mass of flow at different 
points in the system as 0=(r(P2“Pi)=SiPi — S 2 P 2 When pressures are 
elimmated from these relations, Eq (21 34) for the equivalent speed results 
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21.6 Production of Low Vacuum. Numerous applications require the 
production of vacuums of mm of mercury or less In addition, 
high-vacuum pumps will not operate if required to exhaust directly into 
air but must exhaust into a low vacuum to be efficient As a result, the 
sub] ect of production of low vacuum falls into a class by itself 

Low vacuums are most easily obtained by means of a mechanical 
pump Numerous designs for such pumps have been suggested, but the 



Pig 21 26 — Diagram and picture of Cenco Hyvac 
pump 


successful pumps that are used m large quantities all embody the same 
principle An example of a widely used mechanical pump is the Cenco 
Hyvac A diagram of the internal structure of this pump is given in Fig 
21 26 Essential features of this pump are an eccentric rotor A, a valve 
K, which divides the space between the rotor and stator into two vol- 
umes, and an output valve L As the rotor turns in the direction indi- 
cated m Fig 21 26, there is presented to the space being evacuated a 
volume H, which expands, allowing gas to enter, and is then sealed off 
by the rotor surface The trapped volume of gas is then compressed 
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s«gd»iiist the output valve L through which it is expelled By ganging 
such rotors and running up the speed, very good evacuation properties 
may be had In Fig 21 27 are shown the speed-pressure curves of some 
well-known mechanical pumps Ultimate pressures are of the order of 
10-® to 10-® mm of mercury, the average being lO-^ mm of mercury 
Speeds of mechanical pumps are usually from three- to five-tenths of the 
speed of the input aperture except in the immediate vicinity of the 
ultimate pressure, where the speed is much lower Limiting pressures 
are determined largely by the excellence of the mechanical tolerance in 



Fio 21 27 — Speed-pressure curves of mechanical vacuum pumps 

the rotor and valve construction Pumps are usually immersed in oil to 
improve the valve action 

21 6. Production of High Vacuum For the production of pressures 
lower than those which can be obtained with mechanical pumps, vapor- 
diffusion pumps are invariably used ^ Roughly speaking, the diffusion 

^ Some information on this subject is given m the general references cited earher 
(p 747) For more recent information see Hickman, K C D , and C R Sanpoed, 
A Study of Condensation Pumps, Rev Sai Instr , vol 1, pp 140-163, March, 1930, 
Ho, T L , Multiple Nozzle Diffusion Pumps, Rev Sci Instr , vol 3, pp 133-135, 
March, 1932, Ho, T L , Speed, Speed Factor and Power Input of Different Designs of 
Diffusion Pumps, and Remarks on the Measurement of Speed, Physics, vol 2„ pp 
386-395, May, 1932 See also the excellent summary given m Strong, J , and 
others, '‘Procedures in Experimental Physics,'' pp 111-124, Prentice-Hall, New 
York, 1941 
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pump works on the principle of creating a gas flow of a condensable 
vapor that draws along with it all the molecules from the system being 
evacuated that get into the flow The vapor wind so formed is termi- 
nated by condensation, and the hquid so formed is returned to a vapor- 
izing umt, where it is again used to form part of a vapor flow The 
operation of this principle is best seen by considering specific vapor- 
diffusion pumps 

The Mercury-dtffu^on Pump — One commonly used type of vapor- 
diffusion pump makes use of mercury as the circulating vapor A dia- 
gram of an early metal pump used by Langmuir is shown m Fig 21 28 
Mercury is heated in the bottom of the unit at D, and the resultant vapor 
rises up the chimney F, where it is deflected downward by the umbrella- 



Tomech 

pump 


Pig 21 28 — ^Langmuir^s mercury-diffusion pump 


shaped cup E placed over the end of the chimney The mercury vapor 
moves down between the outside of the chimney and the outer wall of 
the pump A, which is cooled by a water jacket J The principle of 
counterflow in cooling is purposely avoided, for the back vapor pressure 
will be least if the condenser temperature is lowest at the high-vacuum end 
of the pump As the mercury vapor moves down, it is cooled to the point 
of condensation and then runs back down into the reservoir at the bottom, 
where it is again vaporized and recirculated The probability that any 
gas molecule that gets into the mercury-vapor stream will experience a 
collision that will force it to move m the direction of the exhaust is 
extremely strong As long as the input pressure exceeds the exhaust 
pressure by a factor of 100, the forces driving molecules toward the 
exhaust will predominate over those acting in the opposite direction 
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Diffusion pumps of the type described require a low output pressure 
to give an effective condensation action As a result, vapor-diffusion 
pumps are always operated into a mechanical pump Diffusion pumpB 
will operate into exhaust pressures, or “fore pressures, '' as high as 10“"^ mxn 
of mercury but in general should not be operated into fore pressures of 
more than mm of mercury for any length of time This is about the 
pressure at which a spark coil will fail to produce a discharge through a 
gas, and therefore m practice the diffusion pump is not turned on until 
the mechanical pump has reduced the pressure to the point where a glow 
discharge can no longer be observed upon application of a spark coil 



When mercury is used as the pump vapor, it is necessary to place a 
freezing trap between the pump and the system being evacuated to catch 
such mercury molecules as diffuse out from the pump If this is not done, 
the minimum pressure that can be obtained with the system is the vapor 
pressure of mercury, which is about mm of mercury at room tem- 
perature A commonly used type of cold trap is shown in Fig 21 21)* 
Cold traps may be cooled with liquid air or with a slush formed by adding 
alcohol to carbon dioxide snow The temperature of the trap must be 
such that the vapor pressure of the mercury is reduced to a value below 
a level corresponding to the lowest pressure desired A curve of the 
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vapor pressure of mercury as a function of temperature is given in Fig 


21 30 

With vapor pumps, in general, 



Temperature, ®C 


Fig 21 30 — ^Vapor pressure of mer- 
cury as a function of temperature 


i IS necessary to use two pumps in 
series to get a very good vacuum 
This IS because there is a maximum 
ratio of input and output pressures 
of about 100 that can be achieved 
by a single stage 

Oil Pumps Pumps using oil as 
a diffusion-pump liquid have 
become more popular than mer- 
cury-vapor pumps as oils were 
developed that had successively 
lower and lower vapor pressures 
The various oils now in use and 
their corresponding vapor pressures 
are shown in Fig 21 31 Other 
properties of the principal oils are 
given in Table XIV Oils have the 
advantage over mercury vapor that 
a freezing trap is not needed Fur- 
thermore, the speed factors of 
pumps using oils will tend to be 
about ten times as great as of those 
using mercury vapor Relative to 
the equivalent aperture oil-vapor 
pumps are about 50 per cent effec- 
tive In oil pumps a baffle or char- 
coal trap must be used to prevent 
oil vapor from diffusing into the 
chamber being evacuated, with 


some resulting reduction in speed Care must also be taken not to 
1 Burch, C R , Oils, Greases and High Vacua, Nature, vol 122, p 729, Nov 10, 


1928 

2 VON Bbandenstein, M , and H Klump, Ueber die Verwendun organischer 
Substanzen m der Hochvakuumtechnik, mbesondere bei dem Betrieb von Hoch- 
vakuum Pumpen, Phys%k Zeit , vol 33, pp 88-93, Jan 15, 1932 

3 Klumb, H , and H D Glimm, Ueber die Sauggeschwmdigkeit von Diffusion- 
pumpen die mit organischen Substanzen betrieben werden, Phys^k Zeit , vol 34, pp 


64-65, Jan 16, 1933 

4 Hickman, K C D , Vacuum Pumps and Pump Oils, Jour Franklin Inst , vol 
221, Part I, Some Fractionating Pumps, pp 215-235, February, 1936, Part II, A 
Comparison of Oils, pp 383-402, March, 1936 
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expose the oil while hot to air at pressures greater than 10“^ TYim of mer- 
cury Likewise, the oil must not be overheated even at extremely low 
pressure, for then decomposition will be accelerated All the oils listed 
in Table XIV are formed by fractional distillation, ending with the com- 
ponent having the lowest product of vapor pressure and rate of chemical 
breakdown 


JO‘5 


10--^ 


Apiczon A 


Butyl phfhalatc 


1 lO-s 

i 



Butyl seboiccite 
— Amoil 

Amyl scbacdteCAmoil-S) 
— Apiezon B, Litton A 


10 -^ 


— 2 Ethyl hexyl phthalate (Octoil) 

— Litton C 

— 2 Ethyl hexyl scboicoiteCOctoil-S) 


10-8 ± 

Fig 21 31 — Oils and their vapor pres- 
sures at operating temperature 


In addition to oils, extensive use is now being made of silicones 
Most prominent among these are the Dow-Cornmg silicones DC702 and 
J3C703 These are as good as the best oils, with an ultimate pressure of 
5 X 10”^ mm of mercury for the DC703 and 1 X 10~® mm of mercury 
for the DC702 The great advantage of the silicones over oils is their 
resistance to oxidation , the silicones do not burn However, there is a loss 
of ultimate vacuum due to absorbed gases, but the recovery time to 
ultimate vacuum is about the same as for the best oils The disadvan- 
tage of the silicones lies in their present high cost They also exhibit the 
same undesirable back diffusion as the high-grade oils Poisoning of 
oxide cathodes is about the same as for oils without traps or baffles 
Both silicones and the highly refined natural oils from which sulphur 
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compounds have been removed have a chemical stability higher than the 
synthetic oils, and fractionation is less important ^ 

A typical diffusion pump using oil as the liquid is shown in Fig 21 32 
The arrangement of the parts is evident From the boiler, vapor nses 



pump 


heater 

Fig 21 32 — Typical glass, water-cooled, od-diffusion pump 

into the nozzle, where it is blown down a water-cooled section of tubing, 
at the bottom of which the condensed oil is collected and returned to the 
boiler In general, the action of oil pumps is more positive when water- 
cooled than when not, though air-cooled 
pumps are quite common Two such 
pumps in series using a good oil can 
achieve a pumping speed of 30 liters per 
sec at 10”® mm of mercury and have 
an ultimate pressure of better than lO”"^ 
mm of mercury if a charcoal trap is 
used The fore pressure required is 
generally of the order of 10”® mm of 
mercury for positive action The char- 
coal trap serves to collect molecules of 
oil vapor that tend to stray into the 
chamber being evacuated ^ One com- 
mon form of charcoal trap is shown in 
Fig 21 33 This trap consists simply of 

a pan of charcoal powder located so that no oil-vapor molecules may move 
directly into the chamber being evacuated without coming in contact 

1 The above information on silicones was privately communicated to the author by 
C V Litton 

2 Becker, J A , and E N Jatcox, A New HigE Vacuum System, Rev Sci Instr , 
vol 2, pp 773-784, December, 1931 
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Fig 21 33 —Charcoal trap with 
electric heater 
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with, the charcoal Oil molecules will stick to the charcoal Provision 
must be made for degassing the charcoal This usually takes the form 
of an electnc heater embedded m the charcoal When the charcoal is 
heated to a temperature of several hundred degrees, the absorbed oil 
molecules are decomposed into gases that may be removed by the pump 



A charcoal trap can absorb several thousand times its own volume of 
oil vapor Ultimate pressures of 10”® mm of mercury have been recorded 
with charcoal traps and a good pump oil Other means of keeping oil 
vapors out of the vacuum system are baffles of some metal, such as alu- 
minum, that wdl not react with the oil and yet that has a good heat 
conductivity so that oil vapor will condense on it 
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A poplar fo^ of air-cooled oil-vapor pump is shown schematieaUy 
m D ig ^1 This pump achieves a three-stage action by suitable 
bleeding oi vapor from a chimney over a single boiler Throat areas and 
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PlO- 21 35 — Operating characteristics of a triple-jet air- 
cooled oil-vapor pump 

vapor speeds are adjusted to give maximum effectiveness at the different 
pressures encountered in the system Operating characteristics typical 
of such pumps are shown in Fig 21 35 Pumping speeds m the range of 
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20 to 30 hters per sec at 10-* mm of mercury and idtimate pressures of 10“® 
to 10”® Tnm of mercury may be obtamed with this type of pump Pump- 
ing speed drops qmte sharply if the fore pressure becomes too low The 
operating range of such a pump may be shifted toward low pressure by 
decreasmg heater power In some pumps of this type the output tubing 
leadmg to the mechanical pump contains a senes of trappmg ndges or 
alembics that prevent substances of high volatility from returning to 
the pumpmg-fluid reservoir 

FrcLctionating Pumps In order to obtain extremely low pressures it is 
necessary that the pump oils be uncontaminated with matenals of lower 
vapor pressure One means of ensuring this is to use a type of pump 
mcorporatmg a fractional distillation stiU that continuously refines 



To mech 
pump 


Fig 21 36 — ^Diagram of two-stage fractionating 
pump 


the Oils used ^ A diagram of a two-stage fractionating pump is given in 
Fig 21 36 In operation the alembics m the output chimney collect 
the extreme volatiles, which if left m the system cause turbulence m 
the vapor flow The boiler A at the low-pressure end of the pump 
operates at the highest temperature and utihzes mainly the more volatile 
low-vapor-pressure components of the oil Less volatile components flow 
through the connectmg tube to the middle boiler B, where they are more 
effective at the lower pressure because of their lower vapor pressure 
The thud boiler C serves to collect relativdy nonvolatile residue and 
redistill the volatile components back into the other two boilers Operat- 
ing characteristics of a three-stage fractionating pump are diown m 
Fig 21 37 Ultimate pressures of 10“’ mm of mercury may be obtamed 
with pumps of this design, though pumpmg speeds are only of the order 

1 Hickman, K C D , Trends m the Design of Fractionating Pumps, J our Ajrpl 
Phya , vol 11, pp 303-313, May, 1940 
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of 30 liters per sec The operation ot this type of pump is quite critical 
with respect to temperature 
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Fig 21 37 — Operating characteristics of a three-stage 
fractionating pump 


21 7. Glass and Its Properties Almost every vacuum system or 
vacuum tube contains some glass in it Early systems and tubes were 
entirely of glass, though the trend at present is to use more metal and less 
glass Nevertheless, glass is still an indispensable item m vacuum-tube 
research and construction 

The usefulness of glass is derived from its excellent working character- 
istics. It can be shaped or molded into almost any form The varieties 
of glass which are available are so numerous that a glass can be^ found 
suitable for almost any purpose The greatest disadvantage of glass is 
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the ease with which it breaks, but even this can be minimized with proper 
design 

Composition of Glass Glass is a fused mixture of silica, B 1 O 2 , and. 
various metallic oxides The silica is the predominant component, 
bemg from 60 to 80 per cent of the total weight The characteristics of 
the glasses are determined by the percentages of the metallic oxides 
Pyrex glass is made up of 81 per cent S 1 O 2 , 12 per cent B 2 O 3 , 4 percent 
Na20, and a few per cent of other oxides Lead glass is made up of 61 5 
per cent S 1 O 2 , 23 per cent PbO, and sodium and potassium oxide These 
two glasses lie near the extremes of a scale of glasses, pyrex being at the 
so-called “hard” end and lead glass being at the so-called soft end 
Other glasses lie between these extremes both in composition and in 
physical charactenstics Of considerable interest in transmitting-tube 
manufacture is nonex glass, which is a hard glass but not as hard as pyrex 
Nonex glass contains 73 per cent S 1 O 2 , 16 5 per cent B 2 O 3 , and 6 per cent 
PbO Nonex is not inactive enough chemically to make it useful for 
chemical glassware though it is extensively used in transmittmg-tube 
manufacture 

Physical Properties of Glass Loosely speaking, any material that is 
hard, brittle, and transparent is referred to as a glass More properly, 
glass IS an amorphous material that is hard and transparent at room 
temperatures As it is heated it softens gradually, becoming softer and 
softer Because of this gradual change, it has no defimte melting tem- 
perature The transition from a solid to a viscous state is usually defined 
in terms of the following arbitrary reference temperatures 

Strain point An arbitrary pomt on the temperature-viscosity curve, 
representing a viscosity of 10^* « poises^ where rapid cooling will 
not produce permanent strain 

Anneal mnt Arbitrary point, viscosity ^ poises, corresponding 
to relief of strain in 34 plate in 15 min 

Softening point Arbitrary point, viscosity 10^®® poises, correspond- 
ing to unit elongation of glass rod in given time interval 

Working temperature Arbitrary point, viscosity 10^ poises Close 
to maximum temperatures for glassworking — ^in general, higher 
than temperatures used for metal seals by 150 to 200°C 

The transition between the various physical states of glass is shown 
in Fig 21 38 The temperature scale will be different for each kind of 

^ The poise unit of viscosity is the force m dynes required to impart a relative 
velocity of 1 cm per sec to two parallel surfaces each havmg an area of 1 cm* and spaced 
1 cm apart with the viscous material between them The viscosity of pitch at 15®C is 
10^0 poises The viscosity of castor oil at room temperature is 2 poises 
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glass, but the general characteristics of the curve will be the same The 
softening temperatures of the various glasses depend upon the composi- 
tion, being higher for the higher percentages of silica Glass must be 
worked above the softening point If the glass is maintained at a tem- 
perature near the softening point too long, it will be devitrified and 
possibly oxidized, with the result that its physical characteristics will be 
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of glsiSS as a function of tempera- 


impaired The cntical temperatures for the commonest types of glasses 

are listed in Table XV r xi, j « + 

The expansion characteristics of glasses are different for the ditterent 
grades of glass and are nonuniform with temperature, unlike those of the 
pure metals i Hence different types of glass cannot be joined together 
without cracking upon c'oolmg unless their expansion coefficients are 
1 Peters, 0 G , and C H Cragob, Measurement of tte Thermal Dilatation of 
Glass at High Temperatures, US Bur Standards Sa Paper 39^ 
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nearly alike In general, all glasses have a lower rate of expansion at the 
low temperatures than at the high Soft glasses have higher coefl&cients 



metals and glasses used m vacuum-tube construction 


of expansion than hard glasses The expansion-temperature character- 
istics of the principal glasses and metals used in vacuum tubes are shown 
in Fig 21 39 
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Work%ng of Glass The working of glass requires a high degree of 
physical coordination and skill Simple operations can be learned m a 
short time, but a professional touch is slowly acquired 

21.8. Sealing of Glass to Other Materials. Very few vacuum tubes 
have been bmlt with no glass in them Even in the so-called metal 
tubes” the leads are brought into the tube through a glass bead sealed 
into an eyelet In experimental and developmental work, glass is used 
even more extensively and glass-to-metal sealing assumes even greater 
importance 

Sealing of Small Leads into Glass The problem of bringing leads into 
vacuum tubes is ever present The principal problem involved is that 
of finding a metal of which the expansion coefficient matches that of the 
glass quite closely Since the expansion coefficient of metals is nearly 
constant with temperature while that of glass generally increases with 
temperature, the perfect combination is seldom found However, if the 
diameter of the lead is small, a considerable mismatch m expansion can be 
tolerated Thus with tungsten, of which the expansion coefficient is 
4 ppm (parts per milhon) per °C, leads of diameter 0 020 m or less can be 
sealed into pyrex glass, of which the expansion coefficient is 3 3 ppm per 
®C, whereas leads of diameter as great as 0 125 in can be sealed into 
nonex glass, of which the expansion coefficient is 3 6 ppm per °C, without 
cracking Because the coefficient of expansion of platinum, 9 ppm per 
°C, is very nearly the same as that of G-12 soft lime glass, 8 7 ppm per °C, 
lead size of this glass-metal combination is limited only by the budget 
Platinum leads can also be sealed into G-12 soft cobalt lead glass, of 
which the coefficient of expansion is 8 7 ppm per °C In all cases the 
glass and metal must be heated to a red heat together, bringing the glass 
to a soft state so that it will wet the metal This generally reqmres that 
the metal be coated with an adherent coating of oxide and that the glass 
and metal be heated together so that the oxide partly dissolves in the 
glass, though perfect seals can be made with no oxide on copper, tungsten, 
or Kovar 

Metal-glass combinations other than those mentioned above may also 

^ For further mfonnation the reader is referred to Feart, F C , C S Tayloe, and 
J D Edwards, “Laboratory Glass Blowing,” 2d ed , McGraw-HiU, New York, 1928, 
and also the excellent illustrated treatment of Strong, J , and others, “Procedures in 
Experimental Physics,” Chap I, Prentice-Hall, New York, 1941, Percival, G A , 
The Technique of Glass Manipulation, Electronic Eng , April, 1944, pp 453-457 , 
Breoduer, R L, and C H Simms, Planning a Glassworkmg Department, Jour 
Sgi Instr , vol 21, pp 169-173, October, 1944, Holdman, J D , “Techniques of Glass 
Manipulation,” Prentice-Hall, New York, 1946 
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be used for sealing small leads into glass Dumet, which is a copper-clad 
iron alloy, is extensively used m receiving-tube stems of soft glass ^ 
The expansion coefficient of dumet is close enough to that of the soft 
glasses so that it can be used in diameters under 0 040 in Molybdenum 
can be sealed into pyrex and nonex in small diameters Cormng G-71, 
softest of the hard glasses, matches the expansion of molybdenum very 
closely and can be used to fairly large sizes Some of the stainless steels 
have expansion coefficients low enough to be used with this same glass. 
Chrome-iron alloys containing 26 to 28 per cent chromium match G-6 
glass quite well at low temperatures 

Copper-to-glass Seals Copper may be joined to almost any type of 
glass if the edge of the metal that is being joined to the glass is made 
extremely thin This is possible m spite of the fact that the coefficient of 
expansion of copper is much greater than that of any of the glasses A 
thin piece of copper will give to high stresses because of its high ductility 
and its low yield point The technique of joining copper to glass was 
perfected by Housekeeper, and such seals are often referred to as “ House- 
keeper seals Copper-to-glass seals are invariably used in transmitting 
tubes for any seals requiring conductors larger than m in diameter 

Copper IS prepared for sealing by cutting or rolling the edge of copper 
tubing so that the edge is 1 5 ± 0 5 thousandths of an inch thick and 
tapeied back at about a 2 5-deg angle to about 40 thousandths thickness 
The joining of glass to the copper requires a high degree of skill and is 
probably the most difficult of all the glassworkmg operations to perform 
Small seals, up to in in diameter, are commonly made with the glass 
applied only to the inside of the copper edge This is done because the 
expansion of copper is greater than that of glass and the differential 
expansion is therefore m the right direction to maintain the bond For 
seals larger than diameter it is common to coat both the inside 

and the outside of the copper edge with glass This is done primarily to 
prevent overoxidation of the thin copper at the seal Copper must be 
heated with an oxidizing flame The black oxide is formed, and seal 
temperature must be maintained constant throughout the operation 
The glass is bound to the black oxide On further heating the excess 
oxygen of the black oxide combines with more copper, changing it to the 
red oxide Simultaneously some of the black oxide dissolves in the glass 

1 Dumet cores are 42 per cent nickel, and the copper coatmg is 20 to 25 per cent of 
the total volume 

2 Houbbkeepeb, W G , Glass to Metal Seals, J our Amer Inst Elec Eng , vol 42, 
pp 954r“960, September, 1923 Earliest seals were made by Kruh and Kraus 
Housekeeper mtroduced the featheredge 
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As a result, the final interface. between the red oxide and the copper lies 
at a new depth, created after the glass was fused to the outside ]V echan- 
ically a rim of glass is first attached to the outside of the copper edge from 
a piece of glass tubing and then detached from the glass tubing, leaving a 
little glass projecting over the edge of the copper, which is then folded 
over to cover the inner side The glass tubing is then joined to this 
^^bead^^ of glass on the copper edge The color of a properly fashioned 
copper-glass seal is a bright red and will stand heating up to the softening 
temperature of the glass Seals are commonly made up to 6 in in diam- 
eter, and some as large as 10 in in diameter have been made The same 
procedure is used in j oining copper to all types of glass J oining of copper 
to pyrex is the most difiBicult, for there is a temperature interval of only a 
couple of hundred degrees between the temperature at which the glass 
sottens and that at which the copper melts The only disadvantages of 
copper-glass seals are that they are relatively difficult to make and that 
they have a relatively low mechanical strength because of the thinness of 
the copper next to the glass 

In addition to the Housekeeper seal it is possible to make disk seals to 
copper. This was anticipated by Housekeeper but only recently put 
mto extensive commercial use Disk seals are used m tubes of the light- 
house type and in reflex-klystron-oscillator tubes designed to work with 
external cavities The general method of construction consists m 
stacking a circular copper disk with a circular hole in its center between 
two equal-diameter pieces of glass and then heating the metal by torch or 
preferably by r-f eddy currents until the copper disk becomes hot enough 
to melt the glass, which forms a bond with the metal The glass does not 
cover the edges of the copper If the copper disk is thin enough, 15 
thousandths of an inch or less, then no intermediate materials are needed 
between the glass and copper As with the Housekeeper featheredge 
seal, the difference between the expansions of the glass and copper is 
taken up by the copper Copper disks are frequently given a circular 
cnmp to weaken them to radial forces and allow radial contraction without 
havmg to stretch the whole metal area The surfaces of thick disks are 
often coated with a layer of copper borate, which ensures maxiitium 
bonding strength 

Kovar and Fermco Kovar and Fernico are trade names used by the 
Westinghouse and General Electric Company, respectively, for some 
mckel-cobalt alloys of iron having nonuniform expansion characteristics 

^ Disc Seal Tubes, Gen Elec Rev , vol 48, pp 60-51, January, 1945 

2 McArthur, E D , Disc Seal Tubes^ Electronics, vol 18, pp 98-102, February, 
1945 
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that match very closely the expansion of some commercial glasses 
Pure metals have expansion coefficients that are virtually mdependent of 
temperature Ferromagnetic alloys, however, experience an increase in 
their expansion charactenstics at the temperature at which the alloy 
becomes hot enough to lose its magnetic properties The action is per- 
fectly reversible, i e , the magnetism is restored and the coefficient of 
expansion reduced as the alloy is cooled The composition of Kovar and 
Femico is as follows 


Alloy 

Iron, 
per cent 

Nickel, 
per cent 

Cobalt, 
per cent 

Matching 

glass 

Kovar A 

53 8 

29 

17 

705A0, 705FN 

Femico 

54 

28 

18 

705A0, 705FN 

Fernichrome 

30 

25 

8 

G8 


The difference in contraction of the prmcipal sealmg glasses and metals 
when cooled at a slow rate is shown in Fig 21 40 It is seen that the iron 
alloys match the glass charactenstics quite closely over the entire tem- 
perature range As a result, the sealii^ of these metals to their corre- 
sponding glasses IS a relatively simple matter No featheredges are 
needed, in fact, edges as thick as ^ in can be jomed directly Seals as 
laige as 4 in in diameter can be made Leads of Femico wire m match- 
ing glass set in a Femico eyelet that is wdded to a metal base are used 
m the m a s s production of metal receiving tubes As may also be seen 
from Fig 21 40, the reason why nonex seals fairly successfully to tungsten 
IS that the differential expansion is nearly zero m the annealing range 
Uranium nonex gives a better match and is sometimes used as an mter- 
mediary between tungsten and pyrex ^ass 

Olas8-to-porcelmn Seals The expansion charactenstics of nonex glass 
and some porcelains are close enough so that nonex can be sealed directly 
to porcelain Where a porcelam-pyrex ]oint is desired, nonex should be 
used as an intermediary material 

Qlass-to-rmca Seals Mica can be sealed to a special high-expansion 
lead borosilicate glass having an expansion of coefficient of about 9 8 


1 Bubgbb, E E , Expansion Charactenstics of Some Common Glasses and Metals, 
Gen Elec Eto,vol 37, pp 93-99, February, 1934 

» Hulii, a W , and E E Bxjbgbb, Glass to Metal Seals, Part I, Physics, vol 5, 

pp 384-406, December, 1934 -d * tt 

»Hui.n, A W , E B Bxibgeb, and L Navais, Glass to Metal Seals, Part II, 

Jour Appl Phys , vol 12, pp 698-707, September, 1941 


Difference in contraction, 
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ppm per '’C ^ Mica-to-metal joints are more difficult to form, for the 
metal invariably has a higher expansion coefficient than the mica, which 
results in the mica becoming bowed on cooling With proper inter- 
mediary oxides and glass, mica can be sealed to copper with very little 
resultant bowing Window thicknesses may range from five to twenty- 
thousandths of an inch in thickness and be as large as two inches in 
diameter 

Metal-to-metcd Sealing Metals can be joined by suitable solders 
For demountable systems kept on a pump and not mvolvmg high tem- 
peratures, brass can be used, joined by ordinary soft solder, the eutectic 
proportions (lowest melting temperature) of tin and lead givmg the best 
results Brass and soft solder cannot be used in tubes that are to be 
sealed off, for brass is somewhat porous, evolves great quantities of gas, 
and tends to vaporize its zinc at high temperatures For tubes that are 
to be sealed off, oxygen-free copper, most iron alloys, aluminum, and 
beryllium can be used as vacuum-tight containers Joining is most 
satisfactorily effected by means of high-melting-temperature silver- 
copper alloys melted in a hydrogen (reducing) atmosphere by means of a 
tungsten filament or induction heater This involves heating the metals 
to a red heat, at which temperature the silver-copper alloys flow freely 
and wet clean metal surfaces For high-temperature work, gold-copper 
alloys are also used Gold has a lower vapor pressure than silver 

21.9. Metals Useful m Tube Construction. The properties required 
of metals for use in vacuum-tube construction are rather numerous In 
general, no one metal meets all the requirements, but each metal m turn 
has its distinctive advantages 

Mechanically, a metal to be useful in vacuum-tube construction 
should have a strength and ductility that permit easy forming of electrode 
shapes The strength must be retained at high temperature without 
excessive crystallization to avoid deformation during degassing and sub- 
sequent use The stiffness and damping factor of the metal should be 
high, to reduce vibration effects 

Thermally, the coefficient of expansion should be relatively low and, 

1 Donal, J S , Jk , Sealing Mica to Glass or Metal to Form a Vacuum Tight Jomt, 
Rev Sm Instr , vol 13, pp 266-267, June, 1942 

“ See Wise, R M , Nickel in the Radio Industry, Proc I BE ,vol 25, pp 714r-752, 
June, 1937, for a detailed treatment of this subject with special reference to nickel 
This paper contams an extensive bibliography on the general subject of metals in 

tubes , 1 „ , 

3Espe and Knoll, “Werkstoffkunde der Hochvakuumtechnik, op eii , pp 

1-110 Obtamable from Edwards Bros , Ann Arbor, Mich A classic source con- 
taining the most extensive information available m book form 
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except for special applications, quite constant Good thermal con- 
ductivity IS generally sought Depending upon the application, metals 
should have either a high reflectivity or a high thermal emissivity. 
The vapor pressure at degassing temperatures should be low, while the 
meltmg temperature itself shpuld be well above the highest degassing 
or operating temperature 

Electrically, a moderate conductivity is desired Too low a conduc- 
tivity mtroduces appreciable resistance and attendant losses, while too 
high a conductivity makes spot welding diflicult Except for cathodes, 
the primary and secondary emission should be low Except for shielding 
applications, the magnetic permeability should be low, and the metal 
should be one that is readily demagnetized by a magnetic field 

Chemical freedom from oxidation at high temperatures simplifies 
construction processes immensely Resistance to corrosion by various 
cleanmg agents should be low Most important of all, the metal should 
absorb only a small amount of gas and give this up easily when heated 
in vacuum 

In addition, materials should be relatively inexpensive and generally 
available Alloys havmg a wide range of physical characteristics as 
deternuned by their chemical content are especially useful 

Nickel Nickel is the metal that is most extensively used in forming 
receivmg-tube electrodes It is easily drawn and formed It stretches 
easily and does not exhibit any sharp break at its yield point Its 
hardness and strength at high temperatures are good It has thirteen 
times the mechamcal damping factor of iron and molybdenum It 
spot-welds weU to almost all metals Its expansion coeflBicient is nearly 
constant with temperature, and its thermal and electncal conductivity 
are good When polished, mckel has an emissivity which ranges from 
5 to 20 per cent of that of a black body, ^ e , it makes a good reflector. 
When carbon-coated, the thermal emissivity ranges from 80 to 94 per 
cent of that of a black body, te , it makes a good radiator Anodes 
formed of nickel are usually carbon-coated to mcrease their radiation 
Vapor pressure is low at all but very high temperatures, 10”® mm of 
mercury at a red heat The work function of nickel is high, 5 volts, 
but commercial mckel may have appreciable thermionic emission due 
to barium contammation Alloying about 4 5 per cent manganese 
reduces both primary and secondary emission Others of the desirable 
properties are hkewise present As a result, nickel is an ideal metal 
for tube construction in all applications except those where a high tem- 
perature IS involved 

Copper The outstanding physical characteristics of copper are its 
high thermal and electrical conductivity As has also been mentioned, 
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it can be sealed to all glasses by the Housekeeper technique It is 
extensively used as an anode material in water- and air-cooled tubes 
It IS moderately porous and requires a thick wall to withstand atmos- 
pheric pressure when hot Likewise, it oxidizes readily and so cannot be 
allowed to assume temperatures above a few hundred degrees centigrade 
It must be used in the oxygen-free form in all applications that involve 
heating for red heat Even within a vacuum, copper must be protected 
from high temperatures, for it softens and vaporizes at relatively low 
temperatures Its high ductility and low yield point make it easy to 
draw, form, and spin 

Aluminum Aluminum is easy to work and is fairly noncorrosive to 
other materials encountered m vacuum-tube construction One valuable 
property is that it does not sputter easily However, it melts at too 
low a temperature and absorbs too much gas to be very useful in sealed-off 
tubes 

Molybdenum Molybdenum has most of the excellent properties 
of nickel except that it is somewhat harder to work and is more expen- 
sive Its relatively high melting temperature and low vapor pressure 
make it useful m low-power transmitting tubes It is readily spot- 
welded to iron or nickel but not to tungsten It absorbs oxygen when 
heated to a duU red heat Molybdenum is used m applications that 
involve temperatures m the range of 200 to 500°C 

Tantalum Next to tungsten, tantalum has the highest melting 
temperature of all the metals Its vapor pressure is very low It is 
easily formed and drawn The metal is expensive as a result of the 
relatively complicated vacuum processing required to put it into form 
suitable for vacuum-tube construction It is extensively used m radia- 
tion-cooled transmitting tubes, where the electrodes are often run at a 
red heat It has a getter action that causes it to absorb gases, particu- 
larly hydrogen, the maximum absorption occurring at 1000°C (cherry 
red) The gases that have been absorbed are given off agam at tem- 
peratures of 1300°C and higher Minimum temperature for getter action 
IS approximately 800°C Tantalum is also used as an emitter m applica- 
tions requiring specially shaped cathodes Its work function is lower 
than that of tungsten, with the result that its emission is greater at the 
same temperature Tungsten can, of course, achieve higher emission 
because it can be heated to higher temperatures without melting 

Tungsten Reference has already been made to some of the numerous 
applications of tungsten in vacuum-tube construction, as an enntter 
and filament wire and in some lead-sealing applications it has virtually 
no substitute Its high melting temperature makes it especially useful 
in some vacuum-tube construction processes It is used as a filament 
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wire for silver-soldering operations It is likewise used as a filament 
heater in numerous metal-evaporation processes It is one of the few 
metals that can be used as a target m X-ray tubes Numerous gauges 



Fig 21 41 — ^Relative properties of the principal 
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and control devices make use of its large change of resistance with 
temperature 

Tungsten is not readily drawn or formed It must be hammered or 
swaged into shape As a result, it is principally available in wire or rod 
form Tungsten has a pronounced crystalline structure, which is 
accentuated by heating Tungsten filaments therefore become brittle 
if overheated for appreciable periods of time Tungsten is relatively 
inactive chemically, which reduces contamination problems It is 
sometimes alloyed with molybdenum (W/Mo = to give a material 
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that IS more workable than tungsten itself and yet retains a high melting 
temperature 

Relative Properties of the Metals Metals other than those listed 
separately above find many special applications in tube construction, 
but those listed take care of the majority of the applications The 
relative properties of the principal metals used in vacuum-tube con- 
struction are shown on the scale lines of Fig 21 41 ^ One of the most 
important prqperties of a metal is its vapor pressure, which is an increas- 
ing function of temperature The last scale line gives the temperature 
of which a metal has a vapor pressure of 10“® mm of mercury This 
determines the highest temperature to which a metal in a tube can be 
raised during the exhaust process 

Spot Welding In the construction of vacuum tubes the majority 
of small metal-to-metal joints are formed by spot welding Basically 
the process of spot welding consists in passing a large current through 
the joint to be welded The joint is heated by the large current density, 
of the order of thousands of amperes per square inch, to the point where 
the metals melt and dissolve into one another, forming a weld 

Spot-weldmg machines consist of a set of pointed jaws supported by a 
mechanical arrangement that brings the jaws together by the operation 
of a foot pedal The materials to be welded are placed between the jaws, 
and pressure is applied by the foot pedal Care must be taken in sup- 
porting the work between the jaws to see that current will flow from the 
jaws through the work and through the point to be welded The jaws 
are connected to a step-down transformer that gives a large current 
through a closed circuit when the primary is closed by means of another 
foot pedal For most operations the jaws are made of copper and 
because of their resulting high conductivity will have relatively little 
heat developed at their pomt of contact with the work Where welding 
operations are at all critical, an electronic circuit should be used to control 
the amount of current and the time duration of current flow Many 
welding operations require a current flow of hundreds of amperes for a 
fraction of a second 

Not all metal combinations will spot-weld readily Difficulties are 
encountered with metals of high conductivity, high melting temperature, 
and high oxidation tendencies In Table XVI there is indicated the 
relative ease with which different metals can be spot-welded to one 
another ^ 

Spot welding forms only a part of the art of joining metals In the 

1 For more complete data than are given here the reader is referred to Espe and 
Knoll, loc ctt 

» Espe and Knoll, op at , pp 135-139 
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newer tube designs, extensive use is made of r-f brazing both m hydrogen 
atmosphere and m air This brazing process makes use of smgle shots 
of r-f power (about 100 kc) where the pulses are of the duration of 
0 001 to 0 1 sec for the whole weld Arc welding is also employed in 
both hydrogen and argon atmospheres This is essentially atomic 
whi rling ; The gas IS dissociated by the arc and then recombmes on the 
work, where it liberates energy in very concentrated form 


TABLE XVI 

SPOT-WELDING PROPERTIES OF THE METALS 



Monel 

Con- 

stan- 

tan 

Ni/Cr 

m 

In- 

var 

Pe/Cr 

Oi) 

A1 

Cu 

Fe 

Ni 

Ta 

Mo 

Tungsten 






4 

4 

C3 

2 

A4 

C4 

Mo 

B 



B 


4 

4 

C3 

2 

4 

C4 

Ta 






4 

A4 

C3 

2 

3 


Ni 

B 

3 

B 

B 

2 

3-4 

3 

1 

1 



Fe (pure) 

B 

2 

B 



3 

2-3 

1 




Cu 






4 

4 

B3-4 




A1 

4 

2 

4 



3 






Fe/Cr Oi) 




3 








Invar 

B 


B 

B 








Ni/Cr 

B 


B 









Constantan 


B 










Monel 

B 












1 Very good 

2 Good 

3 Difficult 

4 Bad or impossible 

A Good with suitable flux 

B Good with controlled current impulses 

C Good for small wires with short controlled current impulses 

21 10 Insulators In addition to glass, which is a good insulator at 
low temperatures, mica and various ceramics are the principal insulators 
used in vacuum-tube construction 

Mica IS extensively and almost exclusively used as an insulator and 
electrode spacer in receiving tubes It is a potassium-aluminum silicate, 
which m its natural form is known as “muscovite Mica as used m 
tubes is a dehydrated muscovite It has a crystalline structure that 
permits it to be split into thin sheets Sheets as thin as 0 5 thousandths 
of an inch can be had For receiving-tube use, the sheets are usually 
of the order of 20 thousandths of an inch thick Mica has one of the 
highest specific resistances of all known insulators Its dielectric con- 
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stant of 5 to 8 makes it useful m electrical condensers Its breakdown 
voltage lies m the range of 60 to 200 kv per mm It can be used at 
temperatures up to 600®C 

Various ceramics are used as msulators m transmittmg tubes that 
mvolve higher temperatures and strength than mica can withstand and 
furmsh Most useful are the various silicates, principally those of 
magnesium These materials are not machinable but can be formed 
to almost any shape desired before they are fired A compromise 
on machmability has been achieved in some special materials, such 
as Alsimag 222, which can be machined with a stellite or other hard 
tool For experimental work, soapstone, which is very soft, is often 
machined to shape and then hardened by heating in hydrogen to a red 
heat 

Porcelam, as has been mentioned, finds some applications where it is 
necessary to get a glass-ceramic seal It is not machmable but must be 
formed in the desired shape before firmg 

Alummum oxide is often used as an insulating coatmg on filament 
wires The coating is obtained by either dippmg or spraying from a 
suspension of amyl acetate and then drymg at about 600®C A hard 
vitreous coatmg is formed by flashmg at 1500°C Such msulatmg coat- 
ings are most effective if made of a succession of thin layers each baked 
individually The resulting insulation has a sufficiently high mechanical 
strength to make it useful for filament wires used in indirectly heated 
cathodes The electrical strength is likewise adequate for low-voltage 
apphcations 

21 11. Degassing of Glass and Metals Materials used in vacuum 
tubes must be heated to drive off gases during the evacuation process 
Some of the gas is merely condensed on the surface, m which it is said 
to be adsorbed Other gases are in chemical combination with the 
matenal, in which case they are said to be absorbed With metals 
there will generally be considerable quantities of gas trapped in crevices, 
seams, and flaws Such gases are said to be occluded 

In general, tubes should be degassed by heatmg at temperatures 
appreciably greater than the temperatures the tube will encounter in 
practice The time reqmred for outgassing may range from 16 mm for 
receivmg tubes to hours or days for high-power transmittmg tubes 

The gases encountered with glass are mostly adsorbed A 40-watt 
lamp bulb will evolve about 500 cm^ of gas (measured at room tempera- 
ture and pressure) when heated at 500°C About 90 per cent of this 
gas IS in the form of water vapor Glasses should be heated at about 
90 per cent of their annealing temperature to dnve off adsorbed gases 
At higher temperatures the glass may soften, and some gases will be given 
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off by decomposition of the glass The time required for outgassmg of 
glass as about 15 mm at top temperature Heating may be done with 
either soft gas flames or with a baking oven that surrounds the entire tube 
Heating with a baking oven allows a better control of temperatures, 
though receiving tubes are frequently degassed with gas flames Degas- 
sing of a tube should not be begun until the tube has been evacuated to a 
pressure of 10“® mm of mercury or less 

The gases encountered with metals are mostly m the form of occluded 
gases Metal electrodes and parts may be degassed by heating to about 
50 per cent of the melting temperatures of the metals The amount of 
gas evolved from a metal will depend upon the area multiplied by a depth 
of a few thousandths of an inch, except for tungsten and molybdenum, 
which have a laminar structure The pnncipal component of the gases 
involved is generally carbon monoxide, which is present to the extent of 
about 30 to 90 per cent of the total gases The remainder of the gas 
IS mostly nitrogen, which comes off at a higher temperature than carbon 
monoxide Interestingly enough, when a metal has been degassed by 
heating m a vacuum it will pick up very little gas upon subsequent 
exposure to air at atmospheric pressure, if carefully handled ^ Degassing 
of metals is commonly achieved by r-f induction heating Radiation- 
cooled transmitting tubes may be degassed by direct electronic bombard- 
ment of the elements 

21-12 Getters. Getters are materials used m vacuum tubes to 
clean up residual gases by chemical combination The alkali metals 
are most extensively used Barium seems to be most effective in cleanup 
action though magnesium, calcium, sodium, and phosphorus have also 
been used The getter material is usually enclosed in the pure metal 
form in a HTnn.n cup or wire cage of base metal and then reduced and 
vaporized, after the tube is sealed off, by heating to a temperature of 
about 700°C by r-f induction currents Sometimes the getter material 
IS contained in a tube formed of a rolled nickel sheet, in which case the 
vaporized metal escapes through the crack m the tube The vaporized 
metal deposits on the wall of the tube, care always being taken that it 
does not deposit on any of the insulators When gas molecules come 
in contact with this layer, they will combine (except for the noble gases), 
with the result that the vacuum gets progressively better with time A 


‘ Nobton, E J , and a L Maeshall, The Degassing of Metals, Gen EUc Co 

Research Lab Rept 613, March, 1932 ^ f M/n+Qi 

sLbdbebe, E a, and D H Wamslby, Batalum, a Barium Getter for Metal 

Tubes, RCA Ee«,vol 11, pp 117-123, July, 1937 n.,, 

» Lbdeebb, E a , Recent Advances m Barium Getter Techniques, RCA Rev , 

vol 14, pp 310-318, January, 1940 
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getter m a receiving tube will usually be sufficient to improve the vacuum 
obtained from a mechanical pump to 10“® mm of mercury in about 10 
mm Previous treatment of the getter to remove gases seems to be more 
important then the material of the getter itself 

The absorption properties of other metals may also be used in the 
form of an auxiliary filament Tungsten, molybdenum, and tantalum 
can be used for this purpose if heated to 1000°C or higher Most 
interesting of all the metals in its cleanup action is zirconium ® ^ Zir- 
conium will absorb 5 times its own volume of hydrogen at 400°C, while 
at 1400°C it will absorb carbon monoxide and carbon dioxide as well 
as 40 times its own volume of oxygen and 20 times its own volume of 
nitrogen At temperatures below 200°C, protective oxides and nitrides 
form For complete getter action, two filaments, one to work at 400®C 
and one to work at 1400°C, are necessary Zirconium-filament getters 
are seldom used in commercial tubes but are useful in experimental 
tubes Zirconium is often used in the form of a sprayed powdered 
coating applied to metal anodes This gives increased thermal emissivity 
and also a continuous getter action duiing operation 

1 Andrews, M R , and J S Bacon, The Comparison of Certam Commercial 
Getters, Gen Elec Research Paper 574, June, 1931, also published m Jour Amer 
Chem Soc , pp 1674-1681, May, 1931 

® Dushman, '‘The Production and Measurement of High Vacuum,^' op cit The 
last half of this book is devoted to the subject gas sorption and degassmg of materials 

3 Fast, J D , Zirkon und seme hochschmclzenden Verbmdungen, Phihps Tech 
Rev , vol 3, pp 353-360, December, 1938 

^ Fast, J D , Metals as Getters, Phthps Tech Rev , vol 5, pp 217-221, August, 
1940 
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PROPERTIES OF THE ELEMENTS 


A Atomic Weights and Numbers 



Sym- 

bol 

Atomic 

number 

Atomic 

weight 


Sym- 

bol 

Atomic 

number 

Atomic 

weight 

Aluminum 

A1 

13 

26 97 

Molybdenum 

Mo 

42 

95 95 

Antimony 

Sb 

51 

121 76 

Neodymium 

Nd 

60 

L44 27 

Argon 

A 

18 

39 944 

Neon 

Ne 

10 

20 183 

Arsenic 

As 

33 

74 91 

Nickel 

Ni 

28 

58 69 

Barium 

Ba 

66 

137 36 

Nitrogen 

N 

7 

14 008 

Beryllium 

Be 

4 

9 02 

Osmium 

Os 

76 

L90 2 

Bismuth 

Bi 

83 : 

209 00 

Oxygen 

0 

8 

16 0000 

Boron 

B 

5 

10 82 

Palladium 

Pd 

46 

106 7 

Bromine 

Br 

35 

79 916 

Phosphorus 

P 

15 

30 98 

Cadmium 

Cd 

48 

112 41 

Platmum 

Pt 

78 

195 23 

Calcium 

Ca 

20 

40 08 

Potassium 

K 

19 

39 096 

Carbon 

C 

6 

12 010 

Praseodymium 

Pr 

59 

140 92 

Cenum 

Ce 

58 

140 13 

Protoactimum 

Pa 

91 

231 

Caesium 

Cs 

55 

132 91 

Radium 

Ra 

88 

226 05 

Chlorine 

Cl 

17 

35 457 

Radon 

Rn 

86 

222 

Chromium 

Cr 

24 

52 01 

Rhenium 

Re 

75 

186 31 

Cobalt 

Co 

27 

58 94 

Rhodium 

Rh 

45 

102 91 

Columbium 

Cb 

41 

92 91 

Rubidium 

Rb 

37 

85 48 

Copper 

Cu 

29 

63 57 

Ruthenium 

Ru 

44 

101 7 

Dysprosium 

Dy 

66 

162 46 

Samarium 

Sm 

62 

150 43 

Erbium 

Er 

68 

167 2 

Scandium 

Sc 

21 

45 10 

Europium 

Eu 

63 

152 0 

Selemum 

Se 

34 

78 96 

Fluorine 

F 

9 

19 00 

Silicon 

Si 

14 

28 06 

Gadolinium 

Gd 

64 

156 9 

Silver 

Ag 

47 

107 880 

Gallium 

Ga 

31 

69 72 

Sodium 

Na 

11 

22 997 

Germanium 

Ge 

32 

72 60 

Strontium 

Sr 

38 

87 63 

Gold 

Au 

79 

197 2 

Sulphur 

S 

16 

32 06 

Hafnium 

Hf 

72 

178 6 

Tantalum 

Ta 

73 

180 88 

Helium 

He 

2 

4 003 

Tellurium 

Te 

52 

127 61 

Holmium 

Ho 

67 

164 94 

Terbium 

Tb 

65 

159 2 

Hydrogen 

H 

1 

1 0080 

Thalhum 

T1 

81 

204 39 

Indium 

In 

49 

114 76 

Thorium 

Th 

90 

232 12 

Iodine 

I 

53 

126 92 

Thuhum 

Tm 

69 

169 4 

Indium 

Ir 

77 

193 1 

Tin 

Sn 

50 

118 70 

Iron 

Fe 

26 

55 85 

Titanium 

Ti 

22 

47 90 

Krypton 

Kr 

36 

83 7 

Tungsten 

W 

74 

183 92 

Lanthanum 

La 

57 

138 92 

Uranium 

U 

92 

238 07 

Lead 

Pb 

82 

207 21 

Vanadium 

V 

23 

50 95 

Lithium 

Li 

3 

6 940 

Xenon 

Xe 

54 

131 3 

Lutecium 

Lu 

71 

174 99 

Ytterbium 

Yb 

70 

173 04 

Magnesium 

Mg 

12 

24 32 

Yttrium 

Y 

39 

88 92 

Manganese 

Mn 

25 

54 93 

Zinc 

Zn 

30 

65 38 

Mercury 

Hg 

80 

200 61 

Zirconium 

Zr 

40 

91 22 
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iciiim (Am) and cariam (Cm) have been prepared artificially, but are not known to ocour naturally 

ated by permission from “Fundamentals of Physical Science 2d ed , by Konrad B Krauskopf MoGraw-Hill New York 1948 


























































APPENDIX II 


DIFFERENTIAL OPERATORS AND 
YECTOR NOTATION^ 

1 Differential operators for rectangular coordinates (mutually perpen- 
dicular unit vectors a«, Oy, a*) 

Gradient 

-E = gradient 7 = v7 = (a. |^ + |^ + a. 

Components 

grad, r = ^ 
grad. F = -^ 

The giadient of any scalar quantity is always a vector quantity 
Divergence 

Divergence £: = div£; = V ^ 

The divergence of any vector quantity is always a scalar quantity 
Curl 

Clx ^ 

^ ^ A 

dx dy dz 
Ex Ely Ez 

^ For the development of the relations of this appendix and further information on 
vector notation and relations see 

Skilling, H H , “ Fundamentals of Electric Waves,” Wiley, New York, 1942 
Haenwbll, G P , ‘'Prmciples of Electricity and Electromagnetism,” McGraw- 
Hill, New York, 1938 

Stkatton, J a , “Elektromagnetic Theory,” McGraw-Hill, New York, 1941 
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curl E = V X E = 
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Components 


curl.S=^« 
curlv£ = 

OZ 

1 ri dEy 

cmUE = -^ 


dEfi 

dz 

dEf 

dx 

dE, 

dy 


The curl of a vector quantity is always a vector quantity 


Laplacian 


a®» ^ dy* ^ dz* 


The Laplacian of a scalar quantity is always a scalar quantity 
2 Differential operators for cyhndncal coordmates (mutually perpen- 
dicular umt vectors a,, a«, a,). 


Gradient, 


—E = gradient V — VV 


Components 


,1 T7 

gradr y =-^ 

A rr 1 

A V ^y 



Divergence: 




curl E 


Or 

rat 

a. 

d 

d 

d 

dr 

dd 

dz 

Er 

rEf 

E. 


Curl 



Components 


APPENDIX II 

curLE = 


815 


r dd 


dz 


Laplacian 


1 dJEJr dEz 

r dr r dd 


r dr \ dr J r^ 86^ dz^ 


3 Differential operators for spherical coordinates (mutually perpen- 
dicular umt vectors ar, a^, a^) 

Gradient 

— E = gradient F = VF 

Components 

dV 

grad. F = ^ 

^ T7 1 

grade F = - 


grad^ = 


r 

1 ^ 
r sin 0 


Divergence 


Curl 



div£ = V £ = ^l(r^B,) + 


g (sin $ Eb) -1 

r sin 0 ^ r sm a d<p 


/agA 

\ d<p ) 


curl £; = V X £ = 



ar 

rae 

r sin d 

£ = 

sin d 

d 

d 

d 

dr 

dd 

dip 


Er 

rEe 

r sin d E^ 

1 [ d(sin 6 E^) _ 

dEe'] 

r sin 6 L 

aa 


dip J 

1 dEr _ 

1 d(rE^) 


r sin 6 dip 

r 

dr 


1 \d{rEB) _ 

dEr 



r L 

dd _ 




Components 
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Laplacian 


_ 1 a / , 37 \ . 1 d ( .dV\ 
^ r-2 dr V dr- j “*■ r^ sm 6 86 \ ^ 86 ) 


1 d^V 
7*2 Sin 6 dcp^ 


4 Differential operators for general orthogonal coordinates (mutually 
perpendicular unit vectors fli, ^ 2 , Ca) 

hij h^j and hz are scale factors such that an element of length is given 
ds^ = hi^ dui^ + du2^ + hz^ duz^ 

— E = gradient V = W 


by 

Gradient 


Components 


grad V = — — 

grad F = — — 
grad^*, K 

grad F = — — 
grad., y 



"Ag du^ 


Divergence 

dlV £ = V E = [A ^ 


where 

Curl 


E = cliEx “H Q2EJ2 "t" dzEz 


curl £ = V X E = 


hih^hz 


h\CLx hzQz 

d d d 

dUi dU2 dUz 

hiEi /t2^2 hzEJz 


Laplacian 

^27 = _L_ \±_(h^ — ^ W — f— —W 

hxhjhz \ hi dUx) dU2 \ h2 dU2/ dUz \ hz duz/ } 
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A NOTE ON MKS UNITS 


In this book there are used rationalized practical mks units Much 
has been written on the subject of units This section is intended to be 
not an exposition of the topic but rather a group of comments that will 
aid the student in using mks units 

In the mks system of units, distance is measured in meters, mass m 
kilograms, and time in seconds The term ‘'rationalized'' means 
that the defining constants of the system have had the factor 47 r mcluded 
in them in such a way that Maxwell's equations have the simplest 
possible form The term “practical" indicates that the common 
electrical quantities such as potential, current, power, charge, and 
resistance are expressed m the practical units of volts, amperes, watts, 
coulombs, and ohms This latter simplifies thmgs greatly, for no con- 
version factors need be applied for the common electrical quantities 
It may be argued that it would be more appropriate to use rationalized 
practical cgs units in a book on vacuum tubes than the correspondmg 
mks units because it is easier to think in terms of coulombs per cubic 
centimeter than in terms of coulombs per cubic meter, etc The mks 
units have been used, however, because they are so extensively employed 
in books and papers on electromagnetic theory and so will ordmanly be 
reasonably familiar to the student It is probably a simpler matter to 
shift a decimal point than to remember two sets of constants 

The basic constants of the rationalized practical mks umts are the 
permeability and dielectric constant of free space, which have values of 

/xo = 47r X 10~^ = 1 2576 X 10“® henry per meter 

and 

X 10”® = 8 8485 X lO"^^ farad per meter 

OUTT 


The dimensions of these units become apparent if one works out the 
expression for the inductance of a long solenoid and the capacity of a 
parallel-plate condenser in these units The resulting expressions are 


L - 


area 

length 
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where N is the number of turns, and 


C = z _ farads 
spacing 

Although the numerical values of the two fundamental constants given 
above look very awkward, they may be remembered or quickly derived 
by virtue of their relation to two other well-known physical constants 
One of these is the velocity of light, which has the value 

c = ^ — = 3 X 10® meters per sec 

The other is the so-called intrinsic impedance of free space,” which 
is the ratio of the electee- to the magnetic-field strength in a plane- 
polanzed wave, 

V = i = = 1207 r = 377 ohms 

H \eo 

which by coincidence is the same as the angular frequency of a 60-cycle 
wave From the above it is seen that 



In rationalized practical mks units, MaxwelFs equations have the form 

div D = 0 
div B = 0 
curl E = —B 
curl H = D + J 

This set of equations differs notably from the corresponding equations 
written m Gaussian umts by the fact that all the numerical coefficients 
are unity In particular, the factors c and Air do not appear This 
means that the factor 4^ and c have been absorbed into the constants fj. 
and e Unfortunately, if the factor 47r is suppressed in one place it will 
necessarily crop out in another In any rationalized system of units 
the factor 47r will not appear m any relations involving rectangular 
coordinates, but it will appear in relations involving spherical coordinates 
This IS just the reverse of the situation encountered with unrationalized 
umts, of which the Gaussian units are an example Since rectangular 
components are used more frequently than spherical components in 
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vacuum-tube problems and for that matter m virtually all except antenna- 
radiation problems, the rationalization seems justifiable 

So far it seems that the rationalized practical mks umts achieve some 


TABLE XVII 

RELATIONS BETWEEN THE PRINCIPAL PHYSICAL, MAGNETIC AND 
ELECTRIC QUANTITIES IN THE PRINCIPAL SYSTEMS OP UNITS 



Rationalized 
practical mks 

Electrostatic 

Length, Z 

1 meter 

100 centimeters 

Mass, m 

1 kilogram 

1,000 grams 

Time, t 

1 second 

1 second 

Force, F 

1 newton 

10* dynes 

Work, energy, S 

1 watt-second 



1 joule 

10^ ergs 

Power, W 

1 meter-kilogram 

1 watt 

10^ ergs per second 

Charge, g 

1 coulomb 

3 X 10® statcou- 

Current, I 

1 ampere 

lombs 

3 X 10® statamperes 

Electric field, E 

1 volt per meter 

3X10* ®*^*^°^* 

Potential difference, 
or emf, V 

1 volt 

per centimeter 

Hoo statvolt 

Electric-flux density, 

1 coulomb per 

3 X 10* 

D 

square meter 


Magnetic field, H 

1 ampere turn per 

127r X 10^ 

Magnc tic-flux den- 

meter 

1 weber per square 

1 

sity, B 

meter 

3 X 10® 

Resistance, R 

1 ohm 

9 X 10“ 

Inductance, L 

1 henry 

9X10“®*^*^®'^’^ 

Capacity, C 

1 farad 

9 X 10^^ statfarads 

Permeability of free 

4ir X lO""^ henry per 

9X10,0 (seconds 

space, MO 

meter 

Dielectric constant of 

1 

per centimeter) 2 

Umty 

free space, eo 

367r X 10® 


Magnetic 


100 centimeters 
1,000 grams 
1 second 
10* dynes 

10^ ergs 

10^ ergs per second 
10“^ abcoulomb 

lO""^ abampere 

10® ab volts per cen- 
timeter 

10® ab volts 
10 -* 

4 TT X 10“® oersted 

10^ gausses 
10® abohms 

10® abhenry 
10“® abfarad 
Umty 

9 XlOii" (seconds 
per centimeter) 2 


simplifications of formulas in return for some other shght disadvantages 
Another factor to be considered is that in the system of umts used here 
magnetic-flux density does not equal magnetic field but rather 


B= vH 
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It is important to distinguish between B and H Likewise, electric- 
flux density does not equal electric field but rather 

D = tE 

In both the above relations there is a big difference in the numerical 
values of the flux-density and field tactors even for free space 

The price that is paid for reducing the common electrical quantities 
to practical units is that some other quantities appear in relatively 
unfamiliar units Thus the unit of force becomes the newton, which is 
equal to 10® dynes and is sometimes known as the ^‘dyne-five The 
magnetic units are a little strange, too The magnetic field H appears 
in units of ampere turns per meter, which, however, makes good physical 
sense The magnetic-flux density appears in units of webers per square 
meter, each one of which is equal to 10^ gausses These are not too 
difficult to remember, however 

The relation between the most commonly used quantities in electro- 
static, electromagnetic, and rationalized practical units are given m 
Table XVII Quantities in any row are equal 




Kadio Mamifacturers Association 




^^Vrrfjup d-l/VirffjLa (mks untfs) 
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APPENDIX VI 


PRINCIPAL PROPERTIES OF THE 
BESSEL FUNCTIONS^-^ 


Differential equation of the Bessel function 

dx^^xdx^y xy^ 

Form of solution 

y = AJnix) + BNn(x) 

where Jn is the Tith-order Bessel function of the first kind and Nn is 
the ri,th-order Bessel function of the second kind, also known as the 
'^Neumann function ’’ 

Series expansion of the Bessel function 


Jnix') 


= -^[1 - 
L 


2%n + 1) ^ 2‘2'(n + l)(n + 2) + 


+ 2»+2*'A:'(n + ky ^ 


Small- value approximations {x less than Mo of first root) 


Jn(,x) = 


N.ix) = 


Noix) = - ^ 

TT 

-in - 1)'2 


2 2 
tt ' 1781a; 


in = 1, 2, 


Large-value approximations (a; larger than third root) 

1 Jahnkb, B , and F Emdb, “Tables of Functions,” Teubuer, Berlin, 1933 
® Bubrington, R S , and C C Tobrance, “Higher Mathematics, pp 432-442, 
McQraw-Hill, New York, 1939 

» Hansen, W W,andV R Woodtabd, “A New Prmciplem Directional Antenna 

Design,” Proc IRE, vol 26, p 338 March, 1938 

* Smith, D B , L M Rodgers, and E H Tbaub, Zeros of Bessel Functions, Jour 

FranMin Inst , vol 237, pp 301-303, April, 1944 
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Roots of the Bessel function Unm = ^th root of nth-order function 

VfQi =* 2 405 nil “ 3 832 ‘W 21 “ 5 135 nsi = 6 380 

no 2 = 5 520 ni 2 = 7 016 ^22 == 8 417 Uz2 = 9 761 

Uqz = 8 654 ni 3 = 10 173 ^23 = 11 620 ^33 = 13 015 

'Wo 4 = 11 792 ni 4 = 13 324 n24 “ 14 796 n 34 = 16 223 

Roots of first derivative of Bessel function u'nm = mth root of 
nth-order function 

n'oi = 3 832 n'n = 1841 ^' 21 = 3 064 ^' 31 = 4 201 

n'o2 = 7 016 n'i2 = 6 331 ^' 22 = 6 706 ^' 32 = 8 015 

n'o 3 = 10 174 n'i 3 == 8 536 n '23 = 9 970 n '33 = 11 346 

u'o4 = 13 324 n'i4 = 11 706 n '24 = 13 170 n '34 = 14 586 

Integral definition of the Bessel function 


Jn{x) == - / cos (x Sin <t> — nct>) d4> 

TT JQ 


Other important relations 



cos {z sin x) = J^{z) + 2[/2(2) cos x + J^{z) cos 4a; + 
sin {z sin x) = 2[Ji{z) sm x + Jz{z) sin Zx + ] 

cos {z cos x) = J{z) — 2[Jq{z) cos 2a; — J^{z) cos 4a; + 
sin {z cos x) = 2[Ji{z) cos x — Jz{z) cos 3a; + ] 


] 

] 
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VALUES OF 0-2 AS A FUNCTION OF ^ FOR USE IN 

r 

EQ (15 63)* 


(vc = radius of emitter, r = radius at any point P, applies to case where P is 
outside emitter, r > {—olY applies to case where P is inside emitter, Tc > r) 


lorr: 

ra r 

OJS 

(-a^) 

r re 
— or — 

To r 

a2 

(-a)’ 

1 0 

0 0000 

0 0000 

6 5 

1 385 

13 35 

1 05 

0 0023 

0 0024 

7 0 

1 453 

15 35 

1 1 

0 0086 

0 0096 

7 5 

1 516 

17 44 

1 16 

0 0180 

0 0213 

8 0 

1 575 

19 62 

1 2 

0 0299 

0 0372 

8 5 

1 630 

21 89 

1 25 

0 0437 

0 0571 

9 0 

1 682 

24 25 

1 3 

0 0591 

0 0809 

9 5 

1 731 

26 68 

1 35 

0 0756 

0 1084 

10 

1 777 

29 19 

1 4 

0 0931 

0 1396 

12 

1 938 

39 98 

1 45 

0 1114 

0 1740 

14 

2 073 

51 86 

1 6 

0 1302 

0 2118 

16 

2 189 

64 74 

1 6 

0 1688 

0 2968 

18 

2 289 

78 56 

1 7 

0 208 

0 394 

20 

2 378 

93 24 

1 8 

0 248 

0 502 

30 

2 713 

178 2 

1 9 

0 287 

0 621 

40 

2 944 

279 6 

2 0 

0 326 

0 750 

50 

3 120 

395 3 

2 1 

0 364 

0 888 

60 

3 261 

523 6 

2 2 

0 402 

1 036 

70 

3 380 

663 3 

2 3 

0 438 

1 193 

80 

3 482 

813 7 

2 4 

0 474 

1 358 

90 

3 572 

974 1 

2 5 

0 509 

1 531 

100 

3 652 

1144 

2 6 

0 543 

1 712 

120 

3 788 

1509 

2 7 

0 576 

1 901 

140 

3 903 

1907 

2 3 

0 608 

2 098 

160 

4 002 

2333 

2 0 

0 639 

2 302 

180 

4 089 

2790 

3 0 

0 669 

2 512 

200 

4 166 

3270 

3 2 

0 727 

2 954 

250 

4 329 

4582 

3 4 

0 783 

3 421 

300 

4 462 

6031 

3 6 

0 836 

3 913 

350 

4 573 

7610 

3 8 

0 886 

4 429 

400 

4 669 

9303 

4 0 

0 934 

4 968 

500 

4 829 

13015 

4 2 

0 979 

5 528 

600 

4 960 


4 4 

1 022 

6 109 

800 

5 165 


4 6 

1 063 

6 712 

1000 

5 324 


4 8 

1 103 

7 334 

1500 

5 610 


5 0 

1 141 

7 976 

2000 

5 812 


5 2 

1 178 

8 636 

5000 

6 453 


6 4 

1 213 

9 315 

10000 

6 933 


5 6 

1 247 

10 01 

30000 

7 693 


5 8 

1 280 

10 73 

100000 

8 523 


6 0 

1 311 

11 46 


J 

J 


* LANawctHR, I L , and K Blodqbtt, Currents Limited by Space Charge between Concentno 
Spheres » Phys Rev , vol 24, p 63, July, 1924 
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length of a thin lens 
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Nomographic chart relating amplification factor, mutual conductance, 
and plate resistance of a vacuum tube 
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APPENDIX X 


DESIGNATION OF FREQUENCY BANDS^ 


Title 

Abbr 

Wave length 

Frequency 

Very low frequency 

VLF 

33 3- 10 km 

10- 

30 kc 

Low frequency 

LF 

10- 1 km 

30- 

?00 kc 

Medium frequency 

MF 

1,000-100 meters 

0 3- 

3 me 

High frequency 

HF 

100- 10 meters 

3- 

30 me 

Very high frequency 

VHF 

10- 1 meter 

30- 

300 me 

Ultra-high frequency 

UHF 

1- 10 cm 

300-3,000 me 

Super-high frequency 

SHF 

10- 1 cm 

3— 

30 kmc 


1 As announced by Federal Communications Commission, Mar 2, 1943. 
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PROBLEMS 


CHAPTER 4 


4.1 What fraction of the electrons emitted from an oxide coatmg at a tem- 
perature of 1000°K can overcome a retardmg voltage of 0 5 volt? 

4 2 What IS the emission-current density predicted by the emission equation 
[Eq (4 3)] for tantulum at 2500''K? What is the corresponding ennssion-current 
density of tungsten at 2500°K? At what temperature will the emission-current 
density of tungsten be five times as great as at 2500°K? 

4 3 Usmg the data given in Table 2, calculate the operatmg characteristics 
and life for a 10 per cent evaporation of mass of an ideal tungsten filament havmg 
a length of 2 cm and a diameter of 2 5 mm when heated to 2600®K 
a Power radiated 

W = W'ld = 263 0 X 2 X 0 025 = 13 17 watts 
h Resistance 

K = K' = 98 66 X 10-« = 0 3155 ohm 

c Filament current 

Ij. = 1/ X = 1 632 X 0 025^^ = 6 45 amperes 
d Voltage drop 

7/ = y/X^, = 161 lXlO-’XoJp = 2 04 volts 



= 376 hr 


830 


VACUUM TUBES 


4.4. Calculate the operating characteristics and life for a 10 per cent evapora- 
tion of mass of an ideal tungsten filament having a length of 1 in and a diameter 
of 10 thousandths of an mch when operated at 2850°K 

4.6. Design a tungsten filament H m long that will give an emission of 0 500 
ampere and have a life of 1,000 hr Fmd the emission efficiency of this filament 
m miUiamperes per watt 

4.6 Calculate and plot the emission efficiency of tungsten filaments in milli- 
amperes per watt over a temperature range of 2000 to 3000°K Show that the 
emission efficiency is mdependent of the length and diameter of the filament 

4.7. Calculate the emission of an ideal tungsten filament whose length is 
4 cm and whose diameter is 0 5 mm over the temperature range of 2000 to 3000®K 
Plot the results on power-emission paper to show that the curve is a straight line 
when presented in this form Plot contours of constant emission efficiency in 
milliamperes per watt on this same sheet 

4.8 What IS the enussion-current density from a tungsten filament 1 cm 
in length and 0 2 mm m diameter operating at a temperature of 2700°K when the 
surface gradient of potential is 500 volts per cm? What is it when the surface 
gradient results from a cylmdrical electrode surrounding the cathode that is 
2 cm m diameter and raised to a potential of 500 volts? 

4.9 Detenmne the emission constants A and b appearing in Richardson's 
equation for thonated tungsten and barium-strontium oxide from the intercept 
and slope of the lines of Fig 4 5 

4.10 What are the operating characteristics of a thonated tungsten filament 

1 in m length and 10 thousandths of an inch in diameter operating at 2500®K? 
Use the data of Table II for heating power and the constants determmed in 
Prob 4 9 to determme the emission 

4 11 What are the relative emission-current densities of a pure tungsten 
filament and a thonated tungsten filament at 2500°K? For the case of a filament 

2 cm in length and 0 1 mm m diameter what are the relative emission efficiencies 
m milliamperes per watt? 

4.12 Usmg coefficients determmed as in Prob 4 10, determine the emission- 
current density of a banum-strontium oxide coating at 1000°K 

4.13 Usmg the emission efficiency data of Fig 4 7, estimate the emission 
of the oxide-coated cathode of a type 27 tube The cathode dimensions are 
0 065 m m diameter by 14 mm in length The cathode is heated by a voltage of 
2 5 volts, which produces a current of 1 75 amperes How does the emission 
current compare with the rated space-charge-limited current of 5 ma? Suggest 
how you could measure the emission current without damagmg the tube 

CHAPTER 6 

6 1 Two particles are suspended by strings of the same length, L, from the 
same point Each has a mass m and a charge g As a result of the forces arising 
from the like charges the particles will separate Show that the angle 6 which 
each stnng makes with the vertical m the equihbnum position is given by 

AmgU' sin® 0 = cos 0(47r£o) 
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5.2. Two 'point charges are located as follows 

+200 coulombs at £C = 0, 2 / = 0 meters 

—100 coulombs at a; = 1, 2 / = 0 meters 

o> Shetch a curve showmg how potential vanes along the hne passmg through 
the charges, outside the charges, and between 
h At what points on the line is the potential zero? 
c At what point on the line is a gradient of potential zero‘d 
6 3. Two parallel hne charges are spaced 1 meter apart If the first is located 
at the point (0,0) and has a positive charge of +2 units per meter and the second 
IS located at (0,1) and has a charge of —1 unit per meter, sketch the relative 
potential along a line passing through the two Ime charges and perpendicular to 
both If the potential midway between the wires is zero and if it is —100 volts 
at (0,0 9), where else is it zero"^ Where is the gradient of potential zero^ 

5.4. Show that the electric intensity inside of an mfinitely long straight 
cylindrical rod of radius a which has a charge of X per unit length uniformly dis- 
tnbuted throughout its cross section is 

F 

“ 27rEoa2 

6 6. Obtain the potential plot about two parallel equally charged wires by 
drawing logarithmically spaced equipotential circles about mdividual wires, 
obtaining the potentials at the intersections of the circles by addition, and then 
drawing equipotential contours through points of the same value of potential 
Let the wire diameter be one-twentieth of the spacing between wires, and assume 
that each wire is charged to +100 volts 

6 6- Work Prob 5 5 for the case of one wire charged to +100 volts and the 
other charged to —100 volts 

6 7. Prove that the electnc intensity inside a umformly charged sphencal 
shell is zero 

5.8. What IS the gradient of potential between the conductors of a con- 
centric cable whose outer and inner radii are and ri, respectively, whose inner- 
conductor potential is zero, and whose outer-conductor potential is Fmd 
the potential at any radius between the conductors 

6.9. Evaluate the potential at a point that lies a distance c from a uniform 
spherical distribution of charge of radius a Let the charge per unit volume of 
the sphencal distribution be p Show that the resulting potential outside the 
charge is the same as though the total charge were concentrated at the center of 
the sphere Do this by integrating the effects of elements of charge m sphencal 
coordinates 

6.10 Given a linear distribution of charge along a line segment of length I 
and density of X coulombs per meter Show that the potential gradient at a 
distance a from the end of the line segment of charge along the extended hne 
segment is 

dx 47r£o(a + 1) 

Solve this problem by taking a summation of intensities 
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6 11 Solve Prob 5 10 by evaluating the potential at any point along the 
extended line segment of charge and then taking the derivative 

6 12 Sketch the potential-flux pattern around an exterior light angle of a 
conductor, ^ e , the field in the vicinity of a corner of a long square charged con- 
ductor Make use of the properties listed in the text 

5 13 Calculate and plot equipotential and flux Imes outside of a nght-angle 
corner of a conductor by means of the function W = Compare the results 
with the sketch of Prob 5 12 

6,14: Obtain by integration a solution of Laplace^s equation in one dimension 
for rectangular coordinates Show that the potential varies linearly with distance 
while the gradient of potential is constant 

6.16 Obtain by integration a solution of Laplace^s equation in polar coordi- 
nates when there is no variation of potential with angle Show that potential 
vanes loganthmically with radius while the gradient of potential vanes inversely 
as radius 

6 16 A concentric conductor cable consists of a circular mnei conductor 
2 cm in diameter inside of an outer conductor of square cross section that meas- 
ures 4 cm per side Assume that the inner conductor is at a direct potential of 
100 volts while the outer conductor is at a direct potential of 0 volts Sketch 
flux and potential lines in the space between conductors Estimate the gradient 
of potential at 

a The surface of the center conductor opposite a corner of the outer 
conductor 

b The surface of the center conductor closest to the outer conductor 

c The surface of the outer conductor closest to the center conductor 

d At a comer of the outer conductor 

Estimate the capacity per umt length of Ime by taking the ratio of charge to 
potential Remember that each flux line terminates on one unit of charge 
when the field plot is given by curvilinear squares and the adjacent equipotentials 
are separated by unit potential 

5 17 One section of a plane-electrode tnode is approximated by the following 
potential lattice 

100 volts 100 volts 100 volts 100 volts 100 volts 
a b c b a 

d e f e d 

g h —10 h g 

i J h j i 

0 volts 0 volts 0 volts 0 volts 0 volts 

The top row represents the plate at a potential of 100 volts The bottom 
row represents the cathode at a potential of 0 volts The gnd is represented by 
the number in the fourth row of the third column and is at —10 volts The 
points a, d, i are midway between grid wires on a line of symmetry Find 
potentials at the lettered pomts by first assuming reasonable values and then 
correctmg several times around by means of Eq (5 44) 
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6.18 Prove that the function TF = In Z is analytic for jSbute values of Z 
other than zero and infinity 

6 19 Prove that the function W = Z* is analytic for finite values of Z other 
than infinity 

6 20 Separate the function IF == In Z into real and imaginary parts U and F, 
respectively Show that JJ = const and V = const form orthogonal families of 
curves Show that both TJ = const and V = const are solutions of Laplace^s 
equation Show also that the Cauchy-Riemann conditions are satisfied 

6 21 The transformation W = transforms the upper half of the Z plane 
into the first quadrant of the TF plane, giving nse to the field configuration 
associated with an inside right-angled corner Show that the equipotential 
Imes inside the nght-angled corner are given by rectangular hyperbolas Show 
that the flux lines are also hyperbolas Show that the gradient of potential 
along the u and v axes m the W plane is normal to the axis and proportional 
to the distance from the origm 

5 22 Use the function W = Z^ to obtain the flux and potential plot for an 
internal 45-deg corner between two plane conductmg surfaces Do this by 
letting TF = and Z = r£B and then transforming the Imes x — r = const 
and 2 / = r sin 0 = const by means of the transforming function 

5 23 The function TF = Z^ transforms the upper half of the Z plane mto 
the entire TF plane and gives the potential configuration about the edge of a sheet 
conductor corresponding to the positive real axis of the TF plane Fmd the 
equations of the potential and flux lines in the TF plane Show that these 
are orthogonal sets of parabolas Find the gradient of potential at any pomt 
in the TF plane 

6 24 Show that the transformation TF = In sm Z gives the field configuration 
of a row of parallel equidistant line charges having the same charge, i e , the field 
about a grid of parallel wires 

5 26 Show that the transformation TF = In tan Z gives the potential about 
a row of parallel equidistant Ime charges with alternate positive and negative 
charges 

6 26 Show that the function W = In (§-^) gives the potential and flux 

pattern about a two-wire transmission line having wires located at (a,0) and 
(-0,0) in the Z plane Find the equations for the flux and potential hnes to 
show that these are orthogonal families of circles 

6 27 Show that the function TF = In (Z^ ~ 1) gives the field about n Ime 
charges uniformly distributed around the umt circle, % e , the field of a squirrel- 
cage gnd 


CHAPTER 6 

6 1 An electron is liberated with zero velocity at the cathode of a plane- 
electrode diode whose electrode spacmg is 5 mm and whose cathode-plate potential 
difference is 100 volts With what velocity does the electron strike the plate 
What energy has the electron acquired in moving from cathode to plate? How 
long does it take the electron to make the trip? If a smgly charged hydrogen 
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ion and a doubly charged oxygen ion are liberated at the plate, give the velocity, 
energy, and time associated with their arrival at the cathode 

6.2 An electron is liberated with zero velocity at the cathode of a cylmdncal- 
electrode diode whose cathode radius is 0 2 cm and whose concentric plate radius 
is 1 0 cm The cathode-plate potential difference is 100 volts With what 
velocity and energy does the electron arnve at the plate? How long does the 
tnp take? If a smgly charged hydrogen ion and a doubly charged oxygen ion 
are hberated at the plate, with what velocity and energy and at what time will 
they arrive at the cathode? Refer to Fig 8 14 for time factors 

6 3 An electron with a velocity acqmred by fallmg through 10 volts is 
mjected mto a region with a retarding potential gradient of 2 volts per cm How 
far will the electron travel before having its direction reversed? How long will 
it take the electron to return to its startmg pomt? With what velocity will the 
electron return? 

6 4 An electron is mjected mto the region between two parallel planes sepa- 
rated 1 cm and differmg m potential by 50 volts, the resultant field being retarding 
If the electron has a velocity acquired by fallmg through 100 volts of potential, 
find the pomt at which the electron will stnke one of the electrodes, the velocity 
components with which it will stnke, and the time of flight when the angle with 
which the electron enters is 0, 30, 45, and 60 deg with the normal to the electrodes 
Tabulate results 

6 6 Solve Prob 6 4 when the potential between the plates is 50 volts and the 
field IS acceleratmg 

6 6 In Prob 6 4 find the location of pomts closest to the second plate on 
trajectones of those electrons which are returned to the first plate 

6 7 An electron is mjected at an angle of 60 deg with the normal to the plates 
mto a region between two parallel plates separated 1 cm and havmg a retardmg 
field of 20 volts per cm There is a small hole m the second plate displaced 3 cm 
from the pomt at which the electron enters Assummg that the transverse 
component of electron velocity is m Ime with the pomt of entrance and the hole 
m the second plate, with what velocity must the electron enter the retardmg field 
region m order to pass through the hole m the second plate? 

6 8 Denve Eq (6 25). 

6 9 Through what potential must an electron fall m order to be accelerated 
to 0 1, 0 5, 0 9, 0 95 of the velocity of light? What is the relative transverse 
mass of the electron at each of these velocities? 

6 10 At what velocity is the transverse mass of an electron increased 1, 10, 
and 100 per cent? What are the correspondmg acceleratmg potentials? 

6 11 Derive Eq (6 38) 

6 12 Calculate and plot curves of the transverse and longitudmal mass of an 


electron as a function of ■ 


6 13 Calculate and plot curves of the transverse and longitudmal mass of an 
electron relative to the rest mass as a function of potential 


6 14 Denve an expression for the defiection of a cathode-ray-tube beam by a 
set of deflectmg plates, the expression to mclude the relativity correction for 
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mass and velocity Express the deflection as a fraction relative to the deflection 
m the absence of relativity effects 

6 16 Calculate and plot a curve of electron velocity m equivalent volts 
required to produce a circular path 1 cm m diameter when an electron is moving 
in a magnetic field ranging in intensity from 100 to 10,000 gausses 

6 16 Smgly lomzed lithium atoms with atomic weights of 6 and 7 are acceler- 
ated by a potential of 2,000 volts and then injected mto a region of constant 
transverse magnetic field of density 800 gausses The atoms are allowed to 
traverse a half circle before strikmg a photographic plate What will be the 
separation of the marks on the photographic plate correspondmg to the two 
isotopes of lithium^ 

6 17 An electron is accelerated through a given potential and then mjected 
perpendicular to the elements of a cylinder, 10 cm m diameter, that has a constant 
magnetic field of strength 1,000 gausses parallel to its axis There is a hole m 
the cylinder a quarter of a full circumference around the cylmder on a circle at 
which the electron enters Through what potential must the electron be acceler- 
ated before entering the cylinder m order to pass out of the cylmder through this 
hole'!' There is a second hole a quarter of a circumference aroimd the cylinder 
but displaced 3 cm axially along the tube With what potential and at what angle 
with the axis must an electron directed toward the axis enter the cylinder m order 
to pass out through this second hole? 

6 18 In a cyclotron a uniform magnetic field is used to cause ions to move m 
segments of a circular arc Every half revolution the ions are subjected to an 
accelerating gradient of potential at the gaps of two D-shaped electrodes so that 
the radius after each semicircle of motion is greater than before The accelerat- 
ing field is supplied by a r-f voltage impressed upon the two D’s and appears as 
an alternating field across the gap The frequency of the field is regulated so 
that the ions cross the gap twice each cycle If the magnetic-flux density is 
10,000 gausses, what must the frequency of the applied voltage be when smgly 
charged light hydrogen ions are used (atomic weight unity)? If each passage 
across the gap increases the energy of the ions by 40,000 volts, how many such 
pSfSsages are required to produce a 2,000,000-volt particle? What will be the 
diameter of the last semicircle of circular motion? 

6 19 What will be the final diameter of the path of a 2,000,000-volt heavy 
hydrogen ion (atomic weight 2) and what will be the frequency of the applied 
voltage for the cyclotron of Prob 6.18? Assume the same magnetic field and 
energy inciease per gap passage 

6 20 What will be the final diameter of the path of a 2,000,000-volt argon 
ion and what must be the frequency of the voltage producmg the acceleratmg 
fileld for the cyclotron of Prob 6 18? Assume the same magnetic field and 
eneigy increase per gap passage 

6 21 An electron’s velocity is a;-directed m a region of uniformly directed 
electric field of strength 50 volts per cm and uniform 2 -directed magnetic field of 
strength 500 gausses What must the electron velocity m equivalent volts be 
in order that its net deflection is zero? 

6 22 An electron is emitted with zero velocity from a plane surface where it 
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IS subjected to an accelerating gradient of field of strength 60 volts per cm and a 
transverse magnetic field of 500 gausses What is the maximum travel in the 
direction of the electnc field m the resultmg cycloidal path? What is the 
velocity at this pomt of nifl.yimiim separation from the plane of emission"^ Where 
does the electron agam return to the plane of emission? What is the elapsed 
time between departure and return to the emission plane? 

6 23 Given the field conditions of Prob 6 22, but with an electron mjected 
with a velocity equivalent to 20 volts normal to the plane Fmd the position 
and velocity with which the electron agam returns to the plane 

6 2/L A diode consists of a straight filamentary cathode of radius Te surrounded 
by a concentric circular plate of radius rp If the plate voltage is low enough, 
the magnetic field of the filament current may cause the electrons to curve 
strongly enough m their paths so that the tube will be cut off Derive an expres- 
sion for cutoff m such a tube m terms of the plate potential, the filament current, 
and the cathode and plate radius 

CHAPTER 7 

7.1 Consider an idealized type 210 plane-electrode tnode for which 
dco = 0 050 m , = 0 075 m , a = 0 050 m , and = 0 0026 m Using the 

low-mu formulas, calculate and plot potential profiles along Imes perpendicular 
to the plane electrodes and passmg (1) through a gnd wire and (2) midway 
between gnd wires for 

a Gnd at twice cutoff voltage 
h Gnd at cutoff voltage 
c Gnd at half cutoff voltage 
d Grid at zero potential 
e Gnd positive and at its “natural” potential 
/ Gnd positive and at plate potential 

Assume a plate potential of 100 volts 

7 2. Fmd the diameters of the cathode, gnd, and plate cylmders m the 
Z-plane equivalent of the W-plane tnode representation of the tube whose dimen- 
sions are given m Prob 7 1 Use the transformation of Eq (7 3) 

7 3 A cylmdncal-electrode tnode has a cathode diameter of 0 020 m and a 
plate diameter of 0 750 m There are 10 gnd wires each of 0 012 m diameter 
arranged to form a squirrel cage of gnd wires evenly spaced around a gnd-wire 
circle of diameter 0 262 m 

a Calculate the amplification factor of the tube 
h Calculate the eqmvalent-diode radius of the tube 

c Calculate the mterelectrode capacities of the active portion of the tube 
if this IS 1 m long 

7 4 Calculate and plot potential profiles of the cylmdncal-electrode tnode 
of Prob 7 3m planes through the axis and (1) through a gnd wire and (2) midway 
between gnd wires for a plate potential of 100 volts and 
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a Gnd at twice cutoff potential 
h Grid at cutoff potential 
c Gnd negative but at half the cutoff potential. 
d Gnd at zero potential 
e Grid positive at its “natural” potential 
/ Gnd at plate potential 

7 6. Find the diameters of the cathode, gnd, and plate cylmders m the 
2^-plane equivalent of the tnode of Prob 7 3 if this latter be considered the 
TF-plane configuration Use the transformation of Eq (7 15) 

7 6. A plane-electrode tnode has a cathode-gnd spacing of 1 mm, a screenmg 
fraction of 0 14, grid- wire diameter of 0 1 mm, and a gnd-platespacmg^ef 2 ^ mm 
Deterimne the amplification factor and the equivalent-diode spacing 

7 7 A cylmdncal-electrode tnode has the dimensions of the tube of Prob 
7 3 except that there are 14 gnd wires evenly spaced around the gnd-wire circle, 
instead of 10 Calculate the amplification factor and equivalent-diode radius 
7 8 A plane-electrode tnode is to have an amplification factor of 10 If the 
screening fraction is K and there are 50 grid wires per m , specify the gnd-wire 
radius and the gnd-plate spacing 

7 9 A plane-electrode tnode has a gnd-plate spacing of 0 050 m and a 
square mesh gnd of 0 005-in -diameter wire spaced 0 015 in Fmd the amplifica- 
tion factor of the tube 

7 10 A cylindrical-electrode tnode has a plate radius of 0 500 in and a gnd 
consisting of parallel nngs of 0 250 m diameter and of 0 005-in wire spaced 
0 015 in There are four gnd-rmg supports of 0 010-in wire parallel to the axis 
of the tube and evenly spaced around the grid Fmd the amplification factor 
of the tube Cathode diameter is 0 10 in 

7 11. A cylindrical tnode has a cathode diameter of 0 10 in and a plate diam- 
eter of 0 500 in The grid is a helix of 0 01-in -diameter wire wound so that the 
largest circular cylinder that can be passed through it is 0 245 in in diameter 
The helical grid has a pitch of 0 08 in between turns There are two support 
wires for the grid of 0 025-in wire parallel to the axis of the tube Determme 
the amplification factor of the tube 

7 12. A plane-electrode tnode has a grid-cathode spacing of 8 mils, a gnd- 
wire spacing of 16 mils, gnd-wire radius of 1 mil, and a gnd-plate spacing of 
20 mils Determine the variation of amplification factor along the cathode 
What are the maximum, minimum, and average values of amplification factor 
that appeal ? How do these compare with the values of amplification factor 
that assume large cathode-gnd spacing 

7.13 Suggest means of measuring the amplification factor of a tnode, given 
a current-flow model containing a suitable electrolyte 

7 14 Prove that the amplification factors of two geometncally similar tubes 
are equal 

7 16 From a comparison of Eqs (7 33) and (7 43) obtain expressions for the 
cathode-gnd and cathode-plate capacities of the fundamental tnode of Fig 
7 la From a comparison of Eqs (7 34) and (7 44) obtain an expression for the 
gnd-plate capacity 
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7.16. From the results of Prob 7 15 and the transformation of Eqs (7 4) 
and (7 5) obtam expressions for the interelectrode capacities of a plane-electrode 
tnode per unit of area 

7 17 From the results of Prob 7 16 and the transformation of Eqs (7 16) 
and (7 17) find the mterelectrode capacities of a cylmdncal-electrode tnode per 
unit of axial length of structure 

7 18 Fmd the mterelectrode capacities per unit area of the tnode of Prob 
7 1 Consider that the gnd and plate exist only on one side of the cathode 

7 19 Calculate the mterelectrode capacities per unit of axial length of the 
cylmdncal-electrode tnode of Prob 7 7 

7 20 Calculate the capacity per umt length of a five-wire transmission Ime 
made of wires of 3-mm-diameter wire Four of the wires are located at the 
comers of a square whose dimension is 10 cm on an edge m the cross-sectional 
view and are connected together The other wire is located at the centei of the 
square and acts as a return wire From the capacity per meter determme the 
charactenstic impedance of the Ime neglectmg losses, using the relation that 
the charactenstic impedance m ohms is the reciprocal of the product of the capac- 
ity per umt length m farads per meter and the velocity of propagation m meters 
per second 

7 21 Given a plane-electrode tnode with the dimensions of the tube of Prob. 
7 1 except that the diameter of the gnd wires is twice as large Calculate the 
amplification factor by the formula of Vodges and Elder and by the Ollendorf 
second and third approximations, and compare results 

7 22 Given a cylmdncal-electrode tnode with the dimensions of the tube of 
Prob 7 3 except that the gnd wires are twice as large m diameter Calculate 
the amplification factor by the formulas of Vodges and Elder and the Ollendorf 
second and third approximations, and compare results 

7 23 Denve the amplification-factor formula given m Fig 7 19a for the 
electrode geometry shown 

7 24 Denve the amplification-factor formula given in Fig 7 196 for the 
electrode geometry shown 

7 26 Denve the amplification-factor formula given m Fig 7 19c for the 
electrode geometry shown 

7 26 Denve the amplification-factor formula given m Fig 7 19d for the 
electrode geometry shown 

CHAPTER 8 

8 1. In an ideal plane-electrode diode whose emission is space-charge-limited, 
the cathode-plate separation is 2 mm, and the potential difference is 100 volts 
Fmd the transmitted-current density, the space-charge density at the plate, and 
the velocity of the electrons amvmg at the plate Fmd also the power dissipated 
per umt area of plate surface and the gradient of potential at the plate 

8 2. What must be the cathode-plate spacmg of an ideal plane-electrode diode 
m order that the transmitted current per square mch be 250 ma when the poten- 
tial difference between cathode and plate is 200 volts? 
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8 3 Calculate and plot curves similar to those of Fig. 8 6 for a cylmdncal 
diode whose ratio of plate to cathode radius is 10 

8 4 Given an ideal cylmdncal diode whose cathode diameter is 2 mm and 
whose plate radius is 1 cm Fmd the transmitted current per centimeter of 
axial length for a potential difference of 100 volts Fmd also the velocity with 
which the electrons arrive at the plate, the space-charge density at the plate, the 
gradient of potential at the plate, and the power dissipated per centimeter of 
axial length at the plate 

8.6 Fmd the potential, gradient of potential, electron velocity, and space- 
charge density midway between cathode and plate m the diode of Prob 8 4 

8 6 Solve Prob 8 4 on the assumption that the outer electrode is the cathode 
and the mner electrode is the plate, dimensions and potentials bemg otherwise 
unchanged 

8 7 Calculate and plot curves showing the location and magmtude of the 
maximum gradient of potential m a cylmdncal diode as a function of the ratio 
of plate radius to cathode radius when the mner electrode is the cathode 

8 8 Calculate and plot curves similar to those of Fig 8 6a but for a cylmdncal 
diode whose outer electrode is the cathode and whose mner is the plate 

8 9 Given a diode whose electrodes are concentnc spheres, the mner bemg 
the cathode and the ratio of diameters bemg 2 to 1 If the plate diameter is 
2 cm, what will be the plate current for a potential difference of 100 volts? 

8 10 Solve Prob 8 9 with the outer electrode considered the cathode and 
other conditions unchanged 

8 11 A plane-electrode triode has the dimensions of the tube of Prob 7 1. 
Calculate the mutual conductance for a plate potential of 100 volts and a gnd 
potential of half the cutoff value Determme also the plate current per square 
inch under these conditions 

8 12 A plane-electrode triode has a grid-plate spacmg of 30 mils Gnd 
wires are spaced 15 mils, and the screenmg fraction is Ho What must be the 
cathode-grid spacmg to give a mutual conductance of 5,000 micromhos per 
in.® if the plate voltage is 200 volts and the grid voltage is 1 volt negative? 

8 13 Calculate the equivalent-diode spacmg of the tube of Prob 7 1 for a 
plate voltage of 100 volts and a gnd voltage of 2 volts negative by the formulas 
of Eq (7 53) and Eq (8 45), and compare results 

8 14 Derive Eqs (8 49) and (8 50) 

8.16 From Eq (8 49) obtain an expression for the equivalent-diode radius 
of a cylindrical triode Calculate the equivalent-diode radius of the tnode of 
Prob 7 3 by this formula, and compare with the result obtamed by usmg Eq 
(7 58) 

8 16 Calculate the mutual conductance and plate current for the tube of 
Prob 7 3, assuming that the structure is 1 m long and that the plate potential 
is 500 volts while the grid potential is —20 volts 

8 17 It IS desired to design a triode for high-power audio service Assume 
an ideal cylmdncal structure Assume that the cathode is to be 2 mm m diam- 
eter and the plate to be 1 cm in diameter The electrode structure is to be 1 cm 
in length What must be the gnd dimensions in order that the tube will have an 
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amplification factor of 100 and an average mutual conductance of 5,000 micro- 
mhos when the plate potential is 500 volts? 

8 18 Given a plane-electrode diode whose cathode is emitting electrons having 
an average velocity such that they can overcome a retarding potential of 2 volts 
Let the electrode spacing be 5 mm, and let the current that reaches the plate be 
one-tenth of the emitted current Pmd the location of the potential minimum 
and the magnitude of the plate-current density for a plate 25 volts more positive 
than the cathode Use the relations of Eqs (8 58) to (8 62) 

8 19 The cathode of a plane-electrode diode is oxide-coated and operates at a 
temperature of 1000°K "i^at is the transmitted-current density to a plate at a 
potential that is 20 volts positive relative to cathode? Find the location and 
magnitude of the potential minimum. Fmd also the fraction of the emitted 
current that is transmitted to the plate 

8.20 A cylmdrical diode is 1 in long and has a plate diameter oi and a 
tungsten filament whose diameter is 5 mils Neglecting end effects and initial 
velocities of electrons, calculate the plate current when the plate is 20 volts 
positive with respect to the negative end of the filament and the direct voltage 
drop along the filament is 10 volts Calculate the plate current when the 
filament is excited by an alternatmg voltage whose rms value is 10 volts and one 
end of the filament is grounded How does this differ from the curient lesultmg 
when the filament is heated by alternating current with the same voltage drop 
but with the center tap of the exciting transformer grounded? 

8.21 Denve Eq (8 85) 

8.22 Carry out the steps leading to Eqs (8 22) to (8 24) 

CHAPTER 9 

9.1. Three tnodes with constants as follows are operated in parallel 

jLCi = 10 Gmi = 2,000 micromhos 

/i 2 = 12 Gni 2 = 5,000 micromhos 

/i3 = 30 Gmz — 3,000 micromhos 

Calculate the equivalent amplification factor, mutual conductance, and plate 
resistance 

9.2. A plane-electrode tnode has the following dimensions 

dcff = 40 mils Tg = 2 mils 

a = 30 mils dgp = 60 mils 

Calculate the current-division factor Calculate the ratio of plate to grid curient 
when the grid and plate are both positive and the plate potential is five times as 
great as the grid potential, assuming that there is negligible secondary emission. 

9.3. Estimate the current-division factor of the cylmdrical tnode having 
the dimensions of the tube of Prob 7 3 

9.4 Calculate and plot contours of constant plate and grid current per square 
mch of electrode structure of the tnode of Prob 7 1 Let grid voltage range 
from -lOO to -f 100 volts Let plate voltage range from -500 to 4-600 volts 
Show constant current contours m aU four quadrants Assume that secondaiy 
emission from both grid and plate is neghgible 
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CHAPTER 10 

10 1 A plane-electrode beam-power tube has the following electrode dimen- 
sions 

deg = 20 mils a = 20 mils 

dga = 30 mils Tg = 1 mil 

dgp = 70 mils Ta = 1 mil 

Calculate the amplification factor by the formula of Eq (10 11) Compare 
this value with that obtained from the product of the triode mu’s as explamed 
m Sec 10 2 

10 2 In an idealized beam-power tube the density of the current mjected 
into the screen-gnd-plate region is 10 ma per cm^ If the screen gnd is at a 
potential of 100 volts positive and the plate is at a potential of 10 volts negative, 
at what point will the electrons come to rest and reverse direction The screen- 
grid-plate spacmg IS 1 cm 

10 3 In the beam-power tube of Prob 10 1 the plate voltage is raised to 10 
volts positive For the same injected-current density determine whether a t3q)e 
B distribution of potential is possible 

10 4. For the beam-power tube of Prob 10 1 let the screen-grid potential be 
100 volts positive, the plate voltage be 10 volts positive, and the mjected-current 
density be 1 ma per cm^ The potential distribution is of type B Find the 
location of the virtual cathode when the current transmitted to the plate is 0 25, 
0.5, and 0 75 of the injected current 

10 6. A beam-power tube has a screen-grid potential of 300 volts and a plate 
potential of 60 volts The potential distribution is of type C with a potential 
minimum of 30 volts What must be the screen-plate distance for an injected 
current of 48 5 ma per cm^? 

10 6 A plane-electrode beam-power tube has a screen-gnd-plate spacmg of 
0 5 cm Screen grid and plate are kept at a potential of 50 volts Indicate the 
position of the potential minimum or virtual cathode as the mjected-current 
density is increased from zero to 50 ma per cm^ and then reduced to zero agam 

10 7 A beam-power tube has its plane screen gnd and plate separated a 
distance of 0 8 cm Plot a curve of current density transmitted to the plate 
against mjected-current density as the mjected-current density is mcreased from 
zero to 50 ma per cm^ and reduced to zero agam, when the screen gnd is at a 
potential of 100 volts and the plate is at a potential of 50 volts 

10 8 A plane-electrode beam-power tube has its screen gnd and plate 
separated a distance of 0 8 cm Let the screen-grid potential be 100 volts and 
the mjected-current density be held constant at 10 ma per cm^ Plot a curve of 
plate current against plate voltage as plate voltage is raised from zero to 100 volts 
and then reduced to zero again 


CHAPTER 11 

11 1 Denve an expression similar to that of Eq (11 6) giving the maximum 
potential between suppressor-gnd wires when the plate potential has the general 
value Vp not equal to V 2 Let Fa = 0 
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11 2 Justify Eq (11 9) qualitatively 
11.3 An idealized plane-electrode pentode 
dimensionB 

del = 10 mils fli = 12 mils 
dn = 60 mils = 18 mils 

diz == 120 mils as = 60 mils 
dzp = 80 mils 


has the followmg electrode 

ri = 1 5 mils 
rs = 1 76 mils 
rs = 2 5 mils 


Calculate the ratio of plate to screen-gnd current 

11 4 For the pentode of Prob 113 determine the cathode charge per unit 
area and the charge per umt length of each of the grids for the following potential 
values 


= Vs = 0 Vi =s — 1 volt 72 « 200 volts Yp = 250 volts 

11 6 For the pentode of Prob 11 3 calculate the electrostatic amplification 
factors /xip and fxn 

11 6 Assummg that the value of m m Eq (11 1) is 0 2, calculate the true 
amplification factor of the pentode of Prob 11 3 

11 7 Calculate the mutual conductance of the pentode of Prob 113 for 
the electrode potential^ of Prob 114 and for an m of 0 2 

11 8 Calculate the plate resistance of the pentode of Prob 11 3 for the elec- 
trode potentials of Prob 11 4 and an m of 0 2 

119 Plot curves similar to those of Fig 11 12 for the pentode of Prob 

11 3, assummg values of Cs of 30 and 90 as well as 60 mils Plot curves with 

Yp 7nun 

^ as abscissa and as ordmate Note that the Ymm mvolved here is the 

78jna»0fEq (116) 

11 10 Plot curves similar to those of Fig 11 13 for the pentode of Prob 
11 3 Let dzp have a constant value of 200 mils, but plot curves for dzp equal to 

7 7 

40 and 120 as well as 80 nuls Plot curves with ^ as abscissa and as 

K2 72 

ordmate 

11 11 Flot curves similar to those of Fig 11 18 showmg the distribution of 
the sidewise component of velocity of electrons scattered by the three grids of the 
pentode of Prob 113 operatmg with the electrode potentials of Prob 114 

11 12 From the results of Prob 11 11 calculate and plot the plate-voltage— 
plate-current characteristic 


CHAPTER 12 

12 1 Fmd the rms voltage and current associated with the thermal-agitation 
noise m a 10,000-ohm resistor over a band width of 50,000 cycles 

12 2 What is the available noise power from the resistor of Prob 12 1? 

12 3 What IS the noise power available from a 200-ohm resistor over a band 
width of 10 me? 

124 What IS the noise power available from a parallel combmation of a 
resistance of 50,000 ohms at 20®C and a resistance of 100,000 ohms at 200®C over 
a band width of 2 mc^ 
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12 5 What IS the noise voltage associated with a parallel combination of a 
20,000-ohm resistor and a 0 1-microfarad condenser over a band width of 50,000 
cycles? 

12 6 The relative power gam of a resistance-capacity coupled amplifier is 
given by 




Op(fm) 




where Op{fm) is the mid-frequency power gam, /i is the low-frequency 70 7 per 
cent pomt, and /2 is the high-frequency 70 7 per cent pomt What is the equiva- 
lent band width from Eq (12 10) ? Assume ^ > 100 

12 7 What direct current is required m a diode whose emission is tempera- 
ture-limited to give an rms noise current of 20 microamperes over a band width 
of 5 me? 

12 8 What IS the rms noise current m a diode whose emission is space- 
charge-limited when the cathode temperature is 1000°K, the band width is 1 me, 
and the plate resistance is 10,000 ohms? 

12 9 What is the rms noise current m a diode whose emission is space-charge- 
hmited when the plate current is 10 ma, the plate voltage is 50 volts, £md the 
band width is 0 5 me? 

12 10 What resistance m senes with the gnd circmt of a tnode will produce 
as much noise m the plate circuit as does the tube itself if the mutual conductance 
IS 5,000 micromhos, the amplification factor is 50, the cathode-gnd spacing is 12 
mils, and the giid-plate spacmg is 25 mils^ 

12 11 What resistance m senes with the gnd of a tnode will produce as much 
noise m the plate circmt as does the gas m a tnode when the gnd-circuit resistance 
IS 1 megohm, the plate current is 10 ma, the positive-ion gnd current is 0 1 micro- 
ampere, and the mutual conductance of the tube is 2,000 micromhos? 

12 12 What IS the resistance whose noise when placed m senes with the gnd 
of an ideal pentode produces the same effect as does the actual tube when the 
mutual conductance is 6,000 micromhos, the plate current is 10 ma, and the 
screen cunent is 2 ma? 

12 13 What IS the noise figure of a secondary-emission multiplier tube usmg 
SIX stages of multiplication when the secondary-emission ratio per stage is 5? 

12 14 What is the noise figure of an mtermediate-frequency amplifier havmg 
a pentode input stage operatmg from a resistance of 600 ohms over a band 
width of 3 me? The mutual conductance of the tube is 7,000 micromhos, the 
plate current is 10 ma, and the screen current is 2 ma If the output impedance 
of the fiist stage is 2,000 ohms and the second tube in the amplifier has the same 
characteristics as the first, will it contnbute appreciably to the output noise? 
What IS the over-all noise figure including the effect of the second stage? 

12 16 Denve an expression for the noise figure of three stages of amphfication 
in cascade 

12 16 A receiver uses a crystal mixer without r-f preamplification If the 
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crystal conversion gain is 0 6 and its noise temperature is 2 3, what will be the 
noise figure of the receiver if the noise figure of the amplifier is 3 12? 

CHAPTER 18 

13 1 An electron moving with a velocity equivalent to 600 volts crosses a 
plane boundary mto a region where the potential is umformly 100 volts less 
If the electron made an angle of 30 deg with the normal to the plane boundary 
before crossmg it, what angle will it make after? By how much must the 
potential on the far side of the plane boundary be less than 500 volts for the same 
angle of mcidence m order that the electron will just be reflected back^ 

13 2 Denve a senes expansion for potential similar to that of Eq (13 21) 
about a radial line of symmetry for two-dimensional potential fields expressed 
m terms of polar coordinates r and B What angle do the eqmpotential hnes 
at a saddle point make with the radial Ime of symmetry m this case? 

13 3. What IS the radius of curvature of the eqmpotential Ime on the axis 
of an equal-diameter two-cylmder lens at a distance of one radius from the 
cylmder junction when the cylmder spacmg is very small? 

13.4. An electnc lens consists of a circular aperture m a plate between two 
parallel plates Plot the potential along the axis of the lens for the followmg 
potentials and dimensions 

Yi = 10 volts di% « 3 mm 

yg = 2 volts ^23 “ 9 mm 

Yz = 50 volts jR = 1 5 mm 

where the notation is that of Eq (13 37) 

13 6 What IS the focal length of the aperture lens of Prob 13 4? 

13 6 Calculate the two focal lengths and the location of the two prmcipal 
planes of an equal-diameter two-cylmder lens for a voltage ratio of 4 to 1 by 
the method of Imear axial-potential segments 

13 7 Solve Prob 13 6 by the method of joined circular segments 
13 8 Solve Prob 13 6 by the method of eqmvalent thm lenses 
13 9 For the lens of Prob 13 6 what is the location of the image for an object 
located four lens diameters from the cylmder junction on the low-voltage side 
of the lens, and what is the correspondmg magnification? 

13 10. Calculate and plot the P-Q curves for the Hutter lens of Fig 13 26 
13 11. It IS desired to use a lens that will operate with an object distance of 
3 cm and an image distance of 25 cm The voltage ratio to be used is to be 5 to 1 
If the resulting image is to have as small a size as is practically feasible, what 
lens should you use? 

13 12 Given a lens with the followmg constants 

/i = —18 mm /2 — 4 mm 

Pi = —2 6 mm P 2 = 2 8 mm 

Calculate and plot image distance and lateral magnification as a function of object 
distance 
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CHAPTER 14 

14 1 . Derive Eq (14 26) 

14 2 . Derive Eq (14 30) 

14 3- Derive Eq (14 31) 

14.4. Derive Eq (14 57 ) 

14.5. How many ampere turns are required for a magnetic lens that is to 
have a focal length of 2 cm when the coil diameter is 3 cm and the beam voltage 
IS 800 volts? What is the rotation associated with such a lens? 

CHAPTER 15 

16.1 A cathode gun of the aperture type shown in Pig 15 5 has the following 
dimensions R = 1 mm, di 2 = 3 mm, ^23 = 6 mm "What is the amplification 
factor determining current cutoff? 

16.2. What IS the radius of the crossover section of the beam of a gun cathode 
for which rc = 2 mm, 0=01 radian, P 2 = 10 volts, and the cathode is coated 
with an onde emitter operating at 1000°KI? 

16 3. What magnetic-flux density is required to produce a deflection of 2 cm 
at a fluorescent screen 20 cm from the deflecting field if the region of uniform 
field is 2 5 cm long and the beam voltage is 1,000 volts? 

16 4. An electron beam leaves an electron gun convergmg with a maximum 
angle of 5 deg with the axis The current is uniformly distributed over the beam. 
If the total beam current is 1 ma and the beam voltage is 800 volts, where will 
the minimum-diameter cross section occur and what will be the value of this 
diameter? Assume that the ongmal diameter of the beam is 2 mm. What will 
be the diametei of the beam on a screen 25 cm from the electron gun? 

15 5 At what angle should a beam with a total current of 1 ma leave an 
electron gun in 01 der that the cross section of minimum diameter mil occur on a 
screen 25 cm away? Assume that the original diameter of the beam is 2 in-m 

16 6 Wliat IS the maximum current that can be transmitted in the form of a 
beam thiough a cylmdei 2 5 cm long and 0 5 cm in diameter without wastmg 
any current m the absence of positive-ion neutralization What is the imped- 
ance corresponding to this current? What will be the maximum current if it 
IS permitted to waste current? 

16.7. It 18 desired to construct a Pierce cathode with a convergent eomcal 
beam The cathode diametei is to be 1 cm, the initial angle of convergence of the 
beam is to be 15 deg before the anode and 50 deg after the anode What will 
be the size of the anode apertuie, and what voltage will be required to produce 
a current of 500 ma? Indicate the shape of the cathode and anode electrodes 
outside the beam 

16 8 Design a Pierce cathode that will pass the maximum current through a 
eyhndei cm in diameter and 6 cm m length at a voltage of 1,000 volts 

16,9 Design a Pieice cathode that will produce a parallel circular beam H m 
in diameter and carrying a total current of 1 ampere at a voltage of 5,000 volts 

16 10 Design a Pierce cathode that will produce a strip beam 2 mm thick 
and carrying a current of 100 ma per cm^ at a voltage of 600 volts 

16.11 A set of electrostatic-deflection plates for an 800-volt beam is 2 cm 
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long with a spacing of cm At what frequency will the maximum deflection 
be reduced to half the d-c value? 

16 12 Derive an expression for the static deflection of a two-wire trans- 
mission Ime of wires of diameter d and spacmg s The electrons aie shot between 
the wires in a direction normal to the plane of the wires Extend this expression 
to mclude transit-time effects 

15 13. Derive an expression for the spread of a sheet beam lesulting from the 
mutual electrostatic repulsion between electrons 

15 14. Derive an expression for the spread of a circular beam of electrons 
including the effect of the magnetic forces mvolved 

16 16 At what angle must a beam whose imtial diameter is 3 mm leave an 
electron gun in order to have the minimum possible diameter at a screen 30 cm 
away if the beam current is 0 1 ma and the beam voltage is 1,000 volts? What 
IS the resultant minimum diameter at the screen? 

16 16. Solve problem 16 16 for the case of a beam current of 1 ma, all other 
conditions being the same 


CHAPTER 16 

16 1 Calculate the inductance of a straight piece of wire 2 in long and 20 mils 
in diameter What is the reactance of this inductance at 250 me? 

16 2 An ultrarhigh-frequency amplifier has a common gnd and plate-ciicuit 
inductance consisting of a lead 1 in m length and 50 mils m diameter What is 
the component of mput conductance due to this at 200 me if the input capacity 
is 10 micromicrofarads and the tube conductance is 2,000 micromhos? 

16 3 What IB the mput conductance of a tube due to electron transit-time 
effects at a frequency of 100 me if the tube has a mutual conductance of 2,000 
micromhos, the cathode-gnd spacing is 10 xmls, the gnd-plate spacing is 60 mils, 
the effective voltage of the gnd plane is 2 volts, and the plate potential is 100 
volts? 

16 4 A plane-electrode diode has a plate current of 100 ma at a plate potential 
of 50 volts (Cathode is one-sided, and there is a plate only on the emitting 
side ) If the area of the cathode and plate are each 4 cm^, what is the r-f imped- 
ance of the diode at a frequency of 400 mc^ 

16 6 Calculate the components of the equivalent circuit of Pig 16 13 for 
the idealized 210 tube of Prob 7 1 if the effective cathode and plate area are each 
1 in® Take the plate potential as 100 volts, the gnd potential as half the cutoff 
value, and the frequency as 200 me 

16 6 What IS the effect of voltage-scaling a tnode by a factor of 2 in dimen- 
sions upon the vanous operating constants and properties of the tube? 

16 7 What IS the effect of completely scaling a tube in the direction of higher 
frequencies if the tube size is reduced by 2 and the tube is to operate at twice 
the frequency? 

16 8 Two tubes are geometncally similar except that the smaller is half the 
size of the larger If the smaller is to be used at three times the frequency to 
be applied to the larger, how will the tube constants and operating conditions 
compare? 
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16 9. At what frequency will the efficiency of a tnode whose cathode-gnd 
spacing IS 20 mils, whose gnd-plate spacing is 100 mils, and whose plate voltage 
IS 1,600 volts have dropped to 90 per cent of its low-frequency value? 

16.10 At what frequency will the efficiency of a tnode whose cathode-gnd 
spacmg IS 6 mils and whose gnd-plate spacmg is 30 mils have dropped to 90 
per cent of its low-frequency value if the plate voltage is 250 volts? 

16 11. What IS the frequency at which the tube of Prob 16 10 would stop 
osciUatmg if the amplification factor of the tube is 20? 

16 12 What IS the ratio of the gnd-plate transit time to the cathode-gnd 
transit time of the tube of Prob 16 10 if the effective potential of the gnd plane 
IS 5 volts and the plate potential is 50 volts? 

16 13. Obtain equations of motion for electrons in a plane-electrode diode 
similar to those of Eq (16 79) for the case of temperature-hmited emission and 
bias such that current fiows for only 60 deg of the entire cycle 


CHAPTER 17 


17 1. What IS the skm depth of current penetration in copper at 4,000 me? 
What IS the correspondmg surface resistivity? 

17 2. What IS the skm depth of current penetration m iron at 3,000 me if the 
volume resistivity of the iron is six times that of copper and the permeabihty is 
50? What IS the corresponding surface resistivity? 

17 3 The energy stored in the field of a cavity that is tuned to 4,500 me 
drops by a factor of 10 db m 5 microseconds What is the Q of the resonator? 
17 4 What IS the error m the approximate expression for the impedance 


of a parallel resonant circuit given by Eq 


(17 13) when the value of 8 is q? 


17 6 What are the equivalent senes resistance, inductance, and capacity of a 
resonator whose shunt resistance is 100,000 ohms, whose Q is 15,000, and whose 
resonant frequency is 2,500 me? 

17 6 Denve an expiession for the beam couplmg coefficient of a parallel 
set of fine gnds mcludmg second-order transit-time effects 

17 7 Obtam an expression for the beam couplmg coefficient of a bunching 
gap consisting of two equal-diametei cylinders placed end to end without gnds 
17 8 Constiuct a distance-time diagiam foi elections bunched by a set of 
plane gnds The depth of modulation is 0 15, the beam voltage is 1,000 volts, 
and the frequency is 3,000 mo Use at least 18 lines per cycle 
17 9 Repeat Prob 17 8 for a depth of modulation of 0 30 
17 10 The bunching gnds of a klystron amplifier are 2 mm apart If the 
beam voltage is 2,000 volts and the drift space is 2 5 cm long, what must be the 
value of the r-f voltage at the bunching gnds to pioduce a maximum fundamental 
component of current at the catcher? The operating fiequency is 3,000 me 
For the same bunching gnds, what must be the magnitude of an excitmg voltage 
of 300-mc fiequency to produce a maximum value of tenth-harmomc current 
at the catcher? 

17 11 A klystron amplifier has buncher and catcher gnds that are fine and 
plane and spaced 2 mm apart The length of the dnft space is 2 5 cm The 
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operating frequency is 3,000 me The beam current is 20 ma at 1,500 volts 
Calculate and plot small-signal transconductance as a function of beam voltage 
for the followmg cases 

а. Emission is space-charge-hmited so that beam current is proportional to 
the three-halves power of the beam voltage 

б , Beam current is constant as beam voltage is varied 

17 12 What is the theoretical power required to bunch a beam of 30 ma at 
300 volts when the bunching gap spacmg is 1 5 mm? 

17 13 Construct a distance-time diagram for] a reflex-klystron oscillator 
whose potential fleld m the reflector space is linear Let the time spent by an 
unmodulated electron m the reflector space be 2 75 cycles Let the depth of 
modulation be such that mflpyimnm powei is obtamed from the beam (Con- 
struction IS simplified if a template of the parabohe curve mvolved is cut and all 
curves are drawn from this ) Use at least 18 Imes per cycle 

17 14 Plot the negative of the small-signal admittance spiral of a reflex- 
klystron oscillator whose beam conductance is 100 micromhos and whose beam 
couplmg coefficient is umty The tube has a resonator whose shunt resistance at 
the resonant frequency of 3,500 me is 1,000 ohms and whose Q is 200 Plot 
the line showmg the locus of resonator adimttance as frequency is vaned On 
which transit-time mode will oscillations first occur*!* On which mode will the 
power output be maximum^ What will be the limiting frequencies of oscillation 
on the two lowest modes? What will be the frequency stability in megacycles 
per volt at nud-mode for the lowest mode, assummg that cathode and reflector 
voltages vary proportionately? 

1716 Derive Eq (17 89) 

1716 DenveEq (17 93) 

17 17 Discuss qualitatively the factors detenmnmg optimum gap spacing 
m a reflex-klystron oscillator of the evacuated-cavity type from the standpoint of 
maximum output power 

17 18 What IS the maximum power that can be obtained from a reflex- 
klystron oscillator havmg a beam current of 15 ma and operating with a beam 
voltage of 300 volts, if the gap spacmg is 1 5 mm, the resonant frequency is 
3,500 me, the unloaded shunt resistance is 1,000 ohms, and the unloaded Q is 
300? Consider that the Q and shunt resistance can be reduced by coupling an 
external resistive load through a lossless couplmg loop What is the resonator 
efficiency for a condition of maximum output power? 

17.19 Plot curves similar to those of Pig 17 48 for ^ = 0 01, Qi = 100, 
<oi = 6 ) 2 , but with Q 2 assummg values of 50 and 200 as well as 100 

17 20 What IS the frequency stability m kilocycles per volt of a two-resonator 
klystron oscillator whose operatmg frequency is 3,000 me and whose beam voltage 
IS 1,500 volts if Qa = 250, Qb = 60, and ^ = 0 02, the transit angle between 
resonators bemg 8t radians? 

17 21 DenveEq (17134) 

17 22 . What is the startmg current of the tube m Prob 17 20 if the beam 
couphng coefficient is 0 7 and the mutual reactance between resonators is 50 
ohms? 
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aperture, 345, 354 
cylmder, 342-345 
Einzel, 386 
Hutter, 375-377 
thick, 355 
thm, 350 

magnetic, 394-411 
aberrations m, 405 
of circular turn of wire, 400 
electron rotation in, 340 
focal length of, 399 
Glazer, 401 

Lighthouse oscillator, 524 
Lighthouse tube, 526 
Logarithmic transformation, 87 
Lummescence, 430 

M 

McLeod gauge, 760-764 
design chart for, 764 
for Imear-scale operation, 762 
long form of, 761 

for quadratic-scale operation, 762 
short form of, 761 

Magnetic fields with axial symmetry, 
396 
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Magnetrons, 621-674 
angular vdooity of dectrons m, 644 
cutoff relations of, 645 
HiTnanHin-nfll relations of, 666 
electron action in, 639 
electron efficiency in, 658 
electron paths m, 641, 649 
electron reaction with rotating fields, 
656 

equivalent circuit of, 628 
frequency pulling m, 674 
mode mterference m, 630 
optimum dimensions for, 661 
output characteristics of, 667 
output coupling for, 624 
performance chart for, 673 
resonant properties of, 625 
Rieke diagram of, 672 
nsmg-sun type, 630 
space charge m, 648 
and strappmg, 630 
structural form of, 622 
tuning of, 631 
Manometers, 759 

Maxwellian distribution of velocities, 24- 
25,760 

Mean free path, of an electron, 766 
of a molecule, 753 
Mercator projection, 89, 91 
Mercury-diffusion pump, 782 
Meson, 20 
Mesotron, 20 
Metal-to-metal seals, 801 
Metals, 801-806 
lattice constant for, 29 
meltmg temperature of, 29, 804 
miscellaneouB properties of, 804 
radiation efficiencies of, 33, 34 
thermal expansion of, 795, 800, 804 
vapor pressure of, 804 
work function of, 2&'29 
Mica, 807 

Microscope, electron {see Electron Micro- 
scope) 

Mixer tubes, 705 
Molecular diameters, 754 
Molecules, 22 
Molybdenum, 797, 803 
Monoscope, 737 


Mosaic, photoelectric, 734 
Mutual conductance, 206 
of pentodes, 288 
of tnodes, 188, 189 
of tubes m parallel, 212 
variation of, 209 

N 

Negative-resistance devices, 718^723 
feedback circuits, 722 
pentode circuit, 720 
push-pull circuit, 721 
special tubes, 718, 722 
Negative-transconductance tubes, 723 
Neumann function, 71, 823 
Neutrons, 20 
Newton’s law, 359 
Nickel, 802 

Noise, m circuits, 298-305 
m resistors, 299 
m tubes, 298-^27 
m diodes, 306, 308 
from gas, 312 
m mixer tubes, 314 
in pentodes, 313 
in phototubes, 318 
m secondary-electron multiphers, 
319 

sources of, 305 
in tnodes, 310 
at ultra^-high frequency, 316 
m velocity-modulation tubes, 317 
Noise figure, 321-326 
defimtion of, 321 
measurement of, 325 
for networks m cascade, 323 
Nonex, 792, 794, 795, 797 

0 

Occluded gases, 808 
Ootode, 716 

Oil-vapor vacuum pumps, 784-791 
air-cooled, 788 
fractionating, 790 
wateivcooled, 787 
Orthicon, 735 

Oscillator, klystron, 606-616 
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Oscillator, lighthouse, 526 
reflex-klystron, 571-606 
tnode, ^7 

Pentagrid converter, 714 
Pentodes, 266-297 
amphfication factor of, 286, 288 
current division in, 272 
design considerations for, 289 
electron paths m, 283, 291, 292, 296 
electrostatic field of, 279 
plate-current charactenstics of, 267 
plate resistance m, 288 
screen-current charactenstics of, 269 
transconductance in, 288 
Penodic table of the elements, 21, 812 
Phosphorescence, 430 
Phosphors (see Fluorescent matenals) 
Photoelectric mosaic, 734 
Photoemission, 675-683 

dependence of imtial velocity upon 
frequency, 679 

dependence upon illumination, 678 
theory of, 681 

Photographic-film sensitivities, 473 
Photomultipher tubes, 694^701 
electron paths m, 696 
noise m, 697 
Photon, 20, 682 
Phototubes, 675-700 
gas-type, 688 

frequency distortion m, 692 
general form of, 675 
use of, 693 
vacuum-type, 685 
Piram gauge, 766-770 
Plane-electrode tnodes, 125-135, 142- 
149 

electron paths m, 215 
field transformation of, 127 
potential contours of, 130, 131 
potential profiles of, 132-135 
Plate resistance, 207-212 
definition of, 207 
of tubes m parallel, 212 
variation of, 210 
Platmum, 796 
Poisson’s equation, 67 


Polar azimuthal equidistant projection, 
89-96 

Porcelam, 799, 808 
Positron, 20 
Potential, 58-124 

contours of, radius of curvature for, 
341 

current-flow models of, 76, 80 
definition of, 60 
gradient of, 61 
membrane models of, 75 
profiles of, 70 

senes expansion for axial, 339 
sketching of fields, 80 
Power-emission paper, 33 
Pressure measurement, 757-775 
by McLeod gauge, 760-764 
by manometer, 759 
by Piram gauge, 766-770 
by spark-discharge tube, 764 
by thermocouple gauge, 770 
by tnode gauge, 770-775 
Pressure scales, 748 
Pnncipal rays of lenses, 332 
Prmciple of least action, 123, 330 
Proton, 20 

Pump-oil characteristics, 786 
Pumpmg speed, 775-779 
of aperture, 775 
definition of, 775 
of tubmg, 776 

Pumps (see Vacuum pumps) 

Pyrex, 792-797, 800 

Q 

Q of cavity resonators, 534 
Quantum theory, 682 

E 

Reflex-klystron oscillators, 571-606 
admittance spiral, electromc, 581 
band width of modes in, 590 
beam admittance for, 577 
beam conductance for, 580 
bhnd spots m, 601 
broad-band operation of, 591 
bunchmg theory of, 575 
distance-time diagram for, 576 
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Reflex-klystron oscillators, general form 
of, 671 

mode plot for, 683, 696 
calculation of, 696 
ideal, 699 

power relations m, 686 
reaction with resonant circuit, 583 
starting current for, 590 
voltage stability of, 591 
Resonator, concentnc-lme, 691—606 
RLC circuit, transient response of, 679 

S 

Scaling, voltage, 606, 667 
wave-length, 506, 667 
Schottky effect (Schrot effect), 46, 306 
Schwartz-Chnstoffel transformation, 86 
Soreen-gnd tube, 238-245 

plate-current characteristics of, 241 
screen-current characteristics of, 244 
Secondary emission (see Emission, sec- 
ondary) 

Shot noise (see Schottky effect) 

Sihcones, 785 
Skm effect, 630, 822 
Snell’s law, 329 
Space-charge effects, 168^200 
m oylmdncal-electrode diodes, 173- 
181 

equivalent dielectric constant of, 661 
m plane-electrode diode, 168-173 
m screen-gnd-plate space, 260 
Spark-discharge tube, 764 
Spot weldmg, 806 
Stefan-Boltzmann law, 31 

T 

Tantalum, emission of, 36, 803 
Television tubes, 728—738 
Tetrodes, 238-265 
beam-power tube, 246—266 
screen-grid tube, 238-245 
at ultra-high frequency, 622 
Thermocouple pressure gauge, 770 
Thonated-tungsten emission, 39-41 
Transconductance (see Mutual conduc- 
tance) 

Transient emission, 46 

Transient response of RLC circuit, 679 


Transit time, 196-198 
m diodes, 195—198 

at ultra-high frequency, 487, 516 
m tnodes, 514, 520 

at ultra-high frequency, 490, 491 
with space charge, 615—516 
Transit-time effects, 482—524 

m diodes with space charge, 495-601, 
516-520 

onset in tnodes, 490—496 
m tnodes with space charge, 601—602 
Tnode ionization gauge, 770 
Tnode oscillation, 607 
Tnodes, 201-237 

constant-current curves of, 204, 224 
current law m cylmdrical-electrode, 188 
in plane-electrode, 183 
effective gnd radius for, 230 
equivalent-diode radius for, 155 
equivalent-diode spacmg for, 153, 187 
gnd-current characteristics of, 218-237 
mutual conductance of cyhndncal- 
electrode, 189 
of plane-electrode, 188 
plate-current characteristics of, 201- 
218 

ultra-high-frequency, 475-522 
bunchmg effects m, 617 
current form, 522 
dectrostatic field of, 125—167 
hghthouse, 624 

output versus frequency, 508, 509 
small-signal transadmittance, 602 
transit time, 512, 615 
Tube-noise values, 327 
Tungsten, 35-38, 796, 800, 803, 805, 807 

U 

Ultra-high-frequency effects, 475-626 
large-signal effects, 516 
hmit of tnode oscillation, 507 
scaling factors for ultra-high-frequency 
tubes, 506 
on tetrodes, 522 
on tnode current, 522 
on tube output, 476 
on tube reactance, 477 
Ultra-high-frequency tubes, types of, 
481 
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Unipotential electron gun, 451, 455-462 
design chart for, 462 
electrode shapes for, 456-458 
focal lengths of, 459 
general form of, 460 
location of focal point, 461 
Umts, rationalized mks, 58, 817-820 

V 

Vacuum gauges {see Gauges) 

Vacuum pumps, mechamcal, 780-781 
vapor, 781-791 

Vapor pressure, of mercury, 784 
of oils, 785 


Velocity distribution, Fermi-Dirac, 24 
m a gas, 751 
Maxwellian, 24r-25, 750 
Virtual cathode, 191, 194, 253 
Voltage scalmg, 506, 667 

W 

Wave-length scalmg, 506, 667 
Work function, 25, 27, 29, 679, 681 

Z 

Zircomum, 810 




